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Abstract- In this paper, we discuss the existence of a monotonic positive solution for
the following fourth-order three points Non-linear BVP:

which has the sign-changing Green’s function. where a€|0,2), feC([0,1] x [0, +o00),
[0,+00)) and n € [4,1). The point is that although the corresponding Green is
changing the sign, by applying iterative methods, We can still obtain the existence of
a monotonic positive solution under certain suitable conditions of f.

Keywords: difference equation, nonlinear boundary conditions, positive
solution, infinite semipositone.

l. INTRODUCTION

In this article, we aim to study the existence of a monotonic positive solution for
fourth-order three-point Nonlinear BVP with changing sign Green’s function

WD (t) = Mf(t,ult)), € 0,1],
' (0) = w"(0) = u(1) = 0, (1.1)
au(0) +u”(n) =0

wherea € [0,2),f € C([0,1]x[0, +00), [0, +00)) and y € [%,1). By using iterative
methods, We can still obtain the existence of a monotonic positive solution under
certain suitable conditions of f.

Author a: Department of Mathematics, Faculty of Education, University of Khartourn, Omdurman,
406, Sucan. e-mail: tethussain60@gmail.com

Author o: Department of Mathematics Faculty of Basic Education, University of Sinnar, Sinnar,
Sudan.

Author p: Department of Mathematics, Facully of Education University of Khartoumn, P. O. Box 321,
Sudan. e-mail: tarteel3333@yahoo.con

Author €. Department of Mathematics, Faculty of Education, University of Gadarif, Gacarif, 32214,
Sudan. e-mail: khalidahmed200@hotmail.com

Author ¥: College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070,
People’s Republic of China. e-mail: harouns22@yahoo.com

Alhussein. M. A. Ahmed °, Mutasim Abdalmonim Alsiddig °, Tarteel Abdalgader °,

© 2025 Global Journals

Global Journal of Science Frontier Research ( F ) XXV Issue I Version I E Year 2025



Year 2025

N
3

|

Global Journal of Science Frontier Research ( F ) XXV Issue I Version

© 2025 Global Journals

In recent decades, The differential equations come from various fields of a
mathematical applied and physics, for example, in the deflection of curved beams
with constant or varying cross-sections, triple-layer beams, electromagnetic waves
or gravity-driven currents, etc. [1].

In the recent years, existence of single or multiple positive solutions for some
third-order three-point (BVP) has attracted the attention of many authors. Please
refer to [2-7] and its references. When the corresponding Green’s function is non-
negative, the paper can be completed, This is the condition that is an important . A
natural question is whether we can get it? When the corresponding Green’s func-
tion performs sign conversion, there are some positive solutions for the third-order
three-point BVP.

Recently, when the corresponding Green’s function is undergoing sign conver-
sion, there has been some work on the positive solution of the second and third-order
BVP. For example,in [8] the existence of at least one positive solution of the follow-
ing second-order periodic BVP with positive and negative transformation Green’s
function studied by Zhong and An

u’(t) + p*u= f(u), ,0<t<T,
u(0) = u(T),
u'(0) = u/(T),

where 7 € (1%, 1),Palamide and Smirlis [9] discussed the existence of at least

one positive solution. Their technique is a combination of GuoKrasnosel’sski fixed
point theory and the corresponding vector field characteristics. In 2012, Sun and
Zhao [10], [11] obtained single or multiple positive solutions with three-point pos-
itive and negative BVP by applying the fixed point theory of Guo-Krasnosel’skii

{ u"(t) = f(t,u(t), tel0,1],
u(0) = u(1) = u"(n) =0,

Motivated. Through the above work, this article will study BVP (1.1)Through an it-
erative method. Throughout this article, we always assume « € [0,2) and ) € [%, 1).
Although the corresponding Green function is changing its sign, under certain suit-
able conditions, we can still obtain the existence of the monotonic positive solution
of BVP (1.1) on f. Moreover, our iterative scheme starts with a zero function, This
means that iterative scheme is feasible.

t
= u’”(())) =u(l) =0, (1.1)

In this article, by applying an iterative approach, we always assume that o €
[0,2) andn € [2,1).

Obviously,the BVP (3.1)is a special case of the BVP (1.1). Although the cor-
responding Green’s function is changing the sign, under certain suitable conditions,
for f, we still obtain the existence of a monotonic positive solution of BVP (1.1).
furthermore, our iterative scheme starts with a zero function, which means iterating
The program is feasible.
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We first recall the following fixed point of Krasnoselskii’s type.

Theorem 1.1. Let E be a Banach space and K be a cone in E. Assume that (),
and )y are bounded open subsets of E such that 0 € Q C Qs , and let
A: KN (Q2\ Q) — K be a completely continuous operator such that either

(1) || Au|| < ||Au|| foru € K NOQy and ||Aul| > |Ju|| for w € K N Oy, or

(2) |Au|| > ||Aullfor u € K N0y and || Aul|| < ||u]| for u € K N 0Ny

* A. has a fixed pointin K N (Q2 \ Q1).

[1. PRELIMINARIES

For the BVP
uM(t) = Af(t,u(t), tel0,1]
u’'(0) = u"(0) = u(l) =0, 2.1
au(0) + u"(n) = 0

we have the following lemma

Lemma 2.1. The BVP (2.1) has only trivial solution.

Proof Tt is simple to check. for any y € C|0, 1], we consider the boundary
value problems

ul(t) = Af(t,u(t), telo,1],
u/'(0) = u"(0) = ( ) =0, 22)
au(0) +u"(n) =

After a direct computation, one may obtain the expression of Greens function G(t, )
of the BVP (2.2) as following:

Proof. Integrating four times the linear problem gives us that

W) = " (0) + /O y(s)ds,

8 = () + 1 (0) + [ (e s)uls)ds,

0

The conditions »'(0) = »'”(0) = 0 implies that

) = u(0) + GO+ § [ (=9l
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and the conditions u(1) = 0 this means

Next, au(0) + v (n) = 0 is rewritten Such as

n o a [!
" (0) + / (1~ $)yls)ds — T (0) - & / (1 5)y(s)ds = 0.
whence
P «a 1 2 n
W0 = g [ =i — 52 [

form The conditions u(1) = 0 we have

If we substitute(1.3) with the expression from above and simplify, we get that

w0) = 5= [ shtes - gt [0 9Putsias

Finally, we obtain that

1 n 1 1 .
u(t) = 7o /0 (n—s)y(s)ds — 3(2—04)/0 (1—s)3y(s)ds
at? 1 9 0
+ 6(27t—04)/0 (1- s)3y(s)d$ 3 t_ 5 /0 (n — s)y(s)ds

1t
+ 6/0 (t — 5)3y(s)ds.

As a result, we have that

Fors > n
—(2—at?)(1—s)3
G(t, 3) = { (t—s)63(27a(27at3)(175(:))3§ =
6 6(2-a s<t<1
and s <7

. 6(2—(21) ) 3
(t—;) 4 80=)(n=s)=(2—at?)(1=s) s<t<l1

6(2—a)

60—t (n=5)-(2-at®)1-9)" (4 < g
G(tas) - r

2.3)

2.4

Notes
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Remark 2.1. Tt is not difficult to verify that G(, s) has the following charac-
teristics:

G(t,s) > 0for0 < s <pand G(t,s) <Oforn <s<1.

Moreover, if s > 7, then

maxG(t,s):t€[0,1] = G(1,s) =0,

min G(t,s) : t € [0,1] = G(0,5) = —

if s <, then
max G(t,s) : t € [0,1] =G(0,s) = <33*3;)82>_+(§" D < 0 *?;32”0()1"*" b
minG(t,s) : t € [0,1] =G(1,5)=0

therefore,if we let 6 = max |G(¢,s)| : ¢, s € [0, 1] then

e d A= (07 =30 + (3n—1) n—s
0= a{3(2—a)’ 32— a) }<(

Now, let Banach space E' = C|0, 1] is equipped with the [|u|| = max;co,1] |u(t)].

K = {y € C[0,1] : y(t)} is nonnegative and decreasing on [0, 1]. Then K is
acone in C[0, 1].
Note that this order relationship is inducesan in E by defining wv if and only if
u—v € K.
In the remainder of this paper, we always assume that f : C[0,1] x [0, +00) —
[0, 4+00) is continuous and satisfies the following conditions:

(F1) For each u € [0, 4+00), the mapping ¢t — f (¢, u) is decreasing;
(F2) For each t € [0, 1], the mapping u — f (¢, u) is increasing.

1
(Au)(t) = /0 G(t,s)f(s,u(s))ds,t € [0,1] 2.5)

Obviously, ifu is a fixed point of A in K, then w is a nonnegative and decreasing
solution of the BVP (1.1).

Lemma 2.2. Let A : K — K. is completely continuous.

Proof. letu € K . Then, for 0 < ¢ < 7, we have

K — )3 —t2)(n—s)— (2—at?)(1 —s)3
woy = [ [0 SO o,

+
t

_2)(1 _ &)3
/ (2—at?’)(1—y9) y(s)ds
n

2—a)

n {6(1 —t2)(n —s) — (2 — at?)(1 — s)3
6(2—a)
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which together with (F'1) and (F'2) implies that

"3t2(2 — « at(l —s)3 — —s
(Au)'(t) :/0 3t2(2 — ) + 2at(1 — s)° — 12¢(n )y(s)ds

6(2 — )

I "
—|—f/ (5% — 2ts)y(s)ds + —/ y(s)ds
2.Jo 2

" 3t2(2 — ) + 2at(1 — 8)% — 12t(n — s)
<y(n) UO 62— a)

at(2—a)+ (a—8n) 52ty
< ty(n) { 12(2— a) % " 2}

ant(2—a)+ (a—8n) n®
< bty(n) [ 12(2—a) G ]
<0

At the same time, > % shows that

(Au)(t) =

/’7 6t(2 — ) + 2a(1 — 5)3 — 12(n — s)
0

<) Uo" 6t(2 — ) + 2a(1 — 8)3 — 12(n — ) _/Otsds

6(2 — «)

+t/tn+/nlM]ds

< y(n) |:C¥(3t _22(727)—’_0[6)(77 — t) _ 2772 + Oé:|

<[220 ]

<0 te(0,n)

© 2025 Global Journals
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For t € [n, 1], we have

(Au)() = /On [(t —65) 61—t —222—(2)— at?)(1 — s) ] y(5)ds

N /nt {(t—6 s)* (2 —605)_(1& )— S)T o(s)ds

[ [

which together with (F'1) and (F'2) implies that

"3t2(2 - « at(l —s)® — —s
(Au) (1) :/0 3t2(2 )+26z<f;1_a)) 12¢(n )ds

+% /0”(82 = 2ts)y(s)ds + /nt (t —25)2

L 2at(1 — s)?
+/n 76(2—@) y(s)ds

"3t2(2 - « at(l —s)3 — —s
<y(n)[/0 3t2(2 — a) + 2at(1 — s)° — 12t(n — s)

6(2 — )
+2/On(32—2ts)+/nt U 23)2 +/nl ag(;:z)g}ds
= ty(n) [MHn—fﬂLlJrf—n]
< ty(n) [mﬁLerf—nH}
<0 te(n1)

So,(Au)(t) is decreasing on [0, 1].At the same time,since (Au)(1) = 0, we know
that (Au)(t) is nonnegative on [0, 1]. This indicates that (Au)(t) € K. Furthermore,
although G(t, s) is not continuous, it follows from known text book results, for
example, see [12], that A : K — K is completely continuous

Theorem 2.3. Assume that f(t,0) £ 0 for t € [0, 1] and there exist two positive
constants a and b such that the following conditions are satisfied:

(H1) f(0,a) <6(2 — a)a,

(H?) b(’UQ - ul) S f(t, UQ) — f(t,ul) Z 2b(U2 — Ul), te [0, 1],

If we construct a iterative sequence v, 11 = Av, andn =0, 1,2, ---, where vy (t) =
0 for t € [0,1], then v,5%, converges to v’ in E and v’ is a decreasing positive
solution of the BVP (1.1)
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Proof. Let K, = u € K : ||lul]| < a. Then we may assert that A : K, — K,.
In fact, if u € K, then it follows from (H 1) that

osbmﬂﬂ=[;G@@ﬂ&M@Ms

1
§A|mnwﬂm@@
<6(2—a)ad

<a, tel0,1],

which indicate that || Au|| < a
soA: K, — K,.

Now, we prove that v,,°%; converges to v! in F and v' is a decreasing positive
solution of (1.1). Indeed, in view of vy € K, and A : K, — K, ,wehavev,, € K,
,n=1,2,--- Since the set v,,;2 is bounded and A is completely continuous, we
know that the set v,,02; is relatively compact. In what follows, we prove that v, 52
is monotone by induction. First, it is explicit that v; —vg = v1 € K, Which indicates
this v1vy Subsequently, we suppose that vg_jvg. Then vy — vi—1 is decreasing
and 0 < vp_1(t) < ve(t) < a0 < t < 1. So, it follows from (H2) that for
0<t<n

Vi (t) — vk (2)

1 "o
- m/o 3t2(2 — ) + 2t (1 — 5)% — 12t(n — 8)[f (s, vk(5)) — f(s,vk_1(5))]ds

43 [ = 27009 = S5 001 ()
0

2
+;L%sﬂﬂ&w@»ﬂ&wA@mw
N 3(%0[) [71(1 = 5)*[f(s,vx(s)) = f(5,08-1(5))]ds
S6@€10me%z—a%+%%0—8V—1%m—ﬂﬂww)—wwﬂ$ws

+ g /On(32 — 2t$)[’0k(8) — Uk—l(s)}ds

+S/n (£ — $)2[vn(s) — vr_1()]ds
+ 6(20‘_:[)/?7 (1= ) or(s) — ve_1(s)]ds

I\Iotes
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< blue(n) — v—1(n)]

x [ ! )/()n3t2(2—a)+2at(1—s)3—12t(77—s)

6(2 —

+;AQ§—%@+;L%—@?+a;1wéirwﬂw

—12 2 3
wwmw4mmﬁ32¥3+mg+l+%4
_ ]_2 3 2
SWmeﬂwﬂgmﬂ3+%+2nH}
<0 te((nl)
And therefore,
Vgr (6) = 0h() S0, w1 (8) —o(H) <0t [0,1] 2.6)

This together with
1
%H@wwuwzé<%L$m&ww»—ﬂ&wA@mwxemu.aw

vg1(t) —v(t) >0, t € [0, 1] Subsequently, given the above (1.7) and (1.8) that
Vp+1 — Uk € K, Which shows v v € K.

Thus, we have shown that vy1vx, € K ,n = 0,1,2.... Since v,52; Relatively
compact and monotonous, there exists a v’ € K|, such that lim,,_, . v, = vT, which
together with the continuity of A and the fact that v,,y; = Av,, It means that vT =
Av' . This indicate that v is a decreasing non-negative solution of (1.1). Moreover,
in view of f(¢,0) # 0, t € [0,1], we know that zero function is not a solution of
(1.1), which indicates that v is a positive solution of (1.1).

I1I. AN EXAMPLE

Consider the boundary value problem:
(1) =0, 3.1

Ifweletn = 3.0 =1and f(t,u) = gu?(t) +u(t)+ (1 —1), (t,u) € [0,1] x
[0, +00), Then all the assumptions of Theorem 2.2 ¢ = 2 and b = 1. It follows from
Theorem 2.2 that (3.1) has a decreasing positive solution v' . Moreover, the iterative
scheme is vy (t) = 0 for ¢t € [0, 1]
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Jy [ 4 o= ”W*gz;fi;“ W= (L2 () + n(5) + (1~ 1))ds

+J! {6 (=g ool | [ (s) + un(s) + (1 — 1)]ds
1 — « s
+/, %[ u2 (s) + un(s) + (1 — )]ds
if te|o, 7] n=20,1,23,4,---
s5)3 —t? —5)—(2—at? —s)3
Jy [ - =R Cre R0 | (L2 (s) 4w (5) + (1= t)lds
753 —at?)(1—s)3
+Jy [ - el )}[%u%(S)wLun(s)Jr(lft)]ds
+ [ 26?5 )ff) 5)? ] [Lu2 () + un(s) + (1 — t))ds
if te[g,l] n=20,1,2,3, -

Un41(t) =

IV. CONCLUSION

in this paper, when o € [0,2) and n € [, 1), we have successfully constructed
an animation sequence whose limit is just the ideal monotonic positive solution of
boundary value problem (1.1).

In addition, a zero function started with the iterative scheme , which shows that the
iterative scheme is feasible.

ACKNOWLEDGMENT

This paper is supported by the National Natural Science Foundation of China(no.11961060),

The Key Project of Natural Sciences Foundation of Gansu Province(no.18JR3RA084).
REFERENCES REFERENCES REFERENCIAS

1. G, Cheng., Li, X., Zhang, F. Eigenvalues of discrete Sturm CLiouville
problems with nonlinear eigenparameter dependent boundary
conditions. Quaest. Math. 41(2018), 773C797.

2. @G, Cheng., Zhang, F., Ma, R. Existence of positive solutions of second-
order periodic boundary value problems with sign-changing Greens
function. Acta Math. Appl. Sin. Engl. Ser.33 (2017), 263C268.

3. Liu, D, Lin, L. On the toroidal Leibniz algebras. Acta Math. Sin. Engl.
Ser. 24, 227-240 (2008).

4. Atici, FM, Guseinov, GS. Positive periodic solutions for nonlinear
difference equations with periodic coefficients. J. Math. Anal. Appl.
232, 166-182 (1999).

5. Henderson, J, Luca, R. On a multi-point discrete boundary value
problem. J. Differ. Equ. Appl. 19, 690-699 (2013) 6

6. Jiang, D, Chu, J, ORegan, D, Agarwal, RP: Positive solutions for
continuous and discrete boundary value problems to the one-dimension
p-Laplacian. Math. Inequal. Appl. 7, 523-534 (2004).

7. Hao, Z: Nonnegative solutions for semilinear third-order difference
equation boundary value problems. Acta Math. Sci. Ser. A Chin. Ed.
21, 225-229 (2001).

8. S. Zhong, Y. An, Existence of positive solutions to periodic boundary
value problems with sign-changing Green’s function, Bound. Value
Probl. 2011, 2011:8, 6 pp. MR2824458; https://doi.org/10.1186,/1687-
2770-2011-8.

9. A. P. Palamides, G. Smyrlis, Positive solutions to a singular third-
order three-point boundary value problem with an indefinitely signed
Green's function, Nonlinear Anal. 68(2008), No. 7, 2104C2118.
MR2388769; https://doi.org/10.1016/j.1a.2007.01.045.

Notes



10.

11.

12.

Notes

J.-P. Sun, J. Zhao, Positive solution for a third-order three-point

boundary value problem with sign-changing Green's function,
Commun. Appl. Anal. 16(2012), No. 2, 219-228.MR3026635.

J.-P. Sun, J. Zhao, Multiple positive solutions for a third-order three-
point BVP with sign-changing Green’s function, Electron. J.
Differential Equations 2012, No. 118, 1C7. MR2967183.

R. H. Martin, Nonlinear Operators and Differential Equations in
Banach Spaces, John Wiley Sons, New York, NY, USA, 1976.

© 2025 Global Journals

Year 2025

)N
H

|

Global Journal of Science Frontier Research ( F ) XXV Issue I Version



	The Iterative Technique for a Fourth-Order Three-Point Nonlinear BVP with Changing Sign Green’s Function
	Author
	Keywords
	I. Introduction
	II. Preliminaries
	III. An Example
	IV. Conclusion
	Acknowledgment
	References Références Referencias



