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Calculation of Macroscopic Effects of Quantum
Gravity in General Static Isotropic Gravitational

Fields

Gang Lee

Abstract- In this paper we calculated the self-interaction of the gravitational field in coordinate space by
approximate method, and find the functional relationship between gravitational source and distance and sek
interaction of quantum gravity. The calculation result shows that the self-interaction of quantum gravity can
explain the gravitational effects of dark matter. In the solar system, the self-interaction is extremely weak, but it
is enough to explain the the Pioneer anomaly.

[. INTRODUCTION

In the paper [1] we discusses the effects of self-interaction of quantum gravity
and given the expression of self-interaction in momentum space. In this paper we
calculated the effects of self-interaction of quantum gravity in coordinate space.
We find the functional relationship between self-interaction of quantum gravity
and gravity source and distance. By substituting observational data directly
into the calculation, we can determine whether it can be used to explain the
gravitational effects of dark matter and the the Pioneer anomaly.

[I.  SELF-INTERACTION OF NONCOMMUTATIVE QUANTUM
GRAVITY

This paper omits the introduction of the quantum gravity theory. For details
of the quantum gravity theory, please refer to [1] [2] [3] [4].

Let’s discuss the general static isotropic gravitational field. The spherical
polar coordinate system of a general static isotropic gravitational field is r* =
(r,0.¢,t). The general static isotropic metric is

ds® = gyrdr? + r2d0? + r? sin® 0dg? — g dt?

(2.1)
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At the point r of the spherical polar coordinate system r’, we establish a
spherical polar coordinate system (" = (1,0, ®,T). The direction of the polar
axis [ is consistent with the polar axis r of the spherical polar coordinate system
r®, the time axis T is the same as the time axis ¢. In the quantum gravitational
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field, there exists the self-interaction between gravitons, after considering the
effects of all gravitons, the locally inertial coordinate system )\(50‘) at point r
have to written as

)\(50&) :goz +A§a

AE* = /d4l§a((r+l), 0]) (2.2)

_/d4l <CO‘(7“—|—Z) - exp(— ‘mw

In a general static isotropic gravitational field, the equipotential surface are
the spherical surface. On a small range and far away from the gravitational
source, the equipotential surface can be regarded as a plane. Therefore the
increment AE™ of the locally inertial coordinate system is

AL = /dl d© dd dT (C’O‘(TJrlcos ©) -exp(—m)> (2.3)

At the point { of the coordinate system (%, the metric of gravitational field
can be written as

OCY(r+1cos®) ACP(r+lcos®)

gij(r+1) = 5 577 N
oMG 17! 2MG
2 | _ 2 22002 1 2262 0do? — |1 — 2
ds { r+lcos@1 dr® + r°df” + r* sin” 0d¢ { T lcosO dt
(2.4)

Then we have
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From Eq,[2.3] and Eq.[2.5], for the increment AE™ of locally inertial coordi-

nate system, we have

or or ' or = or '’

where

l l
OAE :/dld@d@ 0C*(r + lcos ©) - exp(
or or
~1/2
_/dzcz@dcp o 2ME T
r+lcos®
lcos® +r

:‘/dlde)d(I) <\/

lcos® +r —2MG

ONE®
=0
or
ONE®
=0
or
ONET
=0
or

OAEY <8A§l IANE® ONAE® 6A§T>
- or

- eX

l
_|Lp(7“+l)|>>
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)
(2.7)
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We need to calculate the radial changes in the spatial part of the metric of
gravitational field. Denote

OAE!

F.(r,M) = 5

(2.8)

From Eq.[2.7] we have

lcos®© +r l
FT(T,]\I)/dld@d(I) (\/ ZCOS@+T—2MG eXp(—m)> (29)

First, integrate over [, it can be written as follows

> Ax+C
'/0 dx ( 121D -exp(Bac)) (2.10)
where
variable : x =1
1
constant : A=cos, B=———— C=1r, D=1r—-2MG (2.11)
‘LP(’F +l>

Using substitution rule for definite integrals, let

Ax +C
=1/ 2.12
y Ax + D ( )

Then
Dy? - C
r=—
Al —9?)
dp - 2P =Cy (2.13)
Al —y?)?
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Using definite integration by parts, we have

Az +C
/da: ( A2+ D -exp(Ba:))

_ 1 Dy* - C 1 y> —C
=5 exp(B A(l—yQ)) 5 -/dy exp(B A y2>) (2.14)
Ax +C x 1 Dy? - C
— —|L»|- . 7 — ,
el v U)o /dyexp(B A1)
& 1 Dy? - C
= —|Lp|- 53 —g'/dy eXP(B'm)

The integrand in the second term can be represented as the McLaughlin
scrics

1 Dy? - C
- e i)

_ (_ 1 ‘Dy2—6’>n
—|Lp|-/dy > Le] 21!(1—112) (2.15)

n=0

et 3 (o o (i 25) )

n=0

|C
If x € (0,00), we have y € ok 1]. Notice that the McLaughlin scrics

are undefined while y = 1. Since we only need to integrate within a small range
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at point r, we can make a infrared cutoff. To simplify the calculation, we set

/¢ JC+1
the integral interval b)
e integral interval as y € (a, ( D+1>

The McLaughlin series (2.15) rapidly decays if the variable x is extremely
small. In weak-field approximation, we take the first two terms of the McLaugh-
lin series for approximate calculation

(1 [P 1 Dy?-C\"
'LP",;)(W/Q i (12 2= ) )

\LH\L\/b L Dy —¢
prmer ILp| A(y? -1)

—|Lp| + (/abdy (A(fz—yil)) _/abdy (ﬁ»

(2.16)

C
—|Lp|- \V +|Lp|+

2 (FH-5)
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Ifr>2MG > 1, we have

C D[ [CT1 C
CLp| -y = N =) = 18
‘Lel-\ 5 *ILel+ ( D1 D) 0 (2.18)

Then Eq.[2.17] can be written as

Ax +C C—-D y—1
/dx< Az + D 'CXP(BQU))N_( ox 1 y+1>

Next, by calculate the multiple integrals over © and ®, we can get a coefhi-
cient K. Then F,.(r, M) can be written as
b]

B C—-D n y—1
2A y+1

IMG <1 VOH1-VD+1 ﬁ—@)]

b
(2.19)

a

F.(r,M) = / dOdP

= /d@dcb

o4 \ " JOri+vDiI  VOi1vD

(2.20)

_K.MG.IH( NCEm RN ﬁ—@)

VC+¥1-VD+1 VC+VD

Substituting Eq.(2.11) into Eq.(2.20) we have

F,.(r, M)
(\/r2 +r—/(2MG)? + 2]\[G) + ( r(1+2MG) — /2MG(1 + T))
= KMG - In
(Vi7+7 = VEMGP +2MG) - (\/r(1 +2MG) - \/2MG(1 +7) )
(2.21)
Denote
: 1/2
A, = F(r,M)- ll - 2‘\7{@1 (2.22)
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Then the metric g;; of gravitational fields with self-interaction can be written
as

_2MG
r

-1
ds? = (1+ AT)Q . {1 1 dr? 4+ r2d6? + r? sin? 0d¢?

2MG
r

— (1 + Ay [1 - 1 di? (2.23)

Similar as the Schwarzschild metric g;;, we can also express the true metric
gi; in the equivalent isotropic form, by introducing a new radius variable p

1/2
pE% (1+A)""r— MG+ <(1+AT)—2-T2—2MG(1+FT)_1-r> ]

(2.24)
or
MG\?
r=p(l+A)(1+== (2.25)
2p
Substituting it into Eq.(2.23) gives the isotropic form as follows
MG\*

ds? = (14 A,)*- <1 + 2—p> (dp® + p*d6* + p? sin® 0d¢?)

(2.26)

1— MG/2p>2 e

(1L AN [ 22/ 2F
(14 4) <1+MG/2p

From Eq.(2.25), we can find a radial scale change r — (1+A,)-r. Therefore
due to the sclf-interaction, the spacctime described by the truc metric g;; has
been expanded compared to the space described by the Schwarzschild metric g;;.
The radius has expanded to (1 + A,) times. Because the boundary condition
is determined by the same gravitational field equation, from the view point of
gravity, the extended spacetime described by the true metric g;; is equivalent
to the spacetime described by the Schwarzschild metric g;;. The spacetime
described by the metric g;; follows the inverse square law, therefore the gravity
of the extended spacetime is stronger than what is given by the inverse square
law. In the spacetime described by the true metric g;;, the gravity at a distance
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of (14A,)-r from the gravitational source is equal to the gravity of the inverse
square law at a distance of r from the gravitational source.

Because the general static isotropic metric doesn’t implicit the time variable,
the increment A; is extremely small

ONAET
Fi(r, M) =
oMGTY?* IT)
— |1 : dT exp(— —-
I I B
1/2 2.97
=2|Lp|-[1—%1 (2.27)
T
—1/2
Ay = Fy(r, M) [1 — QJ\IGl
"

=2|Lp|

From Eq.(2.21) and Eq.(2.22), we can see that the strength of the self-
interaction is close to a linear relationship with the mass M of the gravitational
source if r > 2MG. In the solar system, because the gravitational source M
isn’t strong, the self-interaction is extremely weak, but it is enough to explain
the Pioneer anomaly. In galaxies containing supermassive black holes, the grav-
itational source M is very strong, then the self-interaction is strong enough to
cxplain the gravitational cffects of dark matter. Duc to the mass of supermassive
black holes is billions of times greater than that of the Sun, when the gravita-
tional source is a supermassive black hole, the effect of the self-interaction is
also billions of times stronger than the effect that caused the Pioneer anomaly,
which is sufficient to explain the gravitational effect of dark matter. Because the
increment A; is extremely small, the gravitational redshift has no observable
changes.

[1. CONCLUSION

In this paper. we calculate the macroscopic effects of quantum gravity in the
general static isotropic gravitational field. It can be seen that the strength of the
self-interaction of quantum gravity depends on the strength of the gravitational
source. In the solar system, due to the weak gravitational source, the self-
interaction is extremely weak, but this is enough to explain the Pioneer anomaly.
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When the gravitational source is a supermassive black hole, the effect of the self-
interaction is very strong to explain dark matter. And there is no observable
change in gravitational redshift due to the self-interaction in a static field.

This paper can lead to the conclusion that although the inverse square law
is correct, the true gravitational field does not follow the inverse square law due
to the self-interaction. The stronger the gravitational source, the greater the
deviation from the inverse square law.
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