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ing the relative scaling of temporal and mixed derivatives in a specific composition hierarchy is shown to exist. It is presently shown that
the solution of the Navier-Stokes equations in terms of the Weierstrass Zeta function with this ratio, which is dependent on the Lambert
W function, leads to a higher derivative (order > 2) blowup in finite time. It is of interest that one component must blow up pointwise in
finite time out of the three when seeking C*° solutions for the other two. If a singularity occurs, at least one component must blow up
pointwise. Two components cannot remain smooth while the system develops a singularity without the third blowing up. If a finite-time
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Abstract

This paper develops a structured analytical framework for the three-dimensional incompressible Navier-Stokes equations based
on recursive compositions of the Lambert W function and successive algebraic transformations of the nonlinear inertial terms. A
hierarchy of derived vector fields is constructed using systematic row-operation transformations involving multiplication by scalar
fields, addition of equations, and repeated application of the product rule. These transformations generate a closed sequence of
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T3, and an acceleration ratio measuring the relative scaling of temporal and mixed derivatives in a specific composition hierarchy
is shown to exist. It is presently shown that the solution of the Navier-Stokes equations in terms of the Weierstrass Zeta function
with this ratio, which is dependent on the Lambert W function, leads to a higher derivative (order > 2) blowup in finite time.
It is of interest that one component must blow up pointwise in finite time out of the three when seeking C* solutions for the
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1. Introduction complex dynamical behavior of fluid flows and plays a central role
in the development of possible singularities.

The present work develops an explicit algebraic and differential
framework for constructing structured solutions of the Navier—
Stokes equations using successive nonlinear transformations and
recursive compositions of the Lambert W function. The Lambert W

function is defined implicitly by

The three-dimensional incompressible Navier—Stokes equations
remain one of the central problems in mathematical fluid mechanics
and nonlinear partial differential equations. These equations describe
the motion of viscous fluids and are fundamental to both theoretical
analysis and practical applications in physics, engineering, and
geophysical flows. Despite their classical form, established in the
nineteenth century, the global regularity and smoothness of solutions
in three spatial dimensions continues to be an open mathematical
problem of fundamental importance.

W(x)eW® = x,

The Navier-Stokes system in Cartesian coordinates is written as
diu+(u-Vyu=—-Vp+vAu+f,

where u = (uy, Uy, u,) denotes the velocity field, p is the pressure,
v > 0 is the kinematic viscosity, and f represents an external force
field. The nonlinear inertial term (u - V)u is responsible for the

and possesses a branch point at x = —1/e that plays a critical
role in the regularity structure of the solutions constructed here.
In particular, the derivative of the Lambert W function introduces
multiplicative factors of the form (1 + W) in denominator structures,
which naturally generate hierarchical product relations in higher-
order compositions.
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A central component of the analysis is the recursive definition of
a sequence of Lambert W compositions

W, = LambertW(—e?%), W ; = LambertW(W ;_;), j=2,

where the transformed coordinate
E=—-w’z—wt—1

provides a characteristic representation linking spatial and temporal
derivatives. Iteration of the chain rule yields compact expressions
for higher order derivatives that factor into finite products of the
form

[[a+wp,
Jj=1

revealing an exact algebraic structure governing the evolution of the
composed solutions.

These recursive relations lead naturally to the definition of
an acceleration ratio measuring the relative scaling of temporal
and mixed derivatives in the composition hierarchy. The inverse
square root of this ratio defines an integrand that generates the
velocity potential through successive integration steps. Repeated
integration by parts produces a finite sequence of boundary terms,
each arising from a canonical algebraic division that reflects the
intrinsic structure of the recursive derivative chain. One may ask
why we need to consider a recursive chain. It is necessary to see how
nth compositions of the proven solution in terms of the LambertW
function satisfy Eqs (9-11) and hence reduces to the solution given by
Eq(13) in this paper. We require to move the singularities for at least
two velocity components in the Navier-Stokes flow out to infinity
by taking the nth compositions of base solution with the W function
and taking the limit as n — oco. We proceed one velocity component
at a time proving no finite time blowup but we trip up with the last
or third component and cannot make it have no finite time blowup.
For the first two components we have a fixed point problem and
Eq(13) can be shown to be solved (say for u, and u,) as n — oo since
the fixed point approaches zero in each case by construction. (see
the end of chapter 10 in [7], where the zeros of the nth compositions
approach infinity leading to no finite time blowup. ) Next it is
necessary to rewrite the Navier Stokes equation in parallel with
a scalar construction, here the vector structure of the Navier-Stokes
equations is transformed using symmetric matrix operators that
combine multiplication by scalar fields, addition of equations, and
repeated application of the product rule. These transformations
generate a sequence of derived vector fields,

b = (uyuz, uxus, uyuy), a = u,b,
producing a hierarchical transport system in which each level
preserves the algebraic closure of the differential operators. The
resulting transformed equations retain the original Navier—Stokes
structure while revealing hidden symmetries and conservation
relationships among nonlinear terms.

A key structural identity obtained in this framework is the
exact balance between nonlinear production and viscous diffusion
mechanisms. In the derived system this balance appears as a
pointwise equality between gradient generation terms and Laplacian
smoothing terms, implying that the net effect of these processes
reduces to a pure transport divergence field. On periodic domains,
this divergence structure integrates to zero, providing a global
constraint on the evolution of gradient energy.

The analysis further develops explicit closed-form solutions of
reduced scalar transport equations arising within the transformed

= i
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hierarchy. These solutions can be written in terms of the Lambert
W function as

1

s T GG )

where the argument function A(x, y, z, t) depends on the initial data
and the characteristic variables of the system. The branch point of
the Lambert W function determines the critical condition for loss of
regularity.

An important feature of these solutions is the distinction between
boundedness of the velocity field and blowup of'its spatial derivatives.
The velocity component may remain finite while the gradient
becomes unbounded when the argument of the Lambert function
reaches its branch value. This phenomenon demonstrates the
possibility of gradient singularity formation without divergence of
the underlying solution amplitude, providing a precise mechanism
for the onset of non-smooth behavior in nonlinear evolution
equations.

To ensure regularity of the base velocity components, the analysis
introduces controlled shifts in trigonometric denominator structures

of the form )

n+sin(Z—-t)+1—¢’
The boundedness of the sine function yields an explicit necessary
and sufficient condition for the existence or absence of finite-time
singularities. When the effective shift parameter lies outside a critical
interval, the denominator remains strictly nonzero for all finite
times, guaranteeing smooth periodic behavior of the corresponding
velocity component.(we can do this only if one or two solution
components are proven to be in C*®) For the start the intended
road-map in this paper is to determine pointwise if a no-finite time
blowup in the z component of velocity u,, for example, will lead to
a no-finite time blowup in the corresponding velocities u, and u,,
as determined by the Navier Stokes flow. The idea is to start with
a particular flow in any given direction. The methods of approach
to solve such a problem is given in [1] where row operations were
used together with a way to split the Navier Stokes equations into
a scalar and vector system of PDEs. As a result the PDE obtained
in the analysis led to a solution only in one direction of flow, in
that case it was u,. However as generalized in this paper a vector
b emerges which allows us to obtain information of the remaining
velocity components. It was the hope of the author that if say one
component of velocity did not blowup in finite time then # would not
as well. This has been the focus of a few references as in [2], [6] and
more recently [7] where the corresponding author has concluded
that there may be at least one component of velocity that does not
blow up pointwise by showing that it’s general solution has nth
order compositions of itself with a specific form of the LambertW
function which approaches a fixed point and this fixed point solution
is smooth and solves the only in u, PDE. Having a given direction of
velocity smooth does not imply that the other two will necessarily be

smooth. If say u, is smooth then the third component of b as shown
in this paper is u,u,, and we must prove that this product is either
smooth or non-smooth. This very recently has been determined by
solving the missing link in the approach used in [1] which is solving
Equation (6) for b there, once u, is solved as outlined in that paper.
In the present work the form of the PDE in Eq(6) of [1] is shown
to be a general first-order transport equation in the vector b which
does not have a non trivial fixed point solution that is smooth since
as will be shown there is a b? term in the PDE. For the transport
equation
3;b+bd,b =02
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no sequence of nontrivial nth-order compositions of a non-smooth
solution can converge, as n — o0, to a nontrivial smooth solution of
the same equation.The only smooth limit obtainable through infinite
composition is the trivial solution

b(z,t) = 0.

The framework developed in this paper combines explicit analytic
solutions, recursive functional compositions, and exact algebraic
identities to construct a structured hierarchy of Navier-Stokes
transformations. The results provide new insight into the relation-
ship between nonlinear amplification, diffusive smoothing, and the
formation of gradient singularities in fluid dynamics.

The analysis presented in this module develops a structured
framework for computing higher-order derivative ratios associated
with iterated LambertW compositions. Such compositions arise nat-
urally in nonlinear transport problems, implicit inversion formulas,
and similarity transformations in partial differential equations. In
particular, the LambertW function provides an exact analytic inverse
to functions of the form

x=wev,

and its differential properties enable closed-form expressions for
nonlinear growth and decay processes. A comprehensive treatment
of the analytic structure and differentiation rules for the LambertW
function can be found in Corless et al. [3].

The recursive definition

W, = LambertW(—e?), W j = LambertW(W ;_,),

generates a hierarchy of nested nonlinear responses. Differentiation
of these compositions requires repeated application of the chain rule,
which in multivariable calculus provides the fundamental mech-
anism for propagating derivatives through composite mappings.
Rigorous formulations of the chain rule and higher-order derivative
structures are standard results in advanced calculus and functional
analysis; see, for example, Evans [4].

A key mathematical feature of the present construction is the
emergence of multiplicative product structures of the form

[Ja+w).
j=1

Such products frequently appear in the analysis of iterated functional
relations, continued compositions, and nonlinear recurrence systems.
Their differentiation leads naturally to logarithmic derivative repre-
sentations and telescoping cancellations, which simplify otherwise
complex expressions into compact closed forms. These algebraic
identities are closely related to classical product expansions studied
in analytic function theory and special functions; see Whittaker and
Watson [5].
The derivative ratios introduced later in this module,

ICAS

Rn = Goawp

1
serve as dimensionally consistent measures of temporal acceleration
relative to mixed spatial-temporal curvature. Quantities of this
type appear in similarity scaling arguments, transport models, and
nonlinear wave or flow systems where derivative balances determine
stability or growth rates. In fluid mechanics and transport theory,
ratios of temporal and spatial derivatives often characterize effective
acceleration or propagation rates in evolving velocity potentials or
scalar transport fields. Background treatments of such derivative

structures in partial differential equations and continuum mechanics
are given in Evans [4] and related mathematical physics references.
The inverse square-root transformation

g = 1
n '_Rn

is motivated by the standard relationship between velocity potentials
and characteristic time scales in nonlinear evolution equations.
Square-root scaling laws arise naturally in energy balances, similarity
reductions, and integral representations of transport equations.
Such structures are widely used in the analysis of nonlinear flows,
diffusion processes, and wave propagation phenomena.

Overall, the derivations that follow rely on four fundamental
mathematical principles:

1. Exact differentiation formulas for the LambertW function.
2. Recursive application of the chain rule to nested compositions.
3. Product and logarithmic derivative identities.

4. Algebraic simplification through telescoping products.

2. The generalized ratio R,

Closed-form expressions for the temporal, spatial, and mixed
derivatives of iterated LambertW compositions, culminating in
explicit formulas for the generalized ratio R, and its associated
integrand J,, are now considered. See Appendix A: For an n‘"
order composition W, the ratio of the temporal and mixed partial
derivatives is defined as:

G w WA+ W)?

R = =
TG W T+ W)

@)

The integrand for the velocity potential V} is the inverse square root:

n—1

TVEr Ve VR

There the J,, expression is calculated for any n.

Note that for the LambertW form of the solution shown in this paper
the argument of the LambertW function must be dimensionless. As
a result the generalized ratio R,, has dimensions of [L]?/[T] since
it can be expressed as a dimensional ratio of powers of LambertW
functions mutliplied by —w% (using chain rule as to be proved). Here

w has units of rad/s and w3 has units of 1/[L]2. Hence it is scaled as
viscosity.

3. Calculation of [ 7, dz
Integral of the Nested Product Expression

The calculation developed in this module concerns the explicit
evaluation of an integral involving nested multiplicative structures
of differentiable functions. Such expressions arise naturally in the
analysis of nonlinear differential systems, recursive transformations,
and algebraic reductions of integrable models. In particular, products
of the form

n
[[a+w;@)
j=1
appear in iterative solution schemes, factorized representations of

differential invariants, and transformations related to Riccati-type
and logarithmic derivative structures. The analytical methods used

VoLuME XXVI Issue | VERSION | - 2026
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here draw from classical calculus, differential algebra, and the theory
of repeated integration by parts.

A central tool in the derivation is the use of logarithmic differen-

tiation for finite products. If
m
P@) =[] £
Jj=1

then the identity
P@) _ & 5@
Pz - & 1@

allows multiplicative expressions to be transformed into additive
ones. This transformation is fundamental in the study of differential
equations and symbolic computation, where it enables systematic
factorization of derivatives and recursive reduction of nonlinear
expressions. A rigorous treatment of this identity and its applications
can be found in standard analysis texts such as Rudin [17] and in
classical treatments of differential calculus such as Apostol [13].

The integral reduction performed in the subsequent sections relies
on repeated applications of the integration-by-parts formula

/udv:uv—fvdu,

which provides a mechanism for transferring derivatives between
factors in an integrand. Iterated integration by parts is a classical
method for reducing integrals involving products of functions,
and it plays a central role in asymptotic analysis, special function
theory, and symbolic integration algorithms. Systematic treatments
of repeated integration by parts and recursive integral reduction
appear in advanced calculus and mathematical methods references
such as Courant and John [15] and Olver [22].

The structure exploited in this work is closely related to reduction
identities for nested products and differential chains. At each
step of the reduction, one multiplicative factor is replaced by its
derivative, preserving the functional form of the integrand while
decreasing the degree of the product. This recursive mechanism
guarantees termination after a finite number of steps, producing
a closed algebraic expression. Such finite termination properties
are characteristic of integrals with polynomial or rational derivative
structures and are widely studied in the theory of differential algebra
and symbolic computation; see, for example, Bronstein [14].

Another key component of the derivation is the systematic use
of power differentiation and the chain rule in the presence of
square-root expressions. Differentiation of functions of the form

W(2)*
follows directly from the general chain rule, yielding

d

EW(Z)a =aW(@)*W'(z).

This rule is foundational in the analysis of algebraic functions and
is discussed extensively in standard references on real and complex
analysis, including Stein and Shakarchi [18].

From a structural perspective, the reduction carried out in this
document can be viewed as a deterministic algebraic elimination
process acting on a finite product of differentiable functions. Each
iteration preserves differentiability and produces expressions that
remain within the same algebraic class. Consequently, the procedure
yields a finite closed-form result containing no remaining integrals.
This property aligns with general results on termination of recursive

+ i
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integration procedures in symbolic analysis and differential algebra
[14].

The mathematical framework developed here therefore rests on
four foundational principles:

« Finite product differentiation via logarithmic derivatives
+ Repeated integration by parts as a reduction mechanism
+ Chain rule differentiation of algebraic powers

« Finite termination of recursive integral reduction

Together, these principles provide a rigorous analytical basis for
the explicit evaluation of the nested integral defined in the following
sections.

We consider the integral of:

n-1

[Ja+w)

1 _ (<25 j=1
V-(Rn V—w \/I’Vn(l‘l'u/n)3

and aim to compute

H;:ll(l +W))
I, := | ———dz.

VW1 + W)
See Appendix B for the full steps of the calculation of I,,. The
next step is to take the limit of I,, as n — oo In the recent paper
[2], the solution of the velocity u, was given by Equations (5-7)
in that reference. The physical motivation for choosing the nth
composition of the LambertW form as used up to now is to achieve
smooth solutions for the velocity. In other words we are interested
in real valued, no finite time blowup physical solutions to the Navier
Stokes equations. The derivative ratio introduced in Eq.(1) comes
from solving the following PDE which is an auxiliary equation for
the Navier Stokes flow,

0%u, \* _ 1 du, \’
(@> T R(x,y,z,0) (7>

This gives us the solutions in terms of the Elliptic functions
used in this paper that is the WeierstrassP and consequently the
WeierstrassZeta function. The solutions obtained in this work rely
on the invariants of the WeierstrassZeta that is g, and g3 to be both
equal to zero. For further analysis see [2].

In the work in [2] x is used and in this paper it is the same but
have renamed it R and R, for the nth compositions of LambertW
solution. The quantity R and hence R, are refinement geometry
parameters measuring the transverse concentration of vorticity
relative to its local direction. This is the physical meaning associated
with the recursive approach for R, and hence the nth composition
of LambertW functions used in this work. In particular, let

w(X,t)

w(X, t) =V X u(Xa t)’ |Co(X t)|

§(x,1) =

denote the vorticity and vorticity direction field wherever w # 0.
We define the transverse gradient operator

V,=0-§®%V,

which projects spatial derivatives onto the plane orthogonal to the
local vorticity direction.
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1. Fundamental Dimensions

Velocity:
L
[ul = T
Vorticity:
1
w=VXu = [co]—?.
Transverse gradient of vorticity:
1
\% = —.
[Viw] LT
2. Definition of Refinement Geometry
Definition 1 (Refinement Geometry RR).
Vi O
R )~
geom(X ) (X, D2

3. Dimensional analysis

Numerator:
|VJ_CU|2 L2T2 .
Denominator:
a1
lool® = 73
Therefore: )
[-'Rgeom] = Iz
Hence the refinement scale:
1
R =
Rgeom
has dimension:
[R]=1?

4. Geometric Interpretation

Let 7, (X, t) denote the local transverse filament radius.
Then:
|

Viw| ~ —.
Vaal~ 2
Substituting into the definition:

(el/r? _ 1
L

Rgeom ~ || =

rL

Thus:

R(x, 1) ~ 1 (%, 1)

This relation is dimensionally exact.

5. Time Dependence and Interpretation

The quantity R is purely geometric and carries no intrinsic time
dimension:
[R] =

Time dependence enters only through evolution:
R =R, t).
The natural local dynamical timescale is:

1

T(X,t) ~ —|a)(x, Ak

6. Refinement Rate (Optional Dynamic Quantity)
If a quantity with units I?/T is desired, define:

Rrate = || R.
Then: 5
L

[-,Rrate] = T

This introduces a dynamical coupling between geometry and time.

7. Final Summary

[R] = I?, R, t) ~ r(x, 1)

Time enters only through R(x, t) and w(X, t), not through units.

If a time-weighted refinement measure is required:
rate |CD| R.

In [2] in particular Equations (5-7) there, which have been derived
from the Navier Stokes equations in the z direction of flow (u,) the
derivatives used in the definition of the auxiliary problem defined
previously in Eq.(1) have been simplified. The interesting approach
here is that using the auxilary problem with these equations, leads
to a LambertW solution as given by Eq(65) in the same reference
[2]. And since we can show that nth compositions of the LambertW
solution satisfies this PDE for each n then we base the final solution
on Eq.(1) and it’s solution which is based on,

Pr\ 1 <a_vz)3 (4)
0z0t) ~ R(x,y,z,t) \ ot

and the solution of this PDE gives a general form in terms of the
WeierstrassP function. It is:

2 233
uz(x,y,z,t)=23(fp(f—zdz
6\ R(x,y,z,t)23
+ fi(x%, 3, 0); g2 gs)dt) + £, y,2)

where o is the WeierstrassP function with invariants g, and gs.
We can see here that this involves the integral wrt to ¢ which will
culminate in the WeierstrassZeta function. In the analysis prior
to this we have solved for this integral and in particular I,, which
involves the nth compositions of the LambertW function. Now we
show that the limit approaches zero as n — 0.

4. Proof thatl, —» Oasn — o

The analysis presented in this module concerns the asymptotic
behavior of a recursively defined sequence of functions generated by
repeated application of the Lambert W function and the evaluation
of a finite algebraic expression constructed from their derivatives.
In particular, the sequence

W, = LambertW(—e?%), W ; = LambertW(W ;_;), j2>2,

defines an iterated functional system whose limiting behavior
determines the asymptotics of the quantity

I, —22 “1+ HW’ H(1+W)

i=k+1

il s
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The mathematical justification of the limit

lim I, =

n—-oo

relies on three foundational components of modern analysis:
« asymptotic expansions near algebraic branch points,
« convergence of iterated analytic functions,
« decay estimates for recursive derivative chains.

These topics lie at the intersection of asymptotic analysis, nonlin-
ear functional iteration, and analytic function theory.

Lambert w function and Branch Point Structure

The Lambert W function is defined implicitly by the equation
W(z)e" @ = z,

and plays a central role in many areas of applied mathematics,
including combinatorics, delay differential equations, and nonlinear
dynamics. A comprehensive treatment of the function, including its
analytic continuation and branch structure, is given by Corless et al.
[3].

A key feature of the Lambert W function is the existence of a
square-root branch point at

zZ=—=.
e
Near this point, the principal branch admits the asymptotic expan-
sion
1
W(z) =—-1++v2(ez+ 1)+ O(ez + 1), z— ==

Such square-root behavior is characteristic of algebraic branch
points in analytic function theory and follows from general results on
Puiseux series expansions for implicitly defined functions. Standard
treatments of these expansions can be found in classical references
on complex analysis such as Whittaker and Watson [5] and modern
texts on analytic functions such as Henrici [21].

Iteration of Analytic Functions

The recursive definition
W ; = LambertW(W ;_,)

generates an iterated functional sequence. Under mild regularity
conditions, repeated application of an analytic mapping near a
fixed point produces convergence to that fixed point provided the
derivative magnitude is less than one. This principle is a consequence
of the contraction mapping theorem and forms the basis of many
iterative methods in analysis.

Rigorous treatments of functional iteration and convergence to
fixed points appear in standard analysis and dynamical systems
literature, including the works of Banach and modern presentations
such as Devaney [19]. In the present setting, the fixed point is

W =0,
and the sequence satisfies

lim W;=0,

j—oo

a property that determines the asymptotic behavior of the product
terms appearing in the definition of I,,.

s i
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Recursive Derivative Chains
The derivative sequence
W .

W_/ — —JW/
oW+ wy)

forms a multiplicative chain. Such recursive derivative relations arise
naturally when differentiating iterated functions and are closely
related to the chain rule in differential calculus. In general, if

X1 = (),

then differentiation yields
Xy = [ (e)xn.

This structure implies that derivative magnitudes evolve multi-
plicatively along the iteration. Under convergence of the underlying
sequence to a stable fixed point, the derivative sequence typically
decays to zero. Detailed discussions of derivative chains and sta-
bility of iterated mappings can be found in standard references on
nonlinear analysis such as Ortega and Rheinboldt [23].

Asymptotic Estimates and Limit evaluation

The proof that
I,-0

relies on bounding the magnitude of each summand

VTHW'

T =

H(1+Wl)

i=k+1

The argument uses classical techniques of asymptotic comparison
and limit evaluation. In particular:

« the sequence W j converges to zero,
« the derivative sequence VVj' decays to zero,
« the multiplicative factors 1 + W ; converge to one.

These properties allow the expression to be controlled using
elementary limit theorems and comparison estimates. Such methods
form the foundation of asymptotic analysis and are treated sys-
tematically in standard references such as Olver [22] and Hardy
[20].

Structural Interpretation

From a structural viewpoint, the quantity I,, represents a finite
algebraic sum generated by repeated differentiation and product
reduction. The convergence result

lim I, =
n—-oo
is therefore a consequence of the combined effects of:
« convergence of the iterated Lambert W sequence,

« decay of the associated derivative chain,

« stability of multiplicative factors approaching unity.
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This type of asymptotic vanishing behavior is typical for recursive
systems whose derivatives shrink geometrically near stable fixed
points, a phenomenon widely studied in nonlinear analysis and
iterative dynamics.

We consider the sequence

I, —22 “H HW’ 1;[1(1+W1)

. . r
with the convention szl W =
recursively by

1, where W are defined

W, = LambertW(— ), W ; = LambertW(W ;_;), j > 2,

and the derivative chain is

Wi Wj
WI=— , W_/Z—W/
! 1+W, T wWiLa+w))

We study the limit at the branch point & = —1, for which W} = —

Behavior of W ; near the branch point

The Lambert W function near its branch point z = —1/e satisfies

W(z) ~ —1++/2(ez + 1),

Thus for j > 1,

z — —1/e.

W ; = LambertW(W ;_;),
and since W = —1, the sequence satisfies

lim W

j—oo

Behavior of the derivatives W}'

We have W
r_ 1
Wi=-17 wy’
which diverges at the branch point. For j > 2,
W W, W,
ITwWLa+ W)

Since W; — 0 as j — oo, we find

th =0.

oo
Decay of the derivatives in iterated Lambert W
Define the sequence
Wj = W(Wj—l)’ ]ZZ,
where W is the principal branch of the Lambert W function.

Derivative recursion

The derivative satisfies

oy Wi(2)
W@ = Wy
Thus,
W W, Wi,
I WL+ wy)
Define
W;
Aji=
Wj_l(l + Wj)
Then

J
= (1T e
k=2

Asymptotic expansion near zero

For small x,
W(x) = x — x> + O(x3).
Hence
Wj = Wj—l - le_l + O(W}g_l)a
which implies
W, 2
Wj_l =1- Wj—l + O(W/j—l)’
Also,
1 _ 2
T+ W, =1 Wj+O(Wj ).
Therefore,
Aj=1=-W;_)A=W;)+0W2,),
S0
Aj=1-W; ;= W;+O0Wl).

Asymptotic behavior of W ;

It is known that

1
Wj ~ .
J
Thus,
Aj~1-2%
Product estimate
Consider )
Jj
T4
k=2
Taking logarithms:

J J
2
kZ::ZlogAk ~ élog(l - ];).

Using log(1 — x) ~ —x:

Zlog(l— —) ~ —22 — ~ —=2logj.

Thus,
J
[T~
k=2
Conclusion
Since

j
= (HAk) Wy,
k=2

we conclude

‘W}'—»O asj—)oo.‘

Asymptotic behavior of the mixed product expression

Consider the quantity
VT k)
A, = H wy/ H Q+wy,
i=k(n)+1
where the index k(n) depends on n and satisfies

k(n) - oo, k(n) < n.
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Step 1: Fundamental asymptotics of the iterated Lambert

W sequence

For the iterated sequence defined by
Wi = WOW ),

it is known that
w j i 0,

and the asymptotic behavior is

and

for some finite constant C # 0.
Furthermore,

1
1+Wj~1+j.

Also,

1 n?

Wa

Step 2: Product of derivatives up to k(n)

We compute
k(n) k(")

T[T wy ~ckm H
j=1

Thus,
k(n) k(n)
H le ~ o 2"
E MO

Step 3: Remaining product of (1 + W;)
Consider

n—1

n—-1
log [] A+wyp= > logl+wW)).

i=k(n)+1 i=k(n)+1
Using the expansion
log(1 + x) ~ x,

we obtain
n-1

2 1M4WQ

i=k(n)+1
Therefore,

n-1

n
H (1 + Wi) ~ Cl@

i=k(n)+1

Step 4: Assemble the full asymptotic

Combining all factors,
n2 Ck(n) n
A~ () (i) ()

n3 Ck(n)

An ™ T e

Hence,

8 II GJSFR-F

Step 5: Key regimes
4.0.0.1. Case 1: k(n) =n
Then

n?Ccr
A e

4.0.0.2. Case2:k(n)=anwith0<a <1
Using Stirling’s formula,
k 2k
N2~ (=
@~ (3)

A, — 0.

SO

4.0.0.3. Case 3: k(n) =logn
Then
(k!)z ~ (log n)zlogn,

which dominates any polynomial in n. Therefore,

A, = 0.

Final conclusion
If

k(n) > o0 asn — oo,

then regardless of the growth rate (linear, fractional, or logarithmic),

/—k(n)
1+ HW’ H (1+W;) — 0.

i=k(n)+1
Structural reason
The decisive term is
1
(k(m)1?’

which decays faster than any power of n.

Convergence of the series Z:;l A,

Define

/—k(n)
A, = 1+ HW’ H A+w),

i=k(n)+1

where the sequence k(n) satisfies
1<k(n) <n, k(n) > co asn — oo.

Theorem 1. Assume the iterated Lambert sequence satisfies

c

1 :
e W

converges absolutely whenever k(n) — oo.
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Proof. Step 1: Uniform bounds.
Since W, — 0, there exists N such that for all n > N,

2 c ,_2C
O<Wposy  SapsWsig

Therefore,

{1+ 2
V1+W, " )
Wi ST san
2n2
for some constant C; > 0.

Step 2: Bound for the derivative product.

For sufficiently large j,
’ CZ
Wi < 7
Thus,
k(n) k(n)
W <cl[i=-2.
U =57 = Gy
Step 3: Bound for the (1 + W ;) product.
Since )
1+ Wi <1+ ?,
we have
n-1 n—1 2
[T a+wos I (1+3).
i=k(n)+1 i=k(n)+1 t
Taking logarithms,
n-1 2 n—1 )
log H <1+ —.) = z log<1+ —.).
i=k(n)+1 Vo ik L

Using log(1 + x) < x for x > —1,

Exponentiating,

n]‘[_l A+wW) < q(%)z.

i=k(n)+1

Step 4: Combine estimates.

Multiplying the bounds,
C. n \?
sl i)
= Gz T k()
Hence,
4 n* 1

n = Sy e

Since k(n) > 1,
4

n
An = Coltmme

Step 5: Comparison with a convergent series.
Because k(n) — oo, there exists N; such that for n > N,

k(n) > logn.

Therefore,
(k(m)1)? > ((log m)1)>2.

Thus,

n4

n = Collog e

Using Stirling’s formula,

((logn))* ~ (log m)*°e™,

A

which grows faster than any power of n.
Hence,

“ ((logn)!)?

converges.
By the comparison test,

[Se]
Z A, converges absolutely.

n=1

lim I,, = 0.
n—oo

Conclusion
We have shown that

lim I, =0 at the branch point § = —1.

n—»oo

5. Row Operations Reducing (i - V)i to b-Vb

The analysis developed in the following sections establishes a
structured algebraic framework for transforming the nonlinear
terms of the three-dimensional Navier—Stokes equations through
successive row operations and product-rule identities. The starting
point is the convective operator

(u - V)i,

which represents the transport of momentum by the velocity
field itself. This quadratic nonlinearity is the principal source of
complexity in the Navier—Stokes equations and plays a central
role in the formation of vorticity, gradient amplification, and
energy transfer across spatial scales. Standard treatments of the
mathematical structure of the Navier—Stokes equations and their
nonlinear transport mechanisms can be found in classical references
such as Ladyzhenskaya [9], Temam [10], and Constantin and
Foias [11].

The transformations introduced here rely on elementary but
powerful operations: multiplication of equations by scalar fields,
addition of vector components, and systematic application of the
product rule. These operations generate derived vector fields of
increasing algebraic order, beginning with

and leading to a hierarchy of transport operators of the form
@ V)i - (b-V)b - (b-V)d.

Such constructions are consistent with the general theory of non-
linear evolution equations, where higher-order composite variables
are often introduced to reveal hidden conservation or cancellation
structures. The use of product identities and differential operator
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transformations is a standard technique in the analysis of nonlinear
partial differential equations; see Evans [4].

A central mathematical ingredient in the present formulation is
the Laplacian product rule,

A(fg)=fAg+gAf+2Vf-Vg,

which governs the interaction between diffusion and nonlinear
gradient terms in viscous flows. This identity allows the viscous
term VAU to be expressed in terms of transformed vector fields
and gradient coupling terms, revealing an explicit decomposition
into diffusion, production, and transport components. Similar
decompositions arise in energy and enstrophy balance equations
for incompressible flows and are fundamental in the mathematical
theory of turbulence and regularity; see Doering and Gibbon [12].

The resulting hierarchy leads naturally to a structural balance
between nonlinear production terms and viscous diffusion terms. In
the present framework, this balance takes the exact algebraic form

M(b)Gy = u, Ab,

which implies that the residual field becomes a pure divergence.
On a periodic domain such as the three-dimensional torus T3, the
divergence theorem then yields

f V - (periodic field) dV = 0,
T3

a fundamental property used extensively in the analysis of periodic
solutions and energy conservation in incompressible fluid dynamics.
Periodic boundary formulations of this type are standard in both
analytical and computational studies of the Navier-Stokes equations;
see Constantin and Foias [11] and Temam [10].

The transformations presented below therefore provide an alge-
braically exact mechanism for reorganizing the full Navier-Stokes
system into a hierarchical sequence of transport equations in derived
variables. Each step preserves the differential structure of the govern-
ing equations while exposing cancellation identities and divergence
forms that are not immediately apparent in the original formulation.
This perspective is closely related to classical balance-law methods
and modern structural analyses of nonlinear fluid equations.

Let the velocity field be

U = (Uy, Uy, uy), V = (6x,0),9,).
1. Convective terms of the three momentum equa-
tions
The inertial part of the Navier—Stokes equations is
@@~ V)il.
Define the vector of convective components:
I Uy Oy + Uy 0pUy + U0, Uy
X
Iw) = (I, | = | uxdxuy, +u,0yu, +u,d,u, |.
I,
z Uy Oy ty + Uydyu, + U,0,u,
These represent the three rows on which row operations will be
applied.
2. Row operations

5.0.0.1. Operation A (produces the k-component)
Multiply the x-equation by u, multiply the y-equation by u,, and
add:

Ry = uyly + uyly,.

GJSFR-F

0 |}

5.0.0.2. Operation B (produces the i-component)
Multiply the y-equation by u,, multiply the z-equation by u,, and
add:

R; =u,ly, +uy,l,.

5.0.0.3. Operation C (produces the j-component)

Multiply the x-equation by u,, multiply the z-equation by u,, and
add:

Rj = u I + uyl,.

3. Matrix representation of the row operations

Collecting the operations into vector form gives

R; 0 u, uy)\/[L

Rj|=1uz 0 ulll

Ry u, U 0/\L
| S —

M)

Thus the complete set of row operations is
R=M@) @ - V.

4. Product rule

Consider the k-component:

Ry = uy(U - Vuy + u (i - Vuy,.

Using the product rule,

(@ - V) (uytty) = uy (U - Vuy + uy (i - V.

Therefore,

Ry = (ﬁ : V)(uxuy)-
Similarly,

R; = (ﬁ . V)(uyuz)a

Rj = (ﬁ - V) (uxuz).
Hence,

R Uy,
R=(ii- V)| ucu,
Uy,

5. Definition of the vector field l;

Define

Then the result of the row operations is

R=(@i-V)b
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6. Second application of the same row operations  Add the two expressions
Define Add the results from Steps 3 and 4:
Uy bj djbl + bl b] ajuz

Factor the common term b iE

J=(i-V)b.

Apply the same pairwise operations again, but now using the

components of b: bj (uz 8;b; + b; 0juz).
Apply the product rule
(b-V)b=M()u-V)b For each component:
where aj(uz bl) = Uy, ajbl + bi 6J-uz.
Substitute:
. [0 bz b, bid;(u, by).
M®)=|b, 0 by 75
by by 0 Recognize the transported vector field
7. Complete hierarchy Since _
a; =uzb;,
. L M . ~ MOb) - S we obtain
@-vi 22 aovp 2O G b;dya

N R N N Thus the vector identity holds:
Construction of (b - V)a from (b - V)b

uy(b-V)b+b(b-Vyu, =(b-V)d

Definitions
Let where
U = (uy, Uy, uy), V = (6x,0),9,). d=u,b.
Define el Fully expanded component form
b= (uiui) , a=u, b. For completeness:
uxuy ((5 V)&)l = b] 6jal-
Componentwise:
a; = u, b;. = b; 9;(u; b;)
Assume that i is sufficiently smooth (for example C?) so that all _
derivatives below are well-defined. = b (uz 9bi +bidjuz )
The inertial operator acting on b =z b;j0jb; + b; bj 9ju;.
The nonlinear transport operator is This matches exactly the sum of
(b - V)b. u,(b- V)b
d
Componentwise: an
) Final Transformation identity
Multiply by u,
Multiply the entire vector equation by u,: uZ(E. V)E + E(E Vu, = ([; V)(u, E)
u (I; V) b or equivalently
z .
Componentwise: b-Vd with d= Uy b.
Uy b] 6Jbl

- Structural interpretation
Multiply the z-momentum equation by b

o ] We obtain the transport hierarchy
The z-component inertial term is

. i-V)ii - (b-V)b - (b- V)i,
Each step is generated purely by

Qu
I
(S
N
S

Multiply this scalar equation by the vector b: - multiplication by a scalar field,

b (5 -V, + addition of equations,
Componentwise: « the product rule.
b;bjdju,. Thus the construction is algebraically exact.
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6. Extension of the Row-Operation Construction
to All Navier-Stokes Terms

1. The full 3D Navier-Stokes equations

Let

U= Uy, uy,u;),  V=(0,0,,0,).

The Navier-Stokes equations are

S+ (i - V)i = —Vp+vAii + f,
where
« v > 0 is the viscosity,

« pis the pressure,
« f is the external force field.

2. Transformation operator

Define the symmetric row-operation matrix
0 u, u
M@ =|u, 0 ul.
u, Uy O

Applying the three allowed operations (multiplication by scalar
fields, addition of equations, and the product rule) is equivalent to
multiplying the vector equation by this matrix.

Thus

M(ﬁ)[atﬁ + (- V)ﬁ] = M(a)[ — Vp +vAil + f]

3. Definition of the derived vector field

Define
R Uy,
b=uu,|.
Uyl

4. Time derivative transformation

For one component,
01(uyuz) = u,0;uy, + u,0;u,.

Therefore

M(ii)d,ii = d,b

Thus the time derivative closes under the same operations.

Inertial term transformation

Previously established:

M(a)[(a . V)a] =@ V)b

Applying the same operations again:

M(B)[(a- V)E] =(b-V)b

Further,

uy(b- V)b +b(b-Vyu, =(b-V)a

with

Ql
Il
<

N
S

GJSFR-F
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Successive Matrix Operations on the Viscous Term

1. Navier-Stokes viscous term

We begin with the viscous term in the three-dimensional Cartesian
Navier-Stokes equations:

VAU

2. Definition of the first derived vector field

Let

U = (Uy, Uy, uy).

L [WylUz
b=|u.u,|.
Uyl

3. First row-operation matrix

Define the vector field

Define the matrix operator

0 u, u
M@ ={u, 0 ul.
u, uy 0

Applying the matrix to the viscous term:

M) vAil.

Using the Laplacian product rule for scalar fields:

A(fg) = fAg+gAf+2Vf- Vg,
we obtain componentwise:

R Vuy, - Vu,
M) vAu = vAb — 2v( Vu, - Vu, |.
Vu, - Vu,,

Define

Vuy, - Vu,

G, = Vu,-Vu, |.

Vu, - Vu,,

Thus:

M(ii) vA#i = vAb — 2v G,

4. Second derived vector field

Define
R
d = u,b.

5. Second row-operation matrix

Define
M(b) = b3 0 bl .

Apply the second matrix to the result of the first transformation:

M(b) M(ii) vAi.

Focus first on the Laplacian term:

M(b) vAb.
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6. Laplacian product rule for vector fields

For a scalar field f and vector field g:

A(fg) = fAZ+EAf +2Vf - V8.

Let
f=us g =b
Then:
A(uzg) =u, AD + EAuz +2Vu, - Vb.
Rearranging:
U, Ab + I;Auz = A(uzl;) —2Vu, - Vb.
Multiplying by v:

u, vAb + bvAu, = vAG — 2v Vu, - Vb.

7. Successive matrix transformation

Applying both matrices to the original viscous term gives:

M(b) M(ii) vA#i = vAG — 2v [M(E)Gl +Vu, - VE]

where

Qu

Il

<
N

and

G, = M(b)G, + Vuy - Vb.

Final structural identity

M(b) M(#) vAii = vA(uyb) — 2v [M(E)G1 + Vu, - VB]

Successive Matrix Transformations of the Pressure
Gradient Term

1. Pressure gradient term in the Navier-Stokes equations

The pressure force term in vector form is

—3,P
~VP=(-3,P|.
—3,P

2. Definition of the velocity vector
Let
U = (uy, Uy, uy).

3. Definition of the first derived vector field

Define

4. Definition of the second derived vector field

Define

5. First row-operation matrix

0 u, u
M@G)={u, 0 ul.

u, U 0

Define

Apply the matrix to the pressure gradient:
M(@i)(-VP).
Compute componentwise.

First component
—u, 8,P —u,d,P.

Apply the product rule:

9y(uzP) = u, 0,P + Pdyu,,

0, (uyP) = uy, 0,P + P 3,u.
Therefore

—u, 0P —u, 8,P = —3,(u,P) — 0,(u,P) + P(O)u, + d,uy).

Thus
R Oyu, +0u,
M(u)(=VP) = —=V(Pb) + P| 0,u, + d,u, |.
Oxuy + Oyuy
Define
Oyu, + d,u,
S; = | Oxu, + d,uy |.
Oxuy + 9yu,
Therefore

M(ii)(=VP) = —V(Pb) + PS,

6. Second row-operation matrix

M®b)=[b;s 0 b ].

Apply the second matrix to the result of the first transformation:

Define

M(b)M(ii)(~VP).

Focus on the gradient term:

M(b)(—V(Pb)).
7. Product rule for gradient of scalar-vector product

For scalar f and vector g:

V(f§) = fVE+EVS.
Let

f=uy §=P5.

Then

VoLuME XXVI Issue | VERSION | - 2026
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V(u,Pb) = u, V(Pb) + Pb Vu,.
Rearranging:
u, V(Pb) + Pb Vu, = V(PQ).
Therefore
M(b)(—V(Pb)) = —V(Pd) + Pb Vu,.

8. Successive matrix transformation

Applying both matrices to the original pressure gradient term gives

M(b)M(ii)(~VP) = —V(P3) + P [M(E)s1 +b Vuz]

where

Ql
Il
<

N
S

Final structural identity

M(b)M(ii)(~VP) = —V(Pu,b) + P [M(E)s1 +b Vuz]

Successive Matrix Transformations of the Force
Field and Final Navier-Stokes Form

1. Original Navier-Stokes equations
8,i+ (- V)ii=—VP+vAii+ f

where

2. Derived vector fields

Define

3. Matrix operators
0 u; u . [0 b3 by
M@ =(u, 0 uc|, Mb)=[b; 0 b|.
uy ux 0 b2 bl 0

4. Force Field Transformation

Original force term

5. First transformation

Apply M(10):
MQ@)f.
Componentwise:
uzfy +uy,f;
Uz fi +uyfz |-
Uy fe + Uy fy

u |

GJSFR-F

Define

fo = M@@DS.
Thus

M@@)f = f,

6. Second transformation

Apply M (I;) to the result:

M(b)M(u)f -
Componentwise:
b3fp2+bafps
bsfpy+b1fp3]-
byfpi+bifba
Define
fa=M®)fy.
Therefore

MbOM@)S = f;

Summary of all transformed terms

Time derivative

M(b)M@)d,ii = 3,

Inertial term

MGM@) G - Vi = (b- V)ad

Pressure term

M(b)M(ii)(~VP) = —V(Pa) + PS,

where

S, = M(B)S, + b Vu,.

Viscous term

M(b)M(@)vAG = vAG — 2vG,

where

G, = M(b)G, + Vu, - Vb.

Force term

MOMES = f;

7. Final transformed Navier-Stokes equation

Applying both operators to the original system gives:

0,d+ (b-V)d = —V(Pa) + vAG + f, + PS, — 2vG,
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Final hierarchical Navier-Stokes structure 4) Exact meaning of Production = Diffusion

S - S S o The statement means the pointwise equality
d;a+(b-V)a=-V(Pa)+vAa+ f,

+ strain terms

M(b)G, = u, Ab.

+ gradient coupling terms

. . . . This equality is:
8. Meaning of Production = Diffusion
In the constructed hierarchy, the statement + not approximate,
Production = Diffusion « not statistical,

has a precise mathematical meaning. It is an exact algebraic balance
between two classes of terms arising after applying the successive

operators M(ii) and Mi (l;)

+ not integral,

« but an exact algebraic identity.

1) Starting identity
. . 5) Structural consequence
We obtained the exact decomposition

Substituting the equality into the identity for G, gives

G, =V -(u,Vb) + [M(E)G1 —u, AE].

Gy =V -(u,Vb).

There are three structurally different pieces: Thus the entire field becomes a pure divergence field.

1. Divergence (transport) 6) Consequence on the periodic torus

2. Production On the periodic torus T

3. Diffusion

f V - (periodic field) dV = 0.
T3

2) Definition of production

The term

Therefore,

M(b)G,

contains products of the form

Production = Diffusion — f G,dV =0.
T3

wiu;(Vuy - Vp).

These terms: 7) Physical interpretation

. . . Production equals diffusion means:
« increase gradient magnitude locally,

« are nonlinear, - nonlinear steepening creates gradients,
- contain no Laplacian. « diffusion smooths gradients,

Thus they generate new gradient energy inside the domain. . the two effects cancel exactly everywhere.

Formally,
Production = M(b)G,. Mathematically,
3) Definition of diffusion ‘ local generation — local smoothing = 0.
The term
N Only transport remains.
u, Ab

contains the Laplacian operator. 8) Analogy with classical Navier-Stokes energy balance

The Laplacian: In the standard kinetic energy equation,

« spreads gradients spatially, d 1. R 5

T §|u|2 = —‘Vf |Vu|? +ff~u,
« smooths oscillations,

balance occurs when
« reduces local curvature.

This is the mathematical definition of diffusion. forcing = dissipation.
Formally,

= The present hierarchy represents a higher-order analogue of this
Diffusion = u, Ab. structure.
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Final precise definition

Production = Diffusion means M(E)Gl =u, Ab,

and under periodic boundary conditions,

/ G2 dV =0.
T3

A crucial note here is that the nonlinear inertial (advective) term is

introducing the blowup mechanism as seen in the following section.

If production is not equal to diffusion then the calculations show

that if,
1

esin(—z+t+¢€)+In(2)-2
( 1+sin(—z+t+e)+e3)

b3=_

where this will in fact be shown later to be a solution and b3 = u,u,
then Vb will approach zero when v = €;. Taking the limit of this
term approaches zero for v # 0 In fact the second derivative of b3
wrt to z for example is,

—1+e¢;

_3\2 -
€3W(—§> +e3W<—2e 3)

€3

D;b3 =

at the branch point of the LambertW function where z = zx =
t + 7/2. See appendix C. The only danger is at the branch point
not elsewhere. But there we have vD2b; — 0 for v # 0 For the
€3 to cancel (€3/€3) in the product of expression in G,, €3 must be
non-zero. So for periodic domain T3 the definition of Production
equals Diffusion or not equal leads to only the singularity coming
from the nonlinear inertial terms of the transport equation(Eq.(6) in
[1]. Since there I added the expression aVa I have to check when
the integral of a divergence is zero. It happens that it is true when
Production either equals or not equals the diffusion term in the
transformed Navier Stokes equations. Moreover we will see that

M (E)Gl = 0 so that both terms in G, are independently vanishing
at the branch point of LambertW function.(shown further below
and in Appendix C) Finally we note that in the real-valued setting,
the derivative of b wrt to z when

.. . ..
t—z= -5 i interpreted as a one-sided limit.

9. The existence of a LambertW solution of the
governing equations of Fluid Mechanics

It is claimed that Lambert W profiles are invariant manifolds of finite
codimension in the Navier—Stokes flow and there is closure under
all interaction operators J;;. To formalize this, define the interaction
operators

Jl](u) =U; 6luj

The nonlinear structure of the Navier-Stokes equations may then be
viewed as the superposition of the actions of J;; over all component
pairs. This viewpoint naturally leads to the consideration of velocity
profiles that are closed under all interaction channels, meaning that
no new singular structures are generated when any J;; acts on the
profile.

We therefore consider the set

8 := m ker(singular growth induced by J;;),
Ljelx.y,z}
16 II GJSFR-F

whose elements are velocity fields invariant, in a structural sense,
under the full nonlinear interaction geometry. Being in § imposes
severe rigidity: such profiles must be stable under multiplication,
differentiation, and implicit inversion, while remaining compatible
with Navier—Stokes scaling and incompressibility.

A main theorem which leads to the LambertW -¢ closure
solutions is as follows,

Theorem 2 (MAIN) Existence of W function solutions to the 3D
Navier Stokes problem that are given by Eq.13). Assuming the Poisson
equation,

u? V2P(x,t) = S(x, £) (5)
and the following PDE holds,
i AN (%) ©
9zot)  x(x,y,z,t) \ ot

whereu; = V, + C, C is a shift related tox : (R3,RT) - R whereV},
is at least in CO(x, t) with the pressure P in C*(x, t), then,

2233719 /9 =]~
K(x,y,Z,t)=Tc3[a—ZfQ <§W(—e ))] . (7)

where C; € R and g is the WeierstrassP function, ¢! is it’s inverse
and W is the LambertW function defined on an affine spatio-temporal
space B = x —y + 2z — t + C4, with Cg = O(3). The expression for
& is connected tox as & = —\/%, where x1 is the derivative of x in a

preferred direction, say z in this case. It can be proven that at the branch
point of the LambertW function, x1 > 0. In principle both x and & are
functions in general, where the derivative of ¥ wrt to z (x1) approaches
0~ when we look at large values in the i’th direction(say z direction),
in particular for V, in the z direction. (Recall x = R,, from Eq.(1)
from the main Introduction; This approaches zero for the LambertW
solution given by Eq.(13) as —z — t — —oo. As shown further in this
paper z will be chosen arbitrarily large in the positive direction for
large positive initial data(similar approach for large negative initial
data where —z — t — 400 ) Then the solution problem can be defined
by Eqs.(9-11) which can be shown to reduce to Eq.(13). Moreover the
solutions given by u; or V, are periodic in both space and time by means
of the Lambert to Weierstrass mapping.

Now to establish the grounds for these assertions made in the
main theorem we are required to review the work in the proofs of
the connection of the form of the Navier Stokes equations to the
PDEs in [6] and [7] and references therein. Since the work in these
references were valid in the LP spaces for p € [2,3) a note here
is required. The Poisson equation was used to relate the velocities
to the pressure terms. In order to remain in these spaces for p (in
particular it was found that p > 3/2 is necessary) the following PDE
was required in the definition of the Poisson equation,

u? V2P(x,t) = S(x, t) (8)

Here u; are the components of the Navier Stokes flow with P
representing the pressure and S some arbitrary function used in
the solution approach. To be specific the solution in the previous
references made use of this PDE(Poisson equation). In [1], [6] and [7]
a geometric calculus approach was used to rewrite the Navier Stokes
equations in a general u; direction for i = 1... 3. The PDEs defining
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the u; were possible to develop mainly due to the Poisson equation.
Thus we use the S—P term in the governing PDE developed by
X,

Geometric Calculus a];l)proach. The transition to the PDE in Eqs.(9-11)
is a result of adding to the original Navier Stokes equations after
applying row operations [1], [6] and [7] a pivot function aV -a which
is used as a place holder in obtaining the solution of the Navier
Stokes equations. See Eq.(6) in[1] where this pivot function has been
added. In the subsequent parts of the paper there the pivot function
is used in the following sense: If we have two operators L; = L,
and L; = L3 then necessarily L, = L3 so that the appearance of L;
is not seen anymore. It is in this way that the PDE problem for the
Navier Stokes equations was set up. As mentioned the following
PDE captures the dynamics of the original Navier Stokes equations,
which now are written for the u; direction.

The 3D incompressible unsteady Navier-Stokes Equations (NSEs) in
Cartesian coordinates may be listed for the velocity field,

0 .
e (ﬁ + u*JV*j> uf — uViui + V, P* = pFf
where p is constant density, 4 is dynamic viscosity , F* = F*le;
are the body forces on the fluid. In some cases, it may be elected to
reparametrize the components of the velocity vector, and pressure
tou = (u)'e;, P = (P)'e;, coordinates x; and time ¢ according to the
following form utilizing the non-dimensional quantity §(6 < 0) :
1 L1
u}" = gui 5 Pl = ﬁ
The Navier-Stokes equations above in * variables are proven to be
equivalent to the following PDE [1] and [6] and [7] in non-star
variables for the u; component and x;, t variables, (Here u; =

Pi,xlf‘=5xi,t*=52t

V, + 4/ k1 (for example x1 is a derivative of x in a preferred direction
in space or time):

~ a1 \? 3\

where S = (V, + Vx1)? V2P,

) (ViTve+ 2 2)p(222)
P_Zé( at)( AVz+ o+ 7 )P\ 5oz
=

ot

LA
+( JIICESY

3 (10)
e 2)o(2)

B 510z
3

zp[<—5+ n(%)

3 2

Bi= (34 (- 3)o) (e V) (5
)

2(V, + 1) (6 - 1)(32";
2(ve+/x1) (6 - 1)("2"2)

)

ox
3
ay?

w

e+ (5) a

e o) (%)

5 1

373
where S is defined in Eq(1). Note the Laplacian for the pressure
is written as an integral over an epsilon ball along each of the
infinitely many branches of LambertW function appearing in the
WeierstrassP function.(The real branch is of interest here) There are
precisely three Laplacians in Eqs.(9-11), one is for the pressure and
the other two are in terms of the velocity V;. The work of Rumer and
Fet was used in ([8] and [2]) to write the Laplacians as integrals over
epsilon balls. In [7] there, X,y components 1, ¥, vanish on a suitable
manifold as shown in [2] also (where the space J,, was defined
with a calculation showing that an operator involving all three
velocity components and their derivatives, X, is precisely zero on
this space and we see it to be true on the boundary of an embedded
ball in T3 = [0,1]3. It is important to define § which is used in
two ways in this paper. The first is that we assume alignment of
two vector fields in general and then separately non-alignment.The
expression for § is that it is the negative reciprocal of ¥1(x, y, z, t) (k1
is the derivative k') and the following eigen-type problem holds true:

PuN_ 1 (6_14)3 (12)
0zot)  x(x,y,z,t) \ ot

The solution of this PDE gives a general form in terms of the
WeierstrassP function. It is:

2
2343

2
Vz(x,y,z,t) =23 (f so(f ——dz + fi(x, ),1) §g2’83) dt)
61/ Kx,y,z,t)zé

+(x,y,2)

2

In the PDE given by Eqs.(9-11) the expression (Z Zj) appears at a
Z

few places. Substituting in the Egs.(9-11) introduces i at these places
and then multiplying by x throughout aligns J with x so that we have
the PDE which gives the LambertW solution. It is a straightforward
bookkeeping approach to see that this results as in Eq.(13) in the
later section where we have defined the representative governing
equations. Attention must be given to the B operator expression
in Eq.(10). Here the first term and sixth term expressions(the sixth
part contains also ®(t) which is set to zero due to expanding Tori)
in the sum of 6 parts in Eq.(10), call the sum of the two parts of the
six, the operator Qg which vanishes due to the existence of a C*®
pressure Laplacian. The Laplacian of the pressure is in a reciprocal
relationship to the velocity u2. What remains in Egs.(9-11) will lead
to Eq.13 which solves as a LambertW solution [7].
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A unique representation for the PNS system

Consider the function representing the y; component of the Navier
Stokes equations (v3 = u, = uid,x = 8y, y = 8y,, z = 83,
t = 6%),6 € R(<0)

U3 = U3(1, Y2, Y3, 5)

and the PDE
- % s -1 - 226 - 1%2p
+ pv3% +p(%>2 (13)
5y§ dy;
1 d%v,
§aylay3

where p is the density and u is the dynamic viscosity of the fluid.

There was a relabeling of V to v;. The function & is defined to be
—1/4/x1(y1, Y2, Y3, 5) and is related to the WeierstrassP function as
described previously in this work [2]. Also the pressure part of the
PDE is resolved in this reference where it is claimed that P at the
branch point of the LambertW function is of the order the reciprocal
of u2. (See Section: 2.1.4. "Exact Solution of the Extended PDE via

the Weierstrass Ansatz for General Spatio-Temporal Pressure” in [2].

It can be shown that the base solution(n = 1) is (use Maple 2026):
u, = LambertW(—exp(—G(x,y,z,t) — 1)) + 1.

10. Difference between
u, = LambertW(—exp(—G(x,y, z,t) — 1))
and constant k(n) multipliers

To determine the difference, we need to look at how a constant
multiplier k = (1 4+ 2") changes the logarithmic derivative (or the
“sensitivity”) of the base of the chain.

If you replace the base x = —e% with x4y, = —(1 + 2")ef, you are
essentially changing the initial condition of the recursive derivative
chain.

1. The Derivative at the First Level

In the current derivation, we have:

x=—ef = o ef= —anx
B 9z ¥ T2
. . . wy ox
This leads to the elegant cancellation in 0,W; = = =
x(1+Wy) oz
W
—wWy .
1+W;

If we use X, = —ke (where k = 1 + 2"):

axalt

0z

. . 10 .
Crucially, the ratio — a—x remains exactly —w,.
X 0z

= cuzke§ = —WyXgt

Because the LambertW derivative always contains that

x(1+W)
1/x factor, the constant k in the numerator of the partial derivative

and the constant k in the denominator (x) cancel out completely in
the first step.

2. The Chain Effect

Since the first derivative d, W, remains functionally the same
(expressed in terms of W), the recursive steps for W ; follow the
same algebraic path. The final "Compact Product” formula would

look identical in structure:

W,
O, W, = —wzn—n
szl(l +W;)

GJSFR-F
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3. The Functional Difference

While the formula for the derivative remains the same, the
numerical values and singularities shift significantly:

The Branch Point Shift: In the original case, the branch point
(singularity) occurs where —e$ = —1/e, or & = —1.

The Multiplied Case: With k = (1 + 2"), the singularity occurs
when —(1 + 2")eé = —1/e. This moves the critical value of £ to:

Serie = —1—In(1+2")

Magnitude: Since 1 + 2" is a large number, it forces W] deeper
into the principal branch (approaching 0) or further into the lower
branches.

Summary

There is no difference in the derivation logic or the final formula.
The structure of the LambertW derivative is "scale-invariant” with
respect to a constant multiplier in the argument’s exponent.

However, in the context of my fluid dynamics research, this k
factor would act as a damping or scaling coefficient. It changes
“where” and "how fast” the blowup occurs in coordinate space, but
it does not change the recursive "Product Law” I derived for the
gradients.

11. No Finite-Time Blowup of b and Blowup of
Higher Time Derivatives

The equations developed in this section analyze the evolution of
the derived nonlinear variable b; under the dynamics of the three-
dimensional incompressible Navier—Stokes system. In particular,
Equation(6) in [1] expresses the time derivative 0,b; as a rational
combination of transport, production, and gradient-coupling terms

involving the velocity component u, and the vector field b. Such
evolution equations arise naturally when the nonlinear convective
operator (i - V)il is rewritten in terms of composite variables
formed from products of velocity gradients. These reformulations are
standard in the mathematical analysis of nonlinear partial differential
equations and are often used to expose cancellation structures or
boundedness mechanisms in transport systems; see, for example,
Ladyzhenskaya [9], Constantin and Foias [11], and Temam [10].

A central feature of the present formulation is the appearance of

the matrix operator M(b) acting on the gradient vector G1, producing
quadratic gradient interaction terms of the form

M(b)Gy = by Vu, - Vi, + by Vi - V.

Terms of this type represent nonlinear production or stretch-
ing mechanisms in fluid dynamics, analogous to the gradient-
amplification processes that appear in vorticity and strain evolution
equations. The balance between these production terms and the
transport terms is fundamental in determining whether a solution
remains bounded or develops singular behavior. The mathematical
study of such balances is a central theme in the regularity theory
of the Navier—Stokes equations; see Doering and Gibbon [12] and
Evans [4].

The interesting approach by using the vector a where a = bu, is
that it can be proven that b is regular in space and time, that is
b € CL. To see the proof of this see Appendix D.

Also I have suppressed the term Vu, - Vb term given in —2vG,
expression by integrating by parts and using the periodicity of
T3 to give the D2b; term I found previously that vanishes by
multiplying by a nonzero v and taking the limit. See Appendix E
for the calculation of Vu, - Vb. I have also shown in this paper that
you do not need to integrate Vu, - Vb by parts necessarily. A direct
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approach is to construct(as done) a smooth u, function and prove
(as done in this paper) b € C'. This way Vu, - Vb € C°.

The velocity component u, is modeled using a reciprocal structure
depending on a scalar function U(z,t) and an auxiliary function
f3(x,y,t;€), leading to the representation

1
U(z,t) + f3(x, y, t;€)”

This inverse form introduces a controlled pole structure in the
velocity field, regulated by the parameter € > 0, and is consistent
with analytic constructions in which singularities are shifted or
regularized through additive perturbations. Such reciprocal velocity
representations frequently appear in similarity solutions, potential-
flow constructions, and analytic continuation methods for nonlinear
evolution equations.

More generally, the velocity components are expressed using
functions related to the Weierstrass ¢ function,

u, =S + f3,82,83)s

where g, and g are the invariants defining the associated elliptic
lattice. Elliptic-function representations provide a natural framework
for describing periodic or quasi-periodic structures and controlled
pole behavior in nonlinear differential equations. The analytic
properties of the Weierstrass functions and their role in constructing
periodic solutions to nonlinear systems are well documented in
classical function theory; see Whittaker and Watson [5] and modern
treatments of elliptic functions and nonlinear dynamics.

Within this framework, the boundedness of the variable b follows
from the algebraic structure of the governing equation, provided
the denominator U(z,t) + f; remains nonzero. However, higher
time derivatives may still exhibit rapid growth or blowup due
to repeated differentiation of reciprocal factors. This distinction
between bounded primary variables and potentially unbounded
higher derivatives is a familiar phenomenon in nonlinear evolution
equations and transport systems, where derivative growth can occur
even when the underlying field remains finite. Such behavior has
been analyzed in the context of regularity and singularity formation
in fluid mechanics and related nonlinear systems; see Constantin
and Foias [11] and Doering and Gibbon [12].

The mathematical development that follows therefore focuses on
the interaction between reciprocal velocity structures, nonlinear
gradient production terms, and transport dynamics, with particular
attention to conditions ensuring boundedness of the variable b while
allowing the possibility of blowup in higher-order time derivatives.
We write the following in terms of third component b; corresponding
to the z component of velocity direction in the Navier Stokes

uy(x,y,2z,t) =

equations of Eq(6) in [1] (the appearance of b? term exists), in %,

Oby _ 1| _p Ouz _ (Ouz duz —u2h-V
T bs o ( 5 b, + 5 bz) bs; —uzb - Vb;
(14)

> du, b
—2u,M(b)G, — bgaiz —uzby 2 ~ b3Vuz]
Obs _ 1| _p 04z _ (Ouz Ouz —u2b -
2 = uz[ by (ax by + 22 b2>b3 u2b - Vb,
—2u,(b,Vu, - Vuy + by Vi, - Vuy) — b222 —ub % _ p,vu
z\V2 y z 1 X 4 3 8z z 362 3 z

(15)
Note we have that:

M(b)G, = b,Vuy, - Vu, + by Vu, - Vu, (16)

12. Solution of u, PDE and definition of f;, f, and
f

Now in reference [2] u, is:
Uz = uz(x,,2,8) = {(U + 3,82, 83) (17)

where g,, g3 are the invariants of the Weierstrass ¢ function and we
take them to be zero.
Here f; for €5 > 0 is defined as,

1

uz(x7 y7 z, t) = U(z,t)+f13(x,y,t;e) (18)

uZ(x’ V> 2 t) = U(z,t)+sin(z(x,y)—t)+1—€

In the same fashion, one can obtain through the Geometric Calculus
approach as in the approach used to obtain u, velocity, the
components u, and uy,. These in the same light will have the general
form,

1

W y,2.0 = G e

(19)
and
1

w320 = G e

(20)

Let us formalize the assumptions carefully.

13. Logic structure of singularities of NS Analysis
of equation

The analysis presented in this section examines the logical structure
of possible singularities in the three-dimensional incompressible
Navier-Stokes equations by studying products of velocity compo-
nents. In the classical formulation, the velocity field u = (u,, Uy, Uy)
evolves under nonlinear transport and viscous diffusion, and the
formation of singularities is associated with the loss of boundedness
of either the velocity field or its spatial derivatives. Determining
which component of the velocity field is responsible for a divergence
or a non-smoothness is a central problem in the mathematical
theory of fluid dynamics and remains closely connected to the global
regularity question for the Navier-Stokes equations; see Constantin
and Foias [11], Temam [10], and Ladyzhenskaya [9].

The reasoning developed below relies on elementary but rigorous
principles from real analysis: if a product of two quantities diverges
or lacks smoothness while one factor remains bounded, then the
divergence or non-smoothness must originate from the remaining
factor. In the context of fluid mechanics, this principle allows
singular behavior to be localized to a specific velocity component
by examining the behavior of nonlinear interaction terms such as
u, U, and u,u,. Such quadratic products appear naturally in the
convective term (u- V)u, where they represent momentum transport
between velocity components. The identification of singular growth
through these nonlinear interactions is consistent with standard
energy and regularity arguments used in the mathematical analysis
of incompressible flows; see Doering and Gibbon [12] and Evans [4].

Within this framework, the smoothness of selected velocity
components imposes boundedness constraints that restrict the
possible sources of divergence. If two distinct nonlinear products
involving the same velocity component both become unbounded
while the remaining factors stay finite, then the only mathematically
consistent conclusion is that the shared component itself becomes
singular. This logical structure provides a direct mechanism for
identifying the origin of blowup in a multi-component system
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without requiring explicit solution formulas. Such component-wise
reasoning is commonly used in the study of singularity formation,
gradient amplification, and finite-time blowup criteria in nonlinear
partial differential equations.

The argument developed in the following section therefore
formalizes a simple but powerful diagnostic principle: the blowup of
multiple quadratic interaction terms involving a common velocity
component, combined with boundedness of the other components
and their derivatives, implies that the shared component is the
source of the singularity. In the Navier-Stokes setting, this conclusion
corresponds to the loss of boundedness of the velocity gradient and
signals the onset of finite-time singular behavior in the flow field. We
are considering three components of velocity in the Navier-Stokes
equations:

Uy, U

v Uz

Suppose the following logical structure holds:
1. u, is smooth.

2. uyu, blows up.

3. u, is smooth.

4. uyu, blows up.

We ask: what can we conclude?

1) First logical consequence from u,u, blowup

Assume
uy is smooth.

That means (locally in space-time) there exists a finite bound
|Du,| <M

for some constant M < oo where D is a sequence of partial
derivatives of u,, with respect to space and time.
Now suppose the derivative of:

Uyl), — 0.

Then necessarily

Du, — oo.

or Reason: a bounded factor cannot create divergence in a product.
So from these two facts alone,

‘ uy, smooth and u,u, not smooth = u, not smooth.

2) Use the second product

Assume also
u, is smooth.

So similarly,

IDu,| < M’
for some finite constant M’ < oo.
If
Du,u, — oo,
then again

This is consistent with the first deduction.

20 [|§
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3) Combine both statements

We now have two independent implications:

uyu, not smooth = u, not smooth

and

u,u, not smooth = u, not smooth.

Therefore the unavoidable conclusion is

’ Du, itself blows up (becomes singular). ‘

14. Analysis of 1/(sin(Z—t) + 1 — €) and
1/(sin(Z —t) + 1)

We consider the functions

1
Zt)= ————— 2
h@n sin(Z—-t)+1—¢’ €>%
and
) P —
2 T sin(Z -+ 1

Denominator bounds

For the second function, the denominator is
sin(Z —t)+ 1.
Since —1 < sin(x) < 1, we have
0<sin(Z-t)+1<2.
Check for zeros
The denominator of f, can vanish if
sin(Z—t)+1=0 = sin(Z—-t)=-1.

This occurs at

37

Z—t=7+2k7r, kez

Finite-time blowup

Since the denominator can vanish at finite ¢, the function

1
F2,0 = sin(Z —t)+1

has finite-time blowup at those points.

Comparison with € > 2

For the function

A(ZD !

=— | e>2
sin(Z—-t)+1—¢

the denominator satisfies
sin(Z—t)+1—-e<14+1—-e=2-€<0,
so it does not vanish for any finite ¢.
Conclusion
« 1/(sin(Z — t) + 1 — €) with € > 2 has no finite-time blowup.

« 1/(sin(Z—t) + 1) has finite-time blowup whenever
sin(Z —t) = —1, i.e,, at

3
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15. Analysis of the
1

n+sin(Z—t)+1—¢

We analyze the function

Function f(Z,t) =

1

1zn= n+sin(Z—-t)+1—¢’

We determine precisely when there is finite-time blowup and
when there is none.

Blowup condition

Finite-time blowup occurs if the denominator equals zero:
n+sin(Z—t)+1—e=0.
Rearranging gives
sin(Z—-t)=e—n-—1.
Use the boundedness of sine
We use the fundamental bound
-1 <sin(x) < 1.
Therefore a real solution exists if and only if
e—-n—1€[-1,1].
This gives the inequality
-1<e—-n-1<1

Solve the inequality

Add 1 to all parts:
0<e—m<L2

This is the necessary and sufficient condition for finite-time
blowup.

16. Final classification of finite time blowup

Finite-time blowup occurs if and only if

because then there exists a time ¢ such that
sin(Z—-t)=e—n-—1.

No finite-time blowup occurs if and only if

‘e—r)<0 or e—n>2‘

because then
e—-n-1¢[-11],

so the denominator never vanishes.

Useful special cases

Case 1 Original blowup case
n=0,e=0

Then 1
f= sin(Z—-t)+1°

Blowup occurs.

Case 2 Small positive regularization

If
n>e¢

then
e—n<0

and therefore

‘ No finite-time blowup

and the function is bounded:
sin(Z—-t)+14+n—e>n—e>0.

Case 3 Large negative shift
If
E—n>2
then
sin(Z—-t)=e—-n—-1>1,

which is impossible, so again:

‘ No finite-time blowup

Interpretation

The effective shift in the denominator is
nN—cl

« If the net shift is positive enough (7 > €), the denominator
stays away from zero and the function remains smooth.

« If the net shift falls in the interval
0<e—n<2

then the denominator can hit zero and finite-time blowup
occurs.

This provides a complete and exact criterion for the form

1
n+sin(Z—-t)+1—¢’

From the general solution of each u; component of the 3D Navier
Stokes equations for i = 1... 3, for i = 3 first:

1
T pstsin(z—t)+1—¢

(21)

Uz

where u, is derived from the WeierstrassZeta function with zero
invariants and 73 is in terms of I,,(from section ). The logic followed
here is that since I, = 0 as n — oo then we choose a range of €
values such that u, is smooth in fact sinusoidal. Then we attempt
to determine if b; = u,u, is smooth or has a finite time blowup.
Now from the general solutions obtained for u, and u,, based on the
geometric calculus approach,(as was obtained for u,, the following
occurs:

1
m + 113, 2,0) 2 + f2(x, 2, 1))

bs(x,y,z,t) = (22)

On afoliation of planes y = x+C we setf;(y, z,t) = fi(x + C, z,t) =
fr(x, z, £)* and 71, — 0and 7, — 0 giving,

1

R z? (23)

b3(x,y,z,t) =
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Substituting into Equation 6 of reference [1] we obtain,

4 (%fz(x, z, t))
fZ(x» z, t)S

_ cos(—z+t+e¢)
T (6 z, )8 (3 —sin(—z+t+e)+1—¢)

4 (% f(x, z, t))
folx,z,t)°

Here we let 3 — 0 and € — 1(blowup regime).

(29)

General Transport Structure of b;, u, inputs:How
PDE re-enters a square term

Consider a sufficiently smooth function:

uy, =1 —sin(x+z—-t)+¢7",

and
u, = G(y, z, t).
Define
Sy :i=1-sin(x+z—t)+e.
Then

uy, = Sy
Also define

u, = (1 —sin(x—y—1t)+e)L

Let
Sy i=1-sin(x—y—1t)+¢,
so that
u, =Sy
We now compute
at(uyux)’

and analyze the nonlinear transport condition

at(uxuy) + Uy ly az(uxuy) = 9,(uz) (uxuy)z-

The goal is to determine a nontrivial surface relation among
X, ¥,2Z,t

which preserves the identity without forcing terms to vanish
individually.

Step 1: Compute u,u,

Since
u, = Gy, z,t), u, = STt
we obtain
GO, 21)
Uyl = ———=.
xUy S,
Step 2: Compute J;(uu,)
Using the product rule:
0:(uxtty) = G,ST" + GO,(STH).
Now

S;=1-sin(x+z—t)+e.

22 II GJSFR-F

Hence

0;S1 = —cos(x + z—1)0,(x +z —t).

Treating X, y, z as independent coordinates,

Thus

0i(x+z—1t)=-1.

9;S; = cos(x + z —t).

Therefore

Hence

8,(SThH

cos(x+z—t)

st

at(uxuy) =

S1

G, Geos(x+z—t)

st

Step 3: Compute 9,(u,uy)

Again using the product rule:

0z (uxtty) = G,S7! + GO (STY).

Now
8,8, = —cos(x +z —t).
Thus ( )
_ cos(x+z—t
557 = A
S7
Hence
G Geos(x+z—t)
o,(uyu,) = =2 4+ ————— 2
Z( X y) Sl S%
Therefore
G (G Gceos(x+z—t
uyuy 9, (uyuy) = 5 (S—f + %)
1
So
GG, G?cos(x+z—1t)
u iy, 0,(Uu,) = zZ 4~
xUy Oz\Ux Uy S% S:i;
Step 4: Compute 0,(u,)
Recall

-1
u, =S5,

Observe carefully that

contains no z-dependence.
Therefore

Thus the right-hand side becomes

Sy =1-sin(x—y—t)+e.

S2

az(uz)(uxuy)z =0. ‘

Hence the equation reduces to

’ 0, (uxuy) + uuy, 8, (uxu,) = 0. ‘

We now prove this reduction explicitly.
Substituting the previously computed formulas gives

Gt _

S1

st

Geos(x+z—t) GG,

st

G*cos(x+z—1) _
Si

0.
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Multiply the equation by S3:

G;S8% — GS;cos(x + z —t) + GG,S; + G*>cos(x +z—1t) = 0.
Group the cosine terms:

G,;S? + GG,S, + (G* — GS;)cos(x +z—1) = 0.
Factor G:

G:S? + GG,S; + G(G — Sy)cos(x +z—1) = 0.

This proves that the original nonlinear PDE reduces to the
nonlinear conservation-type equation above. Setting J(y) = x+z—t
defines a surface where the PDE is in variables y, z, t.

17. General Finite time blowup after gradient
blowup

S;:i=1-sin(x+z—t+¢€)+e¢,

and consider

G:S? + GG,S; + G(G — Sy)cos(x +z—t +¢€) = 0.

We prove that this equation admits:
1. finite-time gradient blowup,
2. followed by finite-time amplitude blowup.

The mechanism is a nonlinear Riccati-type compression generated
by the transport term.

Step 1: Rewrite the PDE
Divide by S% # 0:

-t
G+ 96+ 80 H 2565y =0.
51 ST
Define
a::i, b:zcos(x+z—t+e)
Sy s2
Then

G, + aGG, + bG(G — ;) = 0. \

This is a quasilinear transport equation with nonlinear forcing.

Step 2: Characteristics

Define characteristics by

dz

E = aG.
Along characteristics,
dG
T —bG(G — Sy).
Thus
dG _ 2
E = —-bG* + bS,G.

This is a Riccati equation.

Step 3: Riccati blowup mechanism

Suppose
b<o.
Since
b= cos(x+z—t+e)
s2 ’
this means
cos(x+z—t+¢)<O.
Then

—-b>0.

Hence along characteristics:

G
=7 = [bIG? +bs,G.

For sufficiently large positive G, the quadratic term dominates:

dG 2
i |b|G
Therefore
dG
> 2
a2 cG
for some ¢ > 0.
Integrating:
dG d
Gzl
Hence 1
—_— 4+ — >ct.
ORE T
Therefore
L < L —ct
G(t) ~ Gy '
Thus
at finite time
L
T CGO ’

Hence finite-time amplitude blowup occurs.

Step 4: Gradient blowup
Now differentiate the PDE with respect to z.

Let
H :=G,.
Differentiate:
0,G; + 9,(aGG,) + 3,(bG(G — S;)) = 0.
Thus

H,+aGH,+aH?+(a,G+b(2G—5,))H+b,G(G—S;)—bS, ,G = 0.

The crucial term is
aH?.

Since
1

a=—>0,
S
the differentiated equation contains a Riccati compression mecha-
nism.

Along characteristics:

dH
a s —aH? + lower order terms.
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For sufficiently negative initial slope,

H(O) = HO < O,
the quadratic term dominates:
dH
—— < —cH>
dr = °°
Integrating:
dH
m > cdt.
Hence 1
——— t — >ct.
HO " Hy 7
Thus

in finite time.
Therefore

before the solution amplitude necessarily diverges.
This is classical gradient catastrophe.

Step 5: Gradient blowup precedes amplitude blowup

The characteristic equation is

dz
E = aG.
Neighboring characteristics satisfy

d
a(agz) =aG,0;z.

Hence ,
9¢z(t) = 9¢2(0) exp (/ aG, ds).
0
If
G, - —oo,
then
652 - 0.

Thus characteristics intersect.

At intersection, the classical solution loses regularity first through
slope blowup.

After characteristics compress, the Riccati amplitude equation

dG
forces amplitude divergence.
Therefore:
‘ gradient blowup occurs first, ‘
followed by

‘ finite-time amplitude blowup. ‘

Step 6: Blowup surface

The instability occurs on regions satisfying

‘cos(x+z—t+e)<0.‘

Equivalently,

x+z—te(7—r 3—7[
272

On these oscillatory compression surfaces:

24 ||}

) (mod 27).

GJSFR-F

« transport compresses characteristics,
« gradients diverge,
+ Riccati forcing amplifies amplitudes,

« finite-time singularities form.

18. Transport Structure and Regularity Properties
of the b; Solution

From Eq(24) we have that the nonlinear transport equation is:

dbs(x,y,2,0) _ 2 coslt—z+¢)
T = bS(x’y’Z’t) 1 _Sin([—Z+€)+€
8bs(x,y,z,t)
— b3(x,y, z, t) 0z ’
where
€>0.

We prove that the transport solution admits the explicit Lambert
W representation

1

LambertW(— Flx, V2 §x,y,2,0)) )
1—sin(t—z+¢)+e¢

bs(x,y,z,t) = —

and that the obtained solution satisfies

while

‘b3¢C", nzz,\

due to the Lambert W branch singularity.

For the transport equation

b2cos(t—z +¢
b, +bb, = - ( ) ,
1—sin(t—z+e)+e
the characteristic system is

dz _, db _ b?cos(t—z+e)

e~ 7 dt ~ 1—sin(t—z+e) +e¢
The first singularity mechanism is characteristic crossing.
Differentiating gives the Riccati-type equation:

q+ba; =—¢*+--, q=b,.

The term
_q2

forces finite-time blowup of the gradient whenever compression
occurs.

Thus:

‘ |b,| > oo before necessarily |b| — 0. ‘

This is the classical shock-formation mechanism.
As

€—0,
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the forcing coefficient (coefficient of b? term) becomes singular:

cos(t —z+¢)
1—sin(t—z+e)+¢

Near the branch point (b; and it’s derivatives are infinite whereas

att—z = —g, b; is finite and it’s derivatives are infinite.) At:
t-z=12
=3
we have
1 /4
1 —sin(t — €) ~ =&2, =t—z——.
(t-z+e)~38  E=t-2-2
Thus:
. 1.,
1—sin(t—z+e)+e~e+ 55.
Also:

cos(t —z+¢) ~ —¢&.

Therefore the forcing behaves like

cos(t —z +¢) =&
1-sin(t—z+e)+e e+ &2

The maximal magnitude occurs when

€] ~ Ve,

giving

1

‘N—

3

cos(t —z +¢)
1—sin(t—z+¢)+¢

Hence along characteristics:

db b2

@

Now solve the asymptotic Riccati equation:

db b2

T

Separating variables:

db _ dt
e
Integrating:
1 t
--=—+C.
b7 Ve
Thus:
b
b(t) = b 0 .
1— —(t—tp)
\/E 0

Therefore the characteristic blowup time is

T€=t0+£.
bo

Now take the limit:

Then:

T, —tg — 0.

Thus the amplification timescale collapses to zero.
Equivalently:

the forcing becomes infinitely strong as € — 0.

Calculations (and simulations) show that finite time blowup occurs at
a time t2 > t1 significantly strictly greater than catastrophic higher
gradient blow up which occurs first at time ¢1 at the branch point
of the LambertW function solution. These two times are distinct
times for gradient blowups and finite time amplitude blowup. (in bs)
For the higher gradient blowups bj is finite whereas for finite time
blowup bjs is infinite for T+ < oo. In the simulations conducted I
started off with smooth sine functions as they evolved from ¢t = 0 to
these sequential blowups above (for countable z values, distorting
and breaking up the smoothness of the function. See the following
Matlab code for the simulation of catastrophic gradient blowup
followed by finite time blowup(source term sin(t — z + 6)2 term
added from Eq(15)): Calculations and simulation show that at time
t2 > t1 where t2 = z+ w/2 + € and t1 = z — 7/2 + € there
is finite time amplitude blowup at ¢2 whereas at time 1 there is
a catastrophic higher gradient blowup at the branch point of the
LambertW function solution. The interested reader can run the
matlab code provided.

19. Listing of Matlab Code for the PDE with b?
term

clear;
eleg
close all;

epsilon = 0.091;

L = 2%pig
Nz = 800;
Nt = 1800;

Tfinal = 3.3;
dz = 2*L/(Nz - 1);
dt = Tfinal/Nt;

ial grid

linspace (-L, L, Nz) ;

b_old = (1/3)*sin(zgrid);

b_new = zeros(1l,Nz);

S Frame stor

Frames = struct('cdata', {}, 'colormap', {});
frameCount = 0;

for n = 1:Nt
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bz = (b_old(i)-b_old(i-1))/dz;
else

bz = (b_old(i+l)-b_old(i))/dz;

b_old(i)*2*cos (t-z)
/(1 - sin(t-z) + epsilon)
+ 0.75%2*sin(t-z)"2;

$ Expl

b_new (i) .
b_old(i)
- dt*b_old (i) *bz
+ dt*RHS;

ry conditions
b_new (Nz-1) ;
b_new (Nz) = b_new(2);

a

if mod(n,20)==

plot (zgrid,b_old, ...
b,
'LinewWidth', 2);

xlabel('z'

z');
ylabel ('b_3(z,t)");

title (sprintf(
'Smooth Sine Evolving Toward Kink: t

& &7, coo
t));

axis([-L L -2 8]);

grid on;

drawnow;

frameCount = frameCount + 1;

Frames (frameCount) = getframe (gcf) ;
end

e replay

while ishandle (gcf)

movie (gcf, Frames, 1,15) ;

Code 1. MATLAB code for the forced PDE simulation

26 II GJSFR-F

19.1. Characteristic transport formulation

Rewrite the PDE as

cos(t —z+¢) _
—sin(t—z+¢)+¢

by + bsbs, — b3 1

Introduce the characteristic parameter s. Then

dt dz db; , cos(t—z+e)

1, —_ = b3,

ds — ds

Define the invariant variable

w=t-—z
Then
dw
— =1-—b;.
ds 3
Hence
2 cosw
dbs _ *1—sinw+e
dw 1- b3
Therefore
1 —2b3 db, = C(.)sw
b3 1—sinw+e¢
Integrating,

cosw
——dw
1—-sinw+e¢

1 1
— —-—|db
/ (b§ bs) ’
The left-hand side gives
_L_
bs
while the right-hand side yields

In |bs],

—In|1—sinw +¢|.

Thus

—bi—ln|b3|=—ln|1—sin(t—z+e)+€|+C.
3

Equivalently,

bs

19.2. Explicit Lambert W representation

Define

S(x,y,z,t) =In|1 —sin(t —z +¢) + €| + F(x,y,z,£).

Then

1
5 +inlbsl=S.

Exponentiating and solving using the Lambert function gives

ds ~ Bl-sin(t—z+e) +e

L Inpby = In[1 = sin(t — 2 +¢) + | + F(x, y, 2, £).

1

Pl 2= F(x,y.2.5)

LambertW(—

1-—sin(t—z+¢e)+¢

j
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19.3. Branch singularity structure

The Lambert function satisfies

W(x)eW® = x,

and possesses the branch point

x=—-.
e

Hence singularity formation occurs when

F(x,y,z,¢) 1
1—sin(t—z+e)+e| e
Equivalently,
1—sin(t—z+¢)+e¢
F(x,y,z,¢) = ( P .
At this point,
W=-1,
and therefore
b3 =1.

Thus the function value itself remains finite.

19.4. First-order regularity

We now prove that all first-order derivatives remain finite.

Let
B F(x,y,z,§)
Ay B =T st o T e
Then
1
b= ~way
Differentiate:
wW'(A
debs = W[g)zaa‘&
where a € {x,y,z,t}.
Using
o W)
W' = AT wooy
we obtain
dqbs Ja”

TAWA+ WA)
Near the branch point,

W(A)+1~\/A+%.

1
BaA~ At

Simultaneously,

because F is smooth and the denominator

1—sin(t—z+¢)+¢

vanishes at most quadratically at the critical geometry.
Therefore

aocbs ~

which remains finite.
Hence

d:bs,d,bs,8,b3,0,b; € C°. \

Thus

19.5. Behavioratz =t + /2

Let
z=t+ z
)
Then
t—z= i
==
SO
sin(t —z+¢) = —1, cos(t—z+¢€)=0.
Hence

1-sin(t—z+¢e)+e=2+¢>0.
Therefore the denominator is strictly positive and smooth.
Moreover,
0,A,0,A

contain factors of cos(t — z + €), which vanish at this point.
Consequently,

T
0,bs3,0;b3 remain finite at z = t + 3

19.6. Behavioratz =t — /2

Now let
zZ=1t- z
= >
Then
t—z= z
=3
)
sin(t —z+¢) =1, cos(t—z+¢€)=0.
Hence
1-sin(t—z+e)+e=¢.
Since

€>0,

the denominator remains strictly nonzero.
Again all first derivatives contain only bounded factors and vanish
proportionally to cos(t — z + €).
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Therefore

e T
0,b3,0;b; remain finite at z = t — 5

Thus all spatial and temporal derivatives up to order one remain
regular at both critical geometries.

19.7. Failure of second-order regularity

We now differentiate again.

Since
oy W(A)
wia) = A+ W(A))’
we obtain
W‘H(A) ~ 1
1+ w(A))3

Near the branch point,

1+WM%H/A+£

1

(A + §)3/2'

Therefore second derivatives behave like

Hence

WH(A) ~

1
aaﬁb3~ -—
\JA+ 2

which diverges at the branch surface.

Consequently,
Hence
More generally,

]b3¢cn, nzz.\

19.8. Final conclusion

The transport equation admits the explicit Lambert W solution

1

F(x,y,2,§(x,y,2, t)))
1—sin(t—z+¢)+e¢

b;(x,y,z,t) = —

LambertW(—

The solution satisfies

including at

_ Vs
zZ=1—- 5,
where all first-order spatial and temporal derivatives remain finite.
However the Lambert W branch geometry produces higher-order

derivative singularities:

2s ||}

z—t+7r
= >

GJSFR-F

\b3¢cn, nzz.\

Thus the solution exhibits finite-value higher-gradient singularity
formation without blowup of the function itself.

20. Defining F(x,y, £(z)) uniquely to obtain the
branch point of the LambertW function at
z=z"=t+ %

20.1. Finalized expression for b;

To determine if the branch point is realized at z,, = £ + g, we need

to evaluate the argument of the Lambert W function at that point
as €3 — 0 and,

1. Evaluate F(x,y,£) at z,. The function F is given as F =
sint—z+¢)—(n2) —2). Atz =z, =t + %:The argument
of the sineis t — (t + =) = == and Sin(—z) =-1
2 2 2
Substituting this into F:
F=-1-(n(2)-2)=-1-In2)+2=1-In(2)

2. Evaluate the Full Argument. The argument of the Lambert W
function is:

—exp(=F)
1+e—sin(t—z+e)

Arg =

Substitute the values at z,:Numerator: —exp(—(1 —In(2))) =
—exp(-1+1n(2)) = —e7! - @ = —2 Denominator: 1 + &3 —
e

Sin(—g) =14+¢e3—(-1) = 2+¢&3.As €5 — 0, the argument becomes:

3. Conclusion: The branch point of the Lambert W function is indeed
defined as the point where the argument equals —1/e. The choice of
F =sin(t — z + €)—(In(2)—2) perfectly balances the denominator’s
value of 2 at the point where the sine is —1.The branch point is
realized exactly at z, =t + Z . Note on the Coordinate Z,, We use
an expansion where sin(t — z + €) — 1 (near its maximum). In this
current formulation, the singularity is placed at sin(t — z + ¢) = —1
2
(its minimum).If the goal is to match the quadratic expansion 1 — %,
we would look at the neighborhood of z = t — g,At the current

zZ, =t+ g the sine function is at a minimum, so the local expansion
is:
7
sin(t—z+e)z—1+7

, this still provides the quadratic 7? spatial dependence required
for the O(e) cancellation, just with a reflected geometry. Here
7 = z — z+. It is true that we gain two derivative regularity here.
Atz = zx =t + g at the branch point both spatial and time

derivatives up to order 1, that is we have C° and C! regularity but
not higher than C" forn > 2 ase; — 0.
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Amplitude
~ T*
— Velocity

Gradient

[ufle < o0

Bounded limit

> Time t

Figure 1. Loss of regularity at T*. The derivative (orange) diverges as it
approaches the singular time, while the velocity amplitude (blue) remains
bounded at a finite value.

Mathematical Description

In the context of the 3D Navier-Stokes equations, the criteria for
blowup are often expressed through the Beale-Kato-Majda (BKM)
condition. A solution remains smooth if:

T*
f lo(-, )] Lo dt < 0
0
where w = V X u is the vorticity.

The structure shown above depicts a scenario where:

1. Energy Conservation: The I? norm (energy) and L® norm of
the velocity stay within a finite range.

2. Enstrophy Blowup: The H! norm (enstrophy) or higher
Sobolev norms ||u| s diverge.

3. Physical Interpretation: This corresponds to the “shredding”
of fluid elements where the velocity is not large, but the shear
rates and local rotations become infinitely steep.

The following figure illustrates the difference between Type 1 and
Type 2 blowup,

[all Leo(T3)

Blowup amplitude

__’Tyge,&./
C

fulle < ==

VT*=t

I
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'

* > Time ¢
T+

Figure 2. Comparison of Type I and Type Il blowup profiles in T3. Type I
follows the natural scaling of the Navier-Stokes equations, while Type II
represents a “super-scaling” singularity.

Mathematical Context

In the study of 3D Navier-Stokes regularity, we distinguish singular-
ities based on the rate of the L* norm growth:

+ Type I Singularity: Characterized by the Leray scaling. If the

solution blows up at T*, it satisfies:

sup (T* — )Y?u(-, )]l < o0
tel0,T*)

These are often associated with potential self-similar blowup

solutions.

grows faster than the natural scaling:

lim sup(T* — OY2[[u(:, )|l L = o0
t—>T*

Type II Singularity: Any blowup that is not Type I. The norm

Type II blowup is known to occur in other nonlinear evolution
equations (like the energy-critical wave equation) and remains

a subject of intense research for Navier-Stokes.

21. Foliations

Let

F:R" >R, Fx)=a-x+C

where:

. a € R" is a constant vector
« C € Ris a constant
ca#0

Then the level sets
F(x)=c

form a codimension-1 foliation of R".

Step 1 — Compute the Gradient

VF(x) =«
Since a # 0,

VF(x) #0 everywhere.

So the function is regular everywhere.

Step 2 — Determine the level Sets

Solve:

F(x)=c
a-x+C=c
Rearrange:
a-x=c—C
Define:
k=c-C
So each level set is:
a-x=k

This is an affine hyperplane perpendicular to a.
Thus every leaf is:

« smooth
- connected

« dimensionn — 1
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Step 3 — Show the Sets Partition the Space
For any x € R™:

c=F(x)

so x belongs to exactly one level set.
Therefore:

R'= | Jix: Fo)=¢
ceR
and the sets are disjoint.
So we have a partition.

Step 4 — Verify the Local Coordinate condition
(Definition of Foliation)

Define coordinates:

t=F(x)=a-x+C

and choose coordinates:

Y155 Vn—1
along the hyperplane orthogonal to a.
Because:
VF =a #0,
the mapping
x = (V1 Yno1:0)

is a smooth local coordinate system (Implicit Function Theorem).
In these coordinates, the leaves are:

t = constant.

This exactly matches the definition of a foliation.

Geometric Meaning
Adding the constant C does not change the foliation — it only shifts
the labeling of the leaves.
Specifically:
F(x)=a-x

and

F(x)=a-x+C

generate the same family of parallel hyperplanes.
The constant just moves the origin of the coordinate.

Conclusion

F(x)=a-x+Cwitha#0

defines a smooth codimension-1 foliation of R"

Useful General Principle

More generally:

Any smooth function whose gradient is nonzero everywhere
defines a foliation by its level sets.

So in PDE or transport settings, any affine phase function like

a-x+pt+C

produces planar leaves in space-time — a very common geometric
structure in linear transport and wave propagation.

s0 [|§

GJSFR-F

a 0 c e
22. Proof that bl% + bz% = 0 through foliations
X y
y=x+C where C e R
We are given the velocity components
W=t -1
YU Rzt T A0hz )

We also consider a foliation of the form
y=x+C, VCeR.
We want to prove that if

Hh=-h

along the foliation,

then

Uy +u, =0.
Substitute the foliation
Along aleaf y = x + C, we have

_ 1 _ 1
B fl(y,z,t) h f](x‘i‘C,Z,t)’

Uy

and
1

W Ry

Impose the condition f, = —f;

We are given that along the foliation

fZ(x’ Z, t) = _fl(y’z’ t) = _fl(x + C’Z’ t)

Hence,
1, = 1 _ 1 - 1 .
fHlx,z,t)  —filx+C,zt) filx+C,z,t)
Add uy +u,,
Uy + Uy = — L + 1 =0
yo filx+C,z,t)  fi(x+C,z1t)

Conclusion

Therefore, on a foliation y = x + C, if

fZ(x’ z, t) = _fl(y’z’ t)’

then the sum of the velocities in the x and y directions vanishes:

=)

Note that uzaﬁ factors out. This result holds pointwise along each

leaf of the foliation. The crucial point is the matching of the arguments
along the foliation.

23. Geometric compatibility analysis for f; = af;
We begin with the vector field
A =uyVuy, + u,Vu,. (25)

The velocity components are

u, = l, Uy = l (26)
h f2
Therefore 1
Vu, = —f—lzv h
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and 1
Vux -7 sz
2
Hence 1
u,Vu, = ——=Vf;
y y f13
and

1
U Viy = == V.
f
Using the structure of the original ansatz,

Vfi = (flxs 0, flz),

S0
A= _is(flx’o’ fiz) - i3(0’ Fay: Faz)-
i 2

Compatibility PDE when f; = af5 and a = a(x, )
We consider the foliation relation:
fh= “f23
and assume
a=oalx,y)
only, so
Va = (ay, ay,0).

The compatibility condition still comes from
AX(VxXA)=0.

1. Express f, in terms of f,a

From
fi=af;
we get
/3
_(h )1
n=(2) "
Hence .
-3 _ ay
f2 fl
The f,-part of the vector field becomes
1 a
—f—23(0s Jays foz) = —JTI(O, Jays faz)-

Now differentiate:

-3 (522

a a?
)
1 (N y A ay
ﬁﬁgﬂ?‘?ﬁ
Similarly, P
1 1z
frz = 3_fzz o

2. New geometric decomposition

After inserting these into
AX(VxXA)
and collecting terms, the structure is

Ax(VxA)=£%kvmeun+aW00y

The power m depends on the chosen normalization, but the zero
condition is independent of it. Thus the compatibility equation is

(Vo) x V() + aW(fy) = 0]

3. Because a = a(x,y)

We have
Va = (ay, ay,0).
Therefore _
_ ayVs
(Vo) x V = —a,Va
“xvz - ‘xyvl

Hence the full compatibility PDE is:

ocy173 + ocﬁil =0,
—a, V3 +aW, =0,

a Vs — a, Vi + aWs = 0.

This is the reduced two-dimensional a(x, y) compatibility system.

4. Explicit consequence for blow-up

Solving the first two equations:

W,
Ay = A—=
V3
and
W
O(y = —0—=
V3
S0
W,
Vloga = ‘,/i
21
Vi

This is the cleanest form. It says:

a(x,y) = agexp (f Vloga - d(x, y))

where the integrand is determined entirely by the fi-curvature.
Therefore, in the case

f =05f23a

the compatibility law is:

a = a(x,y),

spatial growth of a = exact compensation of the f; curvature.

In a blow-up regime of fj, the right side typically becomes singular,
forcing either:

|Va| - «
or a special alignment condition making

W(f) =o.
So this foliation allows « to act as the compensating field even
though it has no z, t dependence.
From (A - V)A = V(JA]?)/2 — A x (V x A) The following flux
amplification condition is introduced:
(A-V)A=A-(uVuy)e;
Now from the compatibility equation if A X (V X A) = 0,

uz
u,Vu, = V? then

V(IA]2/2) = [A - V(ug/z)]e3
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Multiply Eq.(15) by e3 to get this form of the expression. For
a 3-D gradient to point only in the z-direction everywhere the
scalar function it is derived from cannot have any horizontal(x or y)
dependence. Therefore, |A|> = M(z, t) for some function M.

The remaining z-component of the equation is:

% (JA]P/2) = A -V (u2/2)es

Vertical Shear Layer
Sharp variations of u in
horizontal plane: Vy yuz

GLOBAL RUNAWAY Asymmetric Energy Pump
FEEDBACK LOOP D
(Nonlinear Blow-up — =uy(A-Vuy)

e oz
Potential) Creates vertical stratification

Total Energy Growth
Local ® = 1\A\z increases

(Horizontally uniform)

The previous derivation maps onto the foundational themes ex-
plored by Evan Miller in his recent work on the Navier-Stokes
strain equation and finite-time blow-up [25]. Miller’s research
directly tackles how the self-amplification of strain—rather than
classic vortex stretching—can act as the definitive driver for fluid
singularities and the turbulent energy cascade. By mapping out
how the horizontal velocity components (Ay,A,) compress the
fluid filaments and pump energy into a vertical sheet gradient

(Z—j), the loop and analysis of this paper mirrors Miller’s analytical
framework.

Miller established scale-critical conditions showing that finite-
time blow-up is severely restricted by the history and alignment
of this middle eigenvalue 4,. How my Loop Maps onto the Matrix
Geometry In the system, the horizontal components (A, A,) drive
the Horizontal Advection Engine, which sharpens the horizontal
shear boundaries. This acts mathematically as a profound planar
compression (13 < 0). Because the total energy density @ is forced
to be uniform in x and y (V, ,® = 0), the fluid is geometrically
forbidden from stretching or moving energy sideways. Here is how
the above loop and the analysis in this paper aligns with Miller’s
work. 1. Strain Self-Amplification Over Vortex Stretching In standard
fluid mechanics, the focus is almost always on the vorticity equation:

0w+ (u-V)w = Sw

where S = V®™u is the symmetric strain tensor. Blow-up is
traditionally thought to occur when the strain matrix S stretches
the vorticity vector w into a runaway spiral.

2 ||}

GJSFR-F

The RHS of this equation must balance and derivatives in x,y
directions vanish. So (A - V)A = 0 in horizontal X,Y directions.
The flux matching condition creates Ricatti Type coupling. Energy
of A feeds into gradients of u, and gradients of u, feedback into
energy growth. The matching condition says that the energy of A
evolves exactly like scalar transport of u2 along A.

See the following feedback amplification growth mechanism:

Steepens

Horizontal Advection Engine

Currents tilt/compress u,

Amplifies Ax, Ay
convective power

Horizontal Component Growth
Energy shifted to Ay and A,,

Feeds © via irrotationality: V. X A = 0

The strain matrix S for an incompressible fluid is trace-free (Tr(S) =
0), meaning its eigenvalues must satisfy:

/‘11+/‘12+l3=0

Sorted by size, ; > 4, > A3, meaning A, is positive (stretching),
A3 is negative (compressing), and the middle eigenvalue 1, dictates
whether the local geometry is flattening or pulling.

However, Miller investigated what happens when you focus
heavily on the evolution of the strain tensor itself (S). The strain
evolution equation contains a quadratic self-interaction term:

S+ w-V)S+S*+--=0

Miller demonstrated (particularly in his 2023 paper, “Finite-time
blowup for a Navier—Stokes model equation for the self-amplification
of strain”) that the quadratic S? term can drive a finite-time
singularity via purely compressional strain self-amplification, even
if one damps out or severely restricts the rotational vortex stretching
mechanisms. The irrotational model in my work (V X A = 0) does
exactly this: it completely deletes the vorticity terms (w = 0), yet the
quadratic convective advection still forces a runaway compression
of potential fields. Because the total energy density ® is forced
to be uniform in x and y (V,,® = 0), the fluid is geometrically
forbidden from stretching or moving energy sideways. This locks
the fluid into a strictly 1D-stratified vertical alignment along the
e3 axis, effectively forcing 4, — 0 or locking its behavior into a
perfect geometric sandwich. The fluid elements are compressed flat
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horizontally, forcing a massive runaway gradient spike along the
vertical z-axis.

The Irrotational “Shock” Realization
The horizontal components act as the geometric compressor. The
Bhe _ Ous

0z ox
spatial energy pump feeds back into the horizontal velocities. By

removing the geometric “orthogonal drift” of rotation, the derived
equations form a Burgers-type convective shock channel. The fluid
endlessly concentrates its energy into an infinitely thin vertical layer.
This establishes a highly restricted manifestation of pure strain-
driven regular stratification collapsing into a geometric singularity.

irrotational constraints ( ) substitute for vorticity. The

ou, Ouy Ou, Ouy

=22 4 g 1
3 + 5% P + . along a plane

24. Proof that

foliation

We are given

_ Ou, ou, _ Ou, |, duy
= ta T e T
Assume a plane foliation
y=x+C, CeR.

Express derivatives along the plane.
Along the plane, any function f(x,y,z,t) can be written as
f(x,x + C, z, t). Therefore,

or _of
dy ~ ox’
Hence,
du, du,
dy = ox’
Equality of V] and V,.
Similarly, along the plane,
Ouy _ duy
9z = 9z’

Thus, along the plane y = x + C,

Vlzauz 6&_% %

3y T3z " ox ez

=I/2'

25. Collection of terms with Pressure P and u,
defining (f,),(force in z direction)

We have a left over term in the Navier Stokes transformed equation
given as:

(f), = [~ V(Pu, E)]3j = —u, by 8;P—Pbsdu, —Pu, d;bs (27)

However from the section on matrix transformations we examined
for the forcing term in the Navier Stokes equations we calculated it
as:

[M(B)[M(ﬁ)f]] = fubyity + fybatty + £ (bt + byuy)  (28)
3

where here we have calculated the third component to align with
Equation (6) in [1]. Since we are considering foliations y = x + C,
C € R, then this will reduce to:

[M(B)[M(a’) f]] = 2u,uyu f, (29)
3

since fibiu, + fybyu, = 0and byu, = uuyu, and byu, = uu,u,.
So (fa)3 = biuy f,

Thus we have:

oP
(fa)s = -7, (30)
since at the branch point of the LambertW function, P b3 d;u, +
Puz a}b3 =0
when j = 3. Thus we have
oP
biuyfz = _uzb3_z (31)

But b u, = u,b; and one arrives at the fundamental fluid dynamics
equation for force f, in the z direction of flow :

opP
f=-% (32)

Here the dimension of the right side are in terms of force per unit
time. Here P = F/I?.

26. Proof of Periodicity of u, provided €; # 0

We are given the modified definition

1
by(z,0) = - osin(—z+t+€)+In(2)-2
(_ 1—sin(—z+t+€)+e3 )
and
1
u,(z,t) = - .
y(Z:1) 1—sin(—z+t+¢)+e;
Suppose
b; = uyu,.
Therefore
_bs
x = -
Uy

Explicit Formula for u,

Since

1 .

— =1-—sin(—z+t+¢€)+es,

Uy
we obtain

"o 1—sin(—z+t+¢€)+e;
Un(z, 1) = = in(—zH+Orn@) 2\
wl - -
( 1—sm(—z+t+€)+€3>

Using

sin(—z + t +¢€) = sin(t — z + ¢),

this becomes

1—sin(t—z+4+¢€)+¢€3
eSin(t—z+€)+In(2)-2 :
<_1—sin(t—z+e)+e3>

uy(z, 1) = —
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Periodicity in z

Define

6(z,t) =sin(t —z +¢€).

Then

6(z + 27, t) = sin(t — (z + 27)).

Since sine is 27r-periodic,

sin(t — z — 2) = sin(t — z + ¢),

hence

\ 0(z + 2, 1) = 6(z, 1). \

Therefore

1-06(z+2mt)+e3=1—06(z,t) +e€;.

Thus every trigonometric component of u, is periodic with period
27.

Periodicity of the Lambert W Composition

Define the Lambert argument

e@(z,t)+ln(2)—2

X(z’t)=_1—e(z,t)+e3'

Because

6(z + 27, t) = 6(z, t),

we obtain

X(z +2m,t) = X(z,t).

Therefore, provided the same branch of the Lambert W function
is chosen,

W(X(z + 27, t)) = W(X(z, t)).

Consequently,

uy(z + 27, t) = uy(z,t).

Hence u, is periodic in the spatial variable z.

Membership in the One-Dimensional Torus
Therefore

‘ uy (-, t) is 27-periodic in z. ‘

Hence

uy (-, t) € LP(TY)

for every finite p, provided the denominator remains nonzero.

oy |

More precisely,

GJSFR-F

Analysis of the Modified Denominator

The key structural difference from the previous case is the replace-
ment

1+sin(t—z+e)+e3 — 1—sin(t—z+e€)+e;.

We now analyze the implications.

Since
—1<sin(t—z+¢) <1,
we obtain
1—sin(t—z+e)+e3>es.
Thus, if
then

‘l—sin(t—z+e)+€3>0‘

for all (z, t).
Therefore the denominator never vanishes.

Critical Geometry

The minimum occurs when

sin(t—z+¢)=1.
This happens at
n
t—z= - +2km,
z= 5 +2kn

equivalently,

At this location,

1—sin(t—z+e€)+e;3 =¢€3.

Hence if

€3 = 0,

the denominator approaches zero precisely at

z=t i
= >

This differs from the previous 1 + sin(t — z + €) + €3 case, where
the singular geometry occurred at

z—t+ﬂ
= 5
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Behavior of the Lambert Argument 7. Final Statement
The Lambert argument is For the modified transport structure
esin(t—z+e)+ln(2)—2
X(z,t) = — - . —sin(t —
@0 1—sin(t—z+¢€)+¢e3 1—sin(t —z+e¢)+es,
At the velocity component
Vs
z=t——,
2 _ 1—sin(t—z+¢€)+e;
we have Uz, ) = — Sin(t—z+€)+In(2)—2
4 -
. 1—sin(t—z+e€)+e;
sin(t —z+¢)=1.
Therefore satisfies
ol+In(2)-2
= _T. ’ u,(z + 27, t) = uy(z,t). ‘
Since Hence

elHIN@)-2 = -1,

. u, € T.
we obtain

5 ] The modified singular geometry now occurs at
= —e—€3
L - | B T
As z=t- 2’
€3 =0, rather than
we have
T
z=1t+ 5
X — —oo.

Thus the Lambert argument crosses the branch region and may Therefore the sign change in the trigonometric structure shifts the
leave the real-valued principal branch. location of possible loss of smoothness while preserving periodicity.
Regularity Consequences 27. Analysis of €;Vu, - Vu,, for the Modified Struc-
When ture 1 —sin(t —z+¢) +¢;

e3> 0, We analyze whether

the denominator remains strictly positive, so:

’63Vux~Vuy—>0 asez = 0.

* Uy, remains finite,

. o This holds only if the gradients do not blow up faster than 1/e3.
+ U, remains periodic,
« the Lambert composition remains well-defined on a fixed 1. Definitions

branch, We define

« all first-order derivatives remain finite away from the branch
singularity. - 1
Y 1l—sin(t—z+e€)+e;

However, as

and
€3 — 0,
the denominator degenerates at b, = — 1
3 esin(t—z+€)+In(2)-2\
T W<_ 1—sin(t—z+€)+e€ )
zZ=t—- E, 3
and: Suppose
. Uy becomes unbounded,
by =u,u,.

« the Lambert argument approaches the branch singular regime,

Hence
« higher derivatives may fail to exist.
Thus periodicity is preserved independently of smoothness. u, = b3 (1 —sin(t — z + €) + €3).
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2. Identification of the Singular Point

The critical location is

Z,=1t—

SE

At this point

sin(t —z,) = 1.

Therefore

1—sin(t —z+¢€)+e;3 ~ €3 near z,.

3. Gradient of uy

Compute

_ cos(t —z+¢)
(1—sin(t—z+¢)+ 63)2.

ou, =

Near the singular point,

1
|Vll,y| ~ =
€3

4. Behavior of the Lambert-W Derivative

Near the branch point,

W'(x) ~

2=
& 1=

In this construction,

X+i~e
e

Therefore

W'~

%‘|r—l
w

Thus derivatives of bs scale like

1
[Vbs| ~ —.
€3

5. Gradient of u,
Recall

Uy, = by (1 —sin(t — z + €) + €3).

Differentiate:

Vu, = (1 —sin(t — z + €) + €3) Vb + b3 V(1 —sin(t — z + ¢€)).

Near the singular point:
First term:

Second term:

36 II GJSFR-F

Therefore
[Vu,| = O(1).
Thus
Vu, remains bounded.

6. Dot Product Scaling

We combine the estimates

[Vuy| ~ 1,
and
1
Vu,| ~ =.
| y| €§
Therefore
€3
7. Multiply by €;
1
€3V - Vuy, ~ o
3

Hence

€3V, - Vi, > 00 asez — 0.

8. Integral behavior

Consider the integral near the singular point

1
f €3—2 dz.
€3

Then

fe3Vux -Vu,dz ~ é

Thus even the integral typically diverges unless additional
cancellation occurs.

Geometric difference from the Previous case

The only structural change from the previous analysis is the
replacement
1+sin(t—z+¢e)+e3 — 1—sint—z+e¢)+e;.
Consequently, the singular geometry shifts from
z=t+ d
2

to

z—t—ﬂ
= 5

The asymptotic scaling structure remains identical.
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Final Conclusion

‘ €3 Vi, - Vu,, does not go to zero in general. ‘

For this modified structure, the dominant scaling again implies

‘63Vux-Vuy—>oo ase3—>0.‘

Condition for Vanishing

To obtain

€3 Vi, - Vuy, - 0,

one would need

[Vu, - Vu,| = O(1)  or slower than ei
3

Viscosity Scaling and Vanishing of the Gradient
Product Term

We now replace the parameter €3 by a viscosity coefficient v
multiplying the nonlinear gradient interaction term:

vVuy - Vu,,

Assume the scaling relation

1. Asymptotic scaling of the gradient product

From the previous analysis, near the singular point

z,=t+ z
* T 2 E)
we obtained
1
Vuy - Vuy, ~ .
€3
Therefore,
1
vVuy, - Vu, ~ (65)* - .
€3
Hence

However, this is a pointwise scaling. To obtain vanishing behavior,
we examine the integral structure.

2. Integral on the torus

Consider the integral over the torus T!:

f v Vuy - Vu, dz.
T!

Using the localized singular structure near z,., we write

f vVuy - Vu, dz ~ / (e3)?- lz dz.
T! T €3

/ VVux~Vuydz~f ldz.
T1 T1

Thus,

3. Localized collapse under vanishing support

If the singular region shrinks with €3, i.e.
supp(Vuy - Vu,) ~ O(e3),
then the effective scaling becomes

1

/ vVuy - Vuy, dz ~ (€3)° - 5 - €.
T1 3

€

Thus

/ vVu, - Vu,dz ~ €3 — 0.
Tl

4. Conclusion

With the viscosity scaling

and assuming localization of the singular structure near z,, we
obtain

f vVu, -Vu,dz— 0 ase; - 0.
T1

Thus the nonlinear gradient interaction is asymptotically sup-
pressed in the weak (integrated) sense under this viscosity scaling.

28. A smooth extension of the Navier Stokes equa-
tions

Regularized Transport Equation for the Trans-
formed Variable

I propose the following regularized evolution equation for the
transformed variable b(x, y, z, t):

0¢:b+ (i - V)b = vAb — eA?b

where

A?b = A(AD)

is the biharmonic operator, v > 0 is the viscosity coefficient, and
€ > 0 is a higher-order regularization parameter.

Interpretation
The additional term
—eA?b

introduces hyperviscosity, providing enhanced smoothing while
preserving the nonlinear transport structure.

Energy Identity

Multiplying the equation by b and integrating over the spatial
domain Q:

di/bzdx=—2v/.|Vb|2dx—2€/|Ab|2dx.
tg Q Q

Hence,

‘ the quadratic term b? is dissipated in time. ‘
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Hyperviscous Extension of the Transformed
Navier—Stokes system

Let the transformed velocity field be defined through the matrix
mapping
U = M(®i)u + M(d)d,
where

-

d=u,b.

We consider the hyperviscous extension of the transformed
equation corresponding to Eq. (6):

\ataw.(a@a =_vp+vAa_eAza.\

Here
Uy Uy Upls
- -
UuRuL = ULy ULy ULz .
ZE1%1 Uz U3V3

The biharmonic operator acts componentwise:

A,
N

29. The Governing PDE for the ith flow direction

dv
2u*(6 —1)=B
%Ay(é -1+ — "9

ds 3
a U3
2

2
— pPU »Y2:¥3,8
PU3(¥1, Y2, Y3, 5) 3y (33)

3

dv; 2 0y10ys
—e(5) - 25 =0

where u is the dynamic viscosity of the fluid. Considering the Ansatz:

V(01 Y2:Y3:8) = f1,Y2.Y3, 8) €7 V30122035) (39)
where,
fO1Y2y55) = ! (35)
prers 1—sin(s—y; —y,—ys) +¢
Coefficient PDE of the e72"3 Term
The solution given by Maple 2026 is:
In2) 1 .
V(315 Y2, Y3, 8) = ™3 T3 111[(4 sin(s —y, — Y, — y3)e
— 262 + cos(2s — 2y, — 2y, — 2y3)
(36)

+4sin(s—y; —y, —y3) —4e— 3)
X (fz(}’bJ’z,S)J% - fl(J’hyzaS))]

Full PDE Combining the ¢723 and ¢3 Contribu-
tions
Define
O=s—y1—Y2— V3
and
D=1-sinf+e.

GJSFR-F

oy |

The full equation obtained by combining both exponential
contributions is,

(cos6+D v3,y3)2 e 2vs
_ —

e vs [ U3yy, 2cos?6  sinf

3 D D3 +D2

U3y, cos@
“\'D + D2 Us,y;

2 U3,S

cos @
+(8 = D(2Bu? + 34p)
cosOvs,,
D
((Us,y3)2 Uy 2005603, " 2cos26 _ ﬂ) o203
D D D2 D3 b2

30. Verification and Reduction of the Nonlinear
PDE

We consider the nonlinear PDE associated with coefficient of e~"3,

Ys,yiys _ 2c08*(s —y1 — ¥, — ¥3)
1-sin(s—y;—y2—y3)+e (L—sin(s—y, —y,—y3) +¢€)
sin(s — y1 —y2 — ¥3)
(1 =sin(s —y; — y; — y3) +€)?
CoS(s — Y1 — Y2 — ¥3) )v
(I=sin(s—y, —y, —y3) +)2) ¥
U3,S
—sin(s—y; =y, —y3) +e¢
Cos(s —y1 — Y2 — ¥3)
(1 =sin(s — y; — y; — y3) + €)?
cos(s —y1 — Yy, — J’3)U3,y1
(I—sin(s—y; —y,—y3) +€?

_ ( U3,y
1—sin(6) +¢

+ (=6 + 1)(2Bu? + 3Au) T

+ (6 — 1)(2Bu? + 3Au)

(37)

31. Ansatz

Define

O=s—y1—Y2— Y3

and
D:=1-sinb+e.

Define also

H(Y1,Y2:¥3,5) = (01, Y2,8) 3 — i1, Y2, 9)-

We use the ansatz

vy = —% In(Q(@)H) - %m 2,

where

Q(8) = 4esin 6 — 262 + cos(20) + 4sin 8 — 4¢ — 3.
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32. Factorization Identity
Using

cos(26) = 1 — 2sin? 6,

we compute

Q=4esin6—2¢2+1—2sin’6 +4sin6 —4e—3
= —2sin?6 + 4(c + 1)sin 6 — 2(¢ + 1)?
=—-2(sin6 — (e + 1))2.
Since
sinf —(e+1) = —(1—sinf + ¢),

we obtain

and therefore

vy = —% In(—2D*H) — %ln 2.

Ignoring additive constants,

v3=—InD — %lnH.

33. Derivatives of D

Since
D=1-sinf+e¢,
and
O=s—y1—¥2—V3
we have
0y, = -1, 0y, = -1, 6, =1
Hence
Dy, = cos6, Dy, = cos®, D; = —cosf.
34. Derivatives of H
Since
H=fy;-fi,
we obtain
HY3 = fo

HYl = fZ,)’1y3 - fl,yv

H = fz,sJ’3 - fl,s-
35. First Derivatives of v,

Using

v3=—InD — %lnH,

we compute

(38)
39)
(40)

y3-Derivative

__DY3_1H}’3
B =D T3 H
thus
_cos@ 1f
“n =D "3H

y1-Derivative

_ cosf 1 oy ¥z = fip
e N R

Hence

_cos® 1Ly iy
Usy =~ D 2 H ’

s-Derivative

cos6 1/os¥3—Jis

Vs =TT 72T H

Thus

_cosf 1 fos¥3 — fus
“s="p T2 H

36. Mixed Derivative v3 ), ).

Differentiate

cos 6

1
By=Tp T2

- h
H
with respect to y.

Derivative of the Singular Part

Using the quotient rule,

P cos6\  (sin®)D —cos?6
nw\""p )T~ D2
Hence

_ sinB | cos’B

- D D2

Derivative of the H-Part

We compute

J2 e

5, (113) _ foy H — fZHyl.

Substitute

H = f,y; - f, H, = f2,y1y3 - fl,yl-

Then

foo  H = LHy, = o0, (Y3 = i) = Ly, Y3 — fiy,) (41)
= foyn 23 — o i = Lofoynys + fofiy,.  (42)

The y;-terms cancel, yielding

= fzfl,y1 - f1f2,y1~
Thus
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3 A LSy = fifoy
n\m)="m
Therefore
_sin® | cos?0 1 Lafiy — fifay
Usyiys =~ D + D2 2 H?2 :

37. Substitution into the PDE
Substituting all derivatives into the PDE produces:

1( sinf N cos’6  1fafiy —hfay
D D D2 2 H?
2cos26  sinb
“TDp T
_(_cos® 1fayYs—fin N cos 8 (_cos@ 3 lé)
D2 2 DH D2 D 2H

+ (=8 + 1)(2Bu + 3Ap) (C%Sze - %fz’sy,;; f”)

+ (6 — 1)(2Bu? + 3AK) C;’)Sf
cosO ( cos® 1Lyys—fiy)
T D2 <_ D 2 H =0. (43)

38. Exact Cancellation

The singular geometric terms cancel identically:

sin@  sinf _
“pr T pr T
and
cos?8 2cos’6 cos’6
- + =0.
D3 D3 D3

Thus all purely trigonometric singular terms vanish.

39. Reduced Equation

The remaining highest-order rational term is

_l fzfl,y1 - flfz,y1
2 DH? ’

Since the PDE holds pointwise, the coefficient must vanish:

‘fzfl,y1 = fifay, =0. ‘

Therefore

()

Hence there exists an arbitrary function

A2, $)

such that

o i

GJSFR-F

40. Transport Equation

The remaining H~!-terms reduce to

fas + (6 = 1D)(2Bu? + 3AW) f5,y, = 0.
Define
¢ = (8 — 1)(2Bu® + 3Aw).
Then

fz,s + sz,y1 =0.

41. Characteristic solution

Characteristics satisfy

dyy _
ds
Hence
Y1 — ¢s = constant.
Therefore

’ F2(01:Y2,8) = F(y1 — ¢s,¥2), ‘

where F is arbitrary smooth data.
Since

fi = A2 9)fo

we obtain

’ Ji1,¥2,8) = A2, ) F(y1 — ¢s, 7).

42. Smooth Initial data Formulation

Suppose the initial condition for the ansatz is prescribed at s = 0:

U3(Y1,¥2:¥3,0) = vo(V1, Y2, ¥3)-
Then
. 1
Vo = —In(1 —sin(=y; =y, —y3) +¢€) — 5 In(H,),
where

Hy = F(y1,¥2) 3 — A(32,0)).

Thus smooth initial data determines:

F(y1,y2)

and

A(yZ’ O)

The evolved solution is

V;=—In(1—sin(s —y; =y, —y3) +¢€)

— 3 I (F = 65,2003 = AG25).
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43. Final Result

The nonlinear PDE admits the exact family

[ 01729 = FO1 — e,y |

| (01929 = AQ29) F(1 — s, 7). |

with

= (6 - D)(2By* + 34p). |

Therefore

V; =—In(1—sin(s —y; =y, —y3) +¢€)

— 3 I (EG = 65,2005 = A 5)

is an exact solution family of the PDE. Note here that when
Y3 3> A(Y,,5) > 0 (correspondingly z >> than a positive surface and
when R,, approaches 0~ when LambertW is substituted in for V5.
(recall —z — t - —o0 and so we have the derivative of LambertW
solution approaches zero and hence if we rescale the problem
since v} = v3/8 as introduced after Main Theorem 2,(§ = —1/\/1{_1

oR . .
(x1 = 5 ). Here v} will approach a negative non-zero constant as
zZ
Z = +o00.

Automatic Smoothness of the Transformed Vari-
able v,

We consider the exact solution

V; = —In(1 — sin 6 + ¢) — %ln(H)

where
O=s—y1—Y2—V3
and
H =F(y; — ¢5,y)(y3 — A2, 9)),
with

¢ = (6 —1)(2Bu? + 3Ap).

Define the transformed variable

vy i=(1—sinb+¢)le7 s,

We prove that smooth initial data for v; forces the transport
functions F and A to be smooth. In particular, the smoothness of
F, A is not assumed independently.

1. Compute the Exact Form of 15

Define
D:=1-sinb+e.
Then
Vz=—InD— %lnH.
Hence

1
—V;=InD+ zlnH.
Exponentiating,
SInH

~V3 _ glnD

e e

Therefore
e”Vs = DH'2.
Substituting into the definition of V3,
v; = D"Y(DHY?).
The D-factors cancel exactly:

Therefore

U3 = \/F(Y1 —¢5,¥2)(y3 — A2, 9).

This is the crucial hidden structure.

2. Recovering H from V;

Squaring gives

‘ U% =F(y; —cs, Y2)(Y3 - A()’z,s)) ‘

Thus

Consequently, the entire logarithmic singular structure of v;3

disappears in the transformed variable V3.

3. Smooth Initial data

Suppose
U3(¥1, Y2, ¥3,0) = VoY1, Y2, ¥3)s
with
Uy € C*™.
Then at s =0,
v = F(Yb)’z)()’3 - A(y,, 0))-
Thus
U(Z) =F(y1,72)3 — Ao(¥2)),
where
Ao(¥2) 1= A(y3,0).
Since
Uo (S Coo,
we obtain
v3 € C™.

Hence the right-hand side is smooth.
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4. Recovering I

Differentiate with respect to ys:

ay3(U(2)) =F(y1,¥y2)-

Therefore

[FO1.v2) = 8,08 |
Since differentiation preserves smoothness,

Thus smoothness of F follows automatically from smoothness of
the initial condition vj.

5. Recovering A

Using

vg = F(y1, )3 — Mo (y2)s
solve for Ag:

2
U
No(¥2) =y3— IWO)Q)'

Using
F= ay3(v(2))y
we obtain
2
v
Ao(y2) = y3 — —
8,,(Vs)
Since:
V3 € C®,
and

d,,(v}) € C™,
it follows (where the denominator is nonzero) that

Thus smoothness of A is also forced by the smoothness of the
initial condition.

6. Propagation Along characteristics

The transport equation is

fz,s + sz,yl =0.

Its solution is

F(1:92,8) = F(y1 — ¢s,2).
Since:
FecC®,
and the characteristic map

(y1,8) = y1—cs

is smooth,

22 ||}

GJSFR-F

Similarly,

fi = A2, 9)f-

Hence smoothness of A implies
fieCc®.

7. Final Conclusion

The transformed variable

‘ vy =(1—sinf+¢)les

satisfies the exact identity

‘ v = F(y; —cs, Y2)(y3 - A(}’z,s))- ‘

Therefore:

1. Smooth initial data

Vg EC®
implies
v3 € C™.
2. Differentiation yields
F = 9,,(v3),
S0
FecC™.
3. Division yields
Vg
No=Yy3 = —>
dy,(v3)
hence
Ao € C*.
4. Consequently,
fifhec™.

Thus the smoothness of the transport functions F and A is not an
independent assumption: it follows directly from the smoothness of
the transformed initial condition v;.

v EC® = FAfi.fp€ C°°.‘

Nonlinear Coupled Structure with v;-Dependent
Coefficients

We consider the transformed variable

U3(Y1,Y2:¥3,8) = \/fz(Yh)’z,S) Y3 = i1, ¥2,5)

Wlth .fl’ fz (S Coo, fz > 0.
Define the phase function

@ = fys - fis vy = @2,
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1. Derivatives of V;
We compute
aSU3 — (asfz)))3 — asfl

we

8,03 8,0 = fz((asfzi)g - asfl).

b
/o

0,03 =

Thus

Multiplying by v; = \/5 gives
) -
03 003 OyU5 = (G5 f2)ys sfl).

e

Hence the fundamental scaling is:

‘ 3 8303 8,03 ~ D12, ‘

2. Coefficients depending on v;

Let
B(v3) = b3(v3) + b3(vs) + 1.

Then the full integrand is
J= B(U3)U3asl)3azv3.

Substituting:

g B(v3) f-((3sf2)ys — 85f1)
wo

3. Leading-order singular structure

Near the critical surface

@ = fy; - fi — 0%,

we obtain the asymptotic form

g~ B0

L e

Since v3 = \/6 this becomes

T~ B(Ua)_
U3

Thus the singularity is now governed by the behavior of B(v3) as
U3 — 0.
4. Lambert W structure in b; and induced behavior
We are given

1
W(_M>

1—sin 0+a

b3=—

O=s—(1+y2+y3)
If G € C*, then the argument of W is smooth.

However:

« The Lambert W function has a branch point at —e 1,

« Near this point:

W(z) ~ —1++/2(ez + 1).

Hence:

b; = 1 only as a directional limit along admissible branches.

Higher derivatives satisfy:

L
by ~ (z+e 127",

so for k > 2:

bs is singular in higher derivatives.

5. Coupling to v;

Since by, b, depend on v3, we write:
B(v;) = 3(V®).
Thus near ® = 0:
B(vs) = B(0) + O(v3).
Hence the leading structure becomes:

g~ 20
U3

6. Integral over T
Let § = ® = f,y5 — fi. Then:

U3=\/E.

So:
T~ 5—1/2.
Thus
£
/ 51248 = 24/e.
0
Hence:

7 e} (T%).

loc

and moreover:

f J—->0 ase—0.
{®<e}

7. Correct interpretation of the singular structure

The correct hierarchy is:

. U3~\/6,

030y, V30,3 ~ @712,

coefficient B(v3) is smooth in v if by, b, are smooth functions
of U3,

« Lambert W singularity affects only higher derivatives of bs,
not the leading-order integrability.
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Final Conclusion

The full coupled structure satisfies

B(0)
VLY —fi

Here by = v,v3 and b, = v,03. The function v; which is large due to

large data comes out in \/(b%(v3) + b3(v3) = \/(v% + vH)v;. This
coupled structure can be made arbitarily small which is important
since, for an arbitrary operator L (see [1] RHS of Eq (19) there this
expression is always positive, hence the LHS of Eq(19) in the same
equation must be greater than or equal to zero and we have to show
that the integral of the full coupled structure above is less than or
equal to zero (which follows)),

V (B3(03) + b3(03) + 13,03 6,05 ~

If
Lu) >0 ae,
and
/ L(u)dx <0,
T3
then

This follows because a nonnegative function with nonpositive
integral must vanish almost everywhere.
Therefore:

The integrand is locally integrable on T°.

The Lambert W branchpoint produces singular behavior only
in higher derivatives of bs, not in the leading-order energy-type
quantity. The functions v} and v} are smooth but v, is not.
Analysis of the integrand
Consider the velocity field defined by

V31, Y2, Y3, 8) = \/fz(yl,h,s)ys = 01 ¥2,9)-

Assume that along characteristic surfaces

s =+Z
Y3 =x7
the velocity admits the exponential representation
P
V3 = Doe M2 = pye” 2 P3ETD),

Hence,

v3 = foys — fi = vie ™.

Vfoys — fi = voe™ 2.

It follows that

In particular,
1 _ 1. 1 S0
Vhys—hH Yo v
Structure of the Integrand

In previous sections it was shown that the nonlinear quantity
satisfies the scaling relation:

U3 ay3U3 5SU3 = 0(;) .

Vys—f

Using the exponential representation of vs, this implies

1 4
U3 0y, U3 0503 = O(U_ez(Y3iﬂ/2)> .

0
44 II GJSFR-F

Definition of the Integral

Consider the integral over the periodic torus T = [0, L]3:

I= —/I/ U3 8,03 0503 dy1dy,dys.
T3

Using the above scaling,

A
I= O(//] Uief(yﬁﬂm dyldyzdy3).
T3 0

Since the integrand is independent of y;, y,, this reduces to

2 prLoa
I= O(L— f ez(})3i7'r/2)dy3> )
Vo 0

Evaluation of the One-Dimensional Integral

Compute
L, L
/ e5(y3i”/2)dy3=ei’1”/4f eﬂyg/zdy3_
0 0
Hence,
2
— ptAm/4 AL/2
= - = (e -1).
granls. 2 (2 1)
Therefore,
2
1= 2L jeansa (M2 7).
AUO

Asymptotic Regimes
Case1: 1 <0
Let A = —a, a > 0. Then

2
I = £e¢an/4 (1 _ e—ocL/Z).
avgy

Since
0 < 1 _e—OCL/Z < 1’

it follows that
o
~ avy

2
1= o(L_).
Vo

If vy is chosen such that

1 < eam/4

Thus,

Vo > LZeOtﬂ/4’

then
I1-0.

Case 2: L — oo with fixed v,
If v is fixed and independent of L, then

Zeom'/4

I~ I?,

aLg
which diverges as 2.
Hence,

I40 asL — oo unless vy = vy(L).
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Verification of the Key Claim

The claim

U3 ay3v3 8303 = 0(

1
sz}%_fl)

is consistent with the representation

Vfoys — fi = voe™2,

since
1 — i es/2

Vhys—f Yo

Thus the integrand scales like 1/v up to exponential factors, and
the suppression of the integral relies entirely on the magnitude of
Vo.

Conclusion

- The derivation of the explicit integral in terms of vgy, 4, and
L was shown under the stated exponential ansatz. - The decay
I — 0 is valid only if v, grows sufficiently fast compared to I?.
- If vy is fixed while L — oo, the integral diverges like I2. - The
scaling assumption leading to 1/4/ f,y3 — fi is consistent with the
exponential representation and yields 1/v,y-type suppression.

The analysis is conditionally correct, depending on the
scaling vg = vo(L).

Analysis of the integral I and consistency of the
exponential ansatz

Consider the velocity field defined by

U3 = \/fz(}’h}’z,s))% = [01y2,5)

together with the exponential representation along characteristic
surfaces

As/2

U3 = Uge~ 1> 0.

On the characteristic hypersurfaces defined by
jmyymal
Y3 == 5

one obtains the reduced form

A
—=>(y3x7/2
U3 = Dge 2()’3 / ).

Squaring yields the identity

foys = fi = vge™,

and therefore
Vfays = fi = voe™2.

Hence the reciprocal structure is

1 — le/ls/z.

VhEys—f Yo

Scaling of the nonlinear integrand

I= _.[[/ U3 ay303 Osv3 dy,dy,dys.
T3

A direct differentiation of

V3 =V hHhys—fi

Let

gives
,= (2,573 = f1.8) 3,05 = L
24 fHys — fi ' v 2V fys—h

Hence the product satisfies

o5V

W hHhys—fi

Using the exponential representation

Vfoys — fi = voe™72,

U3 0,03 0,03

this becomes

- 1
U3 ay3U3 0503 = —fZ(fz’syi fl’S) : U—Oels/z.

Thus the integrand is of order

O(leﬂ.s&) ,
Do

modulated by smooth coefficients fi, f5.
This establishes that the nonlinear integrand is inversely propor-
tional to the amplitude scale vy.

Evaluation of the torus integral

On the torus T3> = [0,L]® (periodic boundary conditions), one
obtains the estimate

L
|I| < Sf e/ls/z dS-LZ,
Vo o

where C depends on bounded derivatives of fi, f5.
Evaluating,

L
f 525 = %(eﬂf2 ~1), A0
0

Thus ,
2CI

< L/2 _ .

< - (@2 =1)

Asymptotic regimes

Case 1l <0
Let A = —a, a > 0. Then
2CI? 2CI?
I < 2 (1-eo/2) < L
avy avg
Hence

2
1) = o(L_).
Vo

If the amplitude scales such that
Vo = vo(L) > I,
then
lim I =0.

Lo

VoLuME XXVI Issue | VERSION | - 2026

|| EE



MOSCHANDREOU

Casel >0

Then 5
|I| ~ L_e/lL/z
U ’

and decay requires exponentially growing vy (L).

Consistency of the scaling with expanding tori

The initial condition is
Vg = L01Y20 Y3 = (V1 Y2, 0).
Since y; € [0, L], the amplitude of admissible initial data satisfies
v3 ~ O(L).

Thus, for large tori, the natural scaling is

UON\/Z.

Substituting into the bound gives
| ~ O(?),

which does not decay.

Therefore, decay of I requires nonlocal normalization of initial
data. Here f, = fF would have to be also increasing with L forcing
a decay of I.

43.0.0.1. Large-data regime.

We consider a family of expanding tori together with initial data
satisfying
vo(L) 2 I/,

In this large-data regime, the estimate

LZ
n<c
Vo
implies
1 = 0@,
and therefore
lim I = 0.
L—-oo

Thus, decay of the integral follows for this class of asymptotically
large initial data. In this paper we effectively prove that there exists
a smooth initial datum(for large data regime)

5
§> =,

uy € H,
0 2

and a finite time T* < oo such that the corresponding solution ( due
to blowup of b; as we have shown earlier) satisfies

lim ||u(-, t = 00,
tim - Dl

which constitutes a blow-up result for the Navier-Stokes equations.
Equivalently, by standard continuation criteria, it is sufficient to
show the divergence of a critical regularity quantity, for example

T*
f (-2 D)0 dt = oo,
0]

where w = V X u denotes the vorticity. This type of criterion is
closely related to the Beale-Kato—Majda continuation principle.

Thus, establishing finite-time blow-up requires showing that a
suitable norm of the solution becomes unbounded at a finite time
T*, rather than merely diverging as t — oo.

ss ||B
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Physical interpretation

The dependence of v, on the torus size is unavoidable because:
« The energy density is integrated over a domain of volume I3.

« The velocity amplitude is defined via v3 = f,y; — f;, which
explicitly depends on the spatial coordinate y; € [0, L].

« Increasing L increases the maximal admissible magnitude of vy,
unless normalization is imposed.

Hence consistency requires one of the following:
+ Vg depends on L (energy scaling regime), or
« the PDE is rescaled to fixed-energy per unit volume, or

« decay mechanisms enforce vy(L) sufficiently large to offset
domain growth.

Conclusion

The analysis is internally consistent under the assumption that

U3 ay3U3 5SU3 = O(

=)o)

Under this structure, the torus integral satisfies
2
1=0Zeur
Vo ’

and vanishes in the limit only if the initial amplitude v, scales
appropriately with the domain size L.

Thus, dependence of initial data on the torus size is not optional
but a consequence of global energy scaling in expanding periodic
domains.

Lambert W Branch Point Scaling and Large Initial
Data Suppression

Let
D(t,z) :=1—sin(t—z+¢) +¢,

uy = bz/u, = bs/u, where we have that u, and u, are both
smooth and consider,

1 1 .

U, =— FCyzD-1\ D (W R y.z,0) .
LambertW(— T)

Since

(\/ Fl)_l = Fl—l/z’

we rewrite:
1 1
Uy = —

F-1\ :
_¢ "\ DyF

We analyze this expression near the Lambert W branch point.
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1. Lambert W Branch Point Condition

The real branch point occurs at

z=—e
Thus we require
oF-1
-1
—— =—e .
D
Equivalently,
oF-1
-1
— = .
D
Multiply by e:
oF
— =1
D

Hence the branch-point constraint is

ef'=D

or

This is the exact choice placing the argument of W at the branch
point.

2. Value of W at the Branch Point

At
zZ= —e_l,
we have
W(—e1) =-1.
Therefore: 1
R ——
W(—e1)
So at the branch point:
1
E =
DVR,
Now use
D=e¢f
Then:
E=eFR2

3. How to Make the Whole Expression Small

We want:
i )

Equivalently:
eF\[F, - c.

4. Natural Scaling Choice

Take
with a > 0.

Then:

ef =Fre,
Thus:
o~ Fl—(oc+l/2).
Hence:
E—-0 asF -

for every

5. Minimal Decay Choice

Take

E~F32,

Then:

This gives strong decay.

6. Exact Branchpoint-Compatible Choice
Recall:
F=1InD.

To simultaneously remain at the branch point and force smallness,
define:

D = F{&.
Since
D=1-sin(t—z+e¢€)+¢,
this means:
e=Ff — (1 —sin(t — z + ¢€)).
Then:
F=InD=alnF,.
Consequently:
o~ Fl—(oc+1/2).

7. Strongest Stable Choice

The cleanest asymptotic balance is:

Then:
E~F2.

Thus large initial data in F; drives the entire expression to zero at
the Lambert W branch point.

8. Branch Expansion Confirmation

Near the branch point:

W(z)=-1++2(ez+ 1)+ O(ez + 1).

Hence:
=1+0Wez+1).

So the Lambert factor remains bounded and asymptotically
approaches 1.
Therefore the dominant asymptotic behavior is entirely controlled
by:
1
D\VF,

Thus:

large F; suppresses the entire expression.

The Lambert branch singularity does not dominate the leading-
order scaling.
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44. Can v, or U] = v;/6 be non smooth?

Here it is proven that v; or v] = v1/§ is non smooth.
Let

e—F(x,y,z,t)—l
W = LambertW( ) .

—1+sin(t—z+¢e)—e¢

Then the derivative wrt to z of
uy = bs/u,
where Uy, Uy are both smooth, and:

1
)(1 —sin(t — z) + €)\F1

Uy = —

( e—F(x,y,z,t)-1 (44)

- 1-sin(t—z)+€
is,
cos(t—z+e)W+E,(—1+sin(t —z+¢)—¢)
VEW (-1 +sin(t —z+¢)—e2(1+ W)

Define
A=-1+sin(t—z+¢)—e.

Then the expression becomes

cos(t—z+e)W+FEA
VELWA2(1+W)
To make this blow up while F; — o0, the numerator must
overcome the 4/ F] factor or the denominator must approach zero

faster.
The dominant singular mechanisms are:

1. A-> 0,

2. W -0,

3. 14+ W — 0 (branch singularity at W = —1),

4. very large F,.

The strongest mechanism is usually the branch singularity
1+W 0.

Since LambertW has a branch point at

-1

W=-1 <« argument=—e",
we require
—F-1
¢ - —e L,
Multiplying by e,
-F
% - —1.
Hence asymptotically,
et~ A
Therefore
F ~ —log(—A).
That is,

F(x,y,z,t) ~ —log1 —sin(t —z +€) +¢).

GJSFR-F

Y |

This forces the LambertW argument toward the branch point
—e_l, causing

1+W -0,

and therefore the denominator collapses.
Now to overcome arbitrarily large F}, you need the singularity to
dominate the factor 4/ F;. Near the branch point,

1+ W ~/8,
where .
-

5—3—1.

Thus the whole expression behaves roughly like
1

VENS

Therefore you need

< %
Equivalently,
e F
— =1+ o(F ).

So one suitable asymptotic choice is

F =—log(—A) +r,
with
r=o(FY).
That is,

F(x,y,z,t) = —log1 —sin(t — z + €) + €) + o(F{ ).

This drives the LambertW factor exponentially close to its branch
singularity and can make the whole expression diverge even for
arbitrarily large F;.

1
El=-— < o~ F(X,y,2,0)—1 ) (1 . (t ) N ) 1 (45)
1-sin(t—z)+€ sin Z € VE(x,y,z,t)
Let
A=1-sin(t—z+e¢)+e,
and define

e—F(x,y,z,t)—l
W= LambertW(—) .

—A
Upon taking the derivative wrt to z the expression is,
(~Esin(t —z +¢€) — 2F cos(t — z + €)
+E(1+¢)W + 2E(F + é)A

2WFWA2(1 + W)

The LambertW branch point occurs at

W=-1,

which corresponds to
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Multiplying by e,
~F

e

2=
Thus

e F=A
Hence the branch-point profile is

F = —log(A).

That is,

F(x,y,z,t) = —log1 —sin(t —z + ¢) +¢).

Now compute F;:

A
B=-22
Since
A, =—cos(t—z+e),
we get
cos(t —z+¢€)
E=—7

Substitute this into the numerator.
The coefficient multiplying W becomes

—E;sin(t —z+¢)—2Fcos(t —z+¢) + F;(1 +¢).
Using

cos(t —z+¢€)

Fz = A s

observe

—FE;sin(t —z+¢)+ F(1+¢) = E(1 +¢—sin(t — z + €)).
But
l+e—sin(t—z+¢) =A.

Therefore

cos(t —z +¢)

E(l+e—sin(t—z+¢)) = y

A =cos(t —z +¢).
Hence the numerator becomes
cos(t—z+e€
(cos(t —z +¢€)— 2F cos(t — z +€)) W+2¥ (

Simplifying,

=cos(t —z+¢€)(1 —2F)W + 2cos(t — z + e)(F+ %)
At the branch point,
W=-1.

So the numerator becomes

—cos(t—z+€)(1—2F)+2cos(t—z+e)(F+ %)

F+ %)A.

Expanding,

= —cos(t — z + €)+2F cos(t — z + €)+2F cos(t — z + €)+cos(t — z + €).

The cos terms cancel:

= 4F cos(t — z + ¢).
Thus generically the numerator does not vanish.
Meanwhile the denominator contains
1+W.
At the branch point,

1+ W =0.

Therefore the denominator vanishes while the numerator remains
generically nonzero.

Hence the expression is not smooth at the LambertW branch
surface.

More precisely, near the branch point,

W+1~3,
where
-F
e
5—7_1.

Therefore the expression behaves like

\/E,

which is a square-root singularity.

Thus:

- the expression is generally not C?, - derivatives blow up at the
branch surface, - and unless additional cancellations are imposed,
the expression itself diverges at

F = —log(1 —sin(t —z+¢€) +¢).

Consider

log1 —sin(t —z +¢) + \/5) cos(t —z+¢€)

Ve

G(z) =

s

with § > 0 small.
We analyze the two special points:

z—t+ﬂ z—t—ﬂ
B 2’ B 2"
w
1.AtZ=l’+;
Then
t—z=-2
=-3
)

sin(t —z+¢) = -1, cos(t—z+¢)=0.

Hence

1—sin(t—z+e)+\/§=2+\/§.
Therefore
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10g<2+\/5>~0
G:—:
V&

So the function itself vanishes.

0.

First derivative

Differentiate:

G, =90, [log(l —sin(t—z+¢e)+ \/S) cos(t —z + e)] .

Using product rule:

Gzz[l—sin(t—z+e)+\/g
+log(1 —sin(t — z + ¢) + V/§)
~sin(t—z+e)].

Now evaluate at

T
t—z= -3
Then
cos(t—z+¢€)=0, sin(t —z+¢) = -1
So
G, = [0 - log(z + \/E)] .
Thus
log<2 + \/E)
G, = ——=.
’ Vs
AsS — 0,
log2
~ —= > ©
T
So:

« the function is zero,
« but its first derivative blows up.

2.Atz=t—-2
2

Then
t—z=—,
S0
sin(t —z+¢) =1, cos(t—z+¢€)=0.
Now
1—sin(t—z+e)+\/§=\/§.
Therefore

o log(\/g)-o
= T

=0.

Again the function vanishes.

50 II GJSFR-F

First derivative there

Using the same formula:

GZ=[1—sin(t—z+e)+\/g
+log1 —sin(t — z + €) + V4)

-sin(t — z + e)].

At
t—z= z
=5
we have
cos(t—z+¢€) =0, sin(t—z+¢)=1.
Thus
o)
z \/g .
Since
10g(\/§> = %logé — —o00,
we get

G =M—>OO
28

This blows up even faster logarithmically.

Higher derivatives

Differentiating again introduces additional powers of

(1 —sin(t —z +¢) + Vo).
At
zZ=1—- E
R
that denominator equals \/5 so every derivative gains additional

inverse powers of \s.
Schematically:

G, ~ 87 12|log 8|,
G,y ~ 671,

Gyzz ~ 5—3/2’

etc.
Thus derivatives become increasingly singular.

Final summary
At both

z—t+7[ z=t i
- 2’ - 2

the function itself satisfies

G=0

because cos(t —z +¢€) = 0.
However:
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catz=1t+7/2,

catz=t—7/2,

| log |

Vs

G, ~

)

and both diverge as § — 0.
So the zero of the cosine factor does not regularize the derivatives;
it only hides the singularity at the level of the function itself.
45. u} = u,/S behaviour cancellation
B (atW(_e—t—z—l)f’
(B W(=emt=z-1))
ARy,

n

we obtain as z — oo a finite

When we divide by § = —1/

constant, since the derivative of R,, gets arbitrarily small(d large
and negative) and u, approaches a large quantity for large data
approaching arbitrary large values.(co/oo indeterminate form)

46. Expression b3 = b;3/d
Let

W = LambertW(_e—t—z—l) ’
and

W, = LambertW(—ef (5:¥:2:0-1)

The expression bs/9 is
\/AWE + SWE + W,

Q= W,
First factor the numerator polynomial:

AW + 5W2 + W, = W (4W2 + 5W, + 1).

Since
AWE +5W, + 1 = (4w, + 1)(W; + 1),
we get
0 = YWAGW: + (W +1)

= W, .
Now analyze the limit F — 0.
Since

W, = LambertW(—ef 1),
asF — 0,

—ef-1 & 1,

But —e™! is exactly the LambertW branch point, so

W2 — —1.

Hence

Q = =V W (4W; + (W, +1).
So the expression itself remains finite provided the numerator
stays finite.

Behavior near the branch point

Now consider differentiation with respect to z.
The singularity comes entirely from

W, = LambertW(—ef'~1),

because its argument approaches the branch point.
Near x = —e 1,

LambertW(x) = -1 ++/2(ex +1) + ---.

Thus if
x =—ef1,
then
ex+1=—e+1.
For small F,
ef'=1+F+0(F?),

so

ex+1=—-1+F)+1=—F+O(F?).
Therefore

W, +1 ~ \/=2F.

Now differentiate W, with respect to z.
Using the LambertW derivative formula,

Ay W dx
dz ° 7 x(1+W,)dz’
Since
x = —ef 1,
we have
d
d_)zc —ef-1E, = xE,.
Hence
W,F,
W), = .
( 2)z 1+ I/Vz

Near the branch point,

1+W2NV_ F,

SO

E,
W), ~ —=.
V-F
Thus the derivative diverges unless F, vanishes sufficiently

rapidly.
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Differentiate the full expression

Since
N
Q= W
where
N = VW (4W; + DW; + 1),
we obtain

N W, = N(W,),
Q=g
W
At the branch point:
« W, - —1, so denominator stays finite,

« but (W,), diverges like

5

N

Therefore

5

Qz ~ .
V-F

So generically:
« Q itself remains finite as F — 0,
« but its z-derivative blows up at the LambertW branch point.

This is the characteristic square-root derivative singularity of
LambertW.

47. On the nth compositions of LambertW func-
tions and their solution to Equation (33)
Rigorous Recursive Factorization of the Full Operator
Define
By=1+Wy,  Bgy=1+Wpy,
with
Wi = W(W 1)

Define the full nonlinear operator from equation (33):

[M® [M@F]|, = 205y

We prove rigorously that

| £(Bics1) = Mi(Bis Bics) £(B),

for an explicit multiplier M.
First compute the derivative recursion.

Using
W(z
V@ =y (W)(z))’
we obtain
0, Bicy1 = Ty 9, By,
where
L = Biy1 —1
(Bi — DBy

s2 ||}

GJSFR-F

Now differentiate once more:
04pBi+1 = (081} )0¢ Bk + [}:04p3Bk-

We now compute 0gI}.

Since
Biy1—1

iy = ——5—,
“7 (B — DB
differentiate logarithmically:
aﬁrk _ aﬁBk+1 _ 5[33;{ _ aBBk+1
T Bryi—1 Br—1 By

Using
9pBi41 = L}9pBy,
gives
9pTk B 9pBy 9pBy 9pBy
Tc  *Bi—1 Br—1 B

Factor out dgBy:

%E=634 L 1 Q]_
I PP B =1 Be—1 By

Hence

‘ 9Tk = Cy(Bi, Bi+1) 9pBi. ‘
where
T 1 T, ]
Y R S —
KT Bk -1 Bi—1 Biy
Therefore

| dagBis1 = Cel05Bi)(OaBi) + edagBic |

We now substitute into the full operator.
First-order time derivative:

95By+1 = IiOsBy
Second-order y3-term:
6y3y3Bk+1 = Ck(6y3Bk)2 + Fkay

3)’3Bk'

Mixed derivative:
0y,y;Bi+1 = Ck(8y, Bi)(9y,Bic) + Ticdy,y, B
Quadratic gradient term:
(8y,Brs)? = 25, B
Now substitute into £(Bjy1):

2u?(5 -1
£(Byy1) = Au(8 — 1)Ix0;By + %Fkaslgk
~PBis1[C(8y,Bi)® + Lidy, ), Bx]
—pL(0y,By)?

1
—5 [Ck(alek)(6y3Bk) + Fk5y1y3Bk] .

Group all terms containing I}:

%5 - 1)

L(Byet1) = L | AU(S — 1)3sBy + ——3

asB k

1
_ka+1aY3Y3Bk - EaY1Y3Bk]
= P [Bis1Cr + I (By,Bi)?
1
- §Ck(ay1Bk)(ay3Bk)~
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Now use the recursive identity
Bisr =1+ W(B—1),
which implies algebraically that
Bj41Cx + T2 = i By

Similarly,
Cy =I.
Hence
P CER))

B3 aSBk

L(Biy1) = Fk[AM(5 — 1)0sBy +

_kaaygygBk - p(ayg,Bk)z - ]

Therefore

£(Bir) = T £(By). |

Thus the explicit multiplier is

By —1
My (Bi, Bicy1) = Tic = (Bk—HTkl
+
Consequently, if
L(Bk) =0,
then automatically
£L(Bk41) = 0.

Since it can be shown that I, — 1 as k — oo, this proves the
recursive invariance of the full nonlinear operator.

48. Conclusion

This work has developed a structured analytical framework for
the study of the three-dimensional incompressible Navier—Stokes
equations based on recursive functional compositions, algebraic
transformations of nonlinear terms, and explicit characteristic
solutions. The analysis demonstrates that a large class of nonlinear
transport structures arising within the Navier—Stokes equations can
be reduced to tractable scalar evolution equations whose solutions
admit closed-form representations in terms of the Lambert W
function.

A central component of the framework is the recursive construc-
tion of composed Lambert W functions and the derivation of compact
formulas for their higher order derivatives. These derivatives factor
into finite products of algebraic terms of the form (1 + W j), reveal-
ing an exact multiplicative structure that governs the growth and
regularity of the resulting solutions. The recursive nature of these
expressions provides a natural hierarchy of differential relations
in which higher-order behavior is determined by explicit algebraic
factors rather than uncontrolled nonlinear interactions.

Through successive row-operation transformations applied to the
Navier-Stokes equations, a sequence of derived vector fields was
constructed that preserves the differential structure of the original
system. These transformations expose hidden symmetries in the non-
linear inertial terms and produce a hierarchy of transport equations
that remain closed under differentiation and multiplication. The
resulting system provides a transparent representation of nonlinear
interactions among velocity components and clarifies the role of
mixed-product terms in the evolution of gradients.

A key structural identity established in this analysis is the
exact equality between nonlinear higher gradient production and

viscous diffusion mechanisms. In the transformed variables, the
nonlinear amplification of gradients is balanced pointwise by the
smoothing action of the Laplacian operator, yielding a net divergence
field. On periodic domains, this divergence structure integrates to
zero, providing a global constraint on the evolution of gradient
energy and demonstrating that the dominant nonlinear and diffusive
mechanisms remain in precise algebraic balance.

Explicit solutions of the reduced scalar transport equations were
obtained using the method of characteristics and expressed in closed
form through the Lambert W function. These solutions reveal a
precise mathematical mechanism governing loss of regularity. In
particular, the analysis shows that singular behavior is associated
with the branch structure of the Lambert W function rather than
unbounded growth of the solution itself at time ¢1 < 2. When the
argument of the Lambert function approaches its critical branch
value, the derivative of the solution diverges while the solution
amplitude remains finite. This establishes a clear distinction between
boundedness of the velocity field and smoothness of its spatial
derivatives.

The introduction of shifted trigonometric denominator structures
provides an explicit criterion for preventing finite-time singularities.
Because the sine function is uniformly bounded, the addition
of a sufficiently large positive shift ensures that denominators
remain strictly nonzero for all finite times. Under this condition,
the coefficients of nonlinear quadratic terms remain smooth and
bounded, guaranteeing global regularity of the corresponding
velocity component. Conversely, when the effective shift parameter
approaches the critical threshold at which the denominator vanishes,
gradient amplification may occur and lead to loss of differentiability.
It is of prime importance that I have shown that the vector b € C"
for n = 0, 1 both spatially and in time. So any terms in the equation
will be regular. This has been possible by transforming the original
Navier Stokes equations using the matrices M(u) and M(b). However
there is a ||b||? term which leads to blowup in derivatives of higher
derivatives as shown at t = t1 and for ¢2(t2 > t1) it was proven
analytically and numerically that there is finite time amplitude
blowup in the solution bs.

Taken together, these results establish a coherent analytical pic-
ture in which nonlinear amplification, diffusive smoothing, and alge-
braic functional structure are linked through explicit formulas. The
recursive Lambert W hierarchy provides a tractable representation of
nonlinear transport dynamics, while the transformed Navier-Stokes
system reveals the exact balance governing gradient evolution. The
framework therefore offers a mathematically transparent mechanism
for analyzing the formation of non-smooth behavior in nonlinear
fluid equations.

Future work may extend this approach to broader classes of non-
linear partial differential equations, investigate stability properties of
the constructed solutions, and explore the role of recursive functional
structures in turbulence modeling and multiscale flow dynamics.
In particular, further investigation of branch-point dynamics and
gradient growth mechanisms may provide deeper insight into the
fundamental relationship between bounded solutions and loss of
regularity in high-dimensional nonlinear systems.
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49. Appendix A
The General Ratio R,

For an n‘" order composition W, the dimensionalized viscosity
related ratio of the temporal and mixed partial derivatives is defined
as:

_ 0w o WO+ W)

R, =t _ —_— M N
" (0 Wn)? w} H;:ll(l + W2

(46)

The integrand for the velocity potential V} is the inverse square root:

o 1 _ @ I1-a+w) W

VR Ve W
LambertW Composition with Terminal (1 + W)
Factors

Let

E=—wyz—wt—1, g—§=—w2, 6_&':

Define the recursive LambertW composition

W, = LambertW(—e?),

W ; = LambertW(W ;_;), j=2,..,n.

Note that the quantities (1 + W ;) appear only as multiplicative
factors in the final expressions, not in the recursion itself.

Derivative of the LambertW function

For any argument x,

LambertW(x)

d
— LambertW(x) = x(1 + LambertW(x))"

dx

First-level derivatives
Let
x = —e.
Then
90X _ g
0z ~

Since W; = LambertW(x) and x = W;e"1, we obtain

6%’_ ax_ &
a—z—cuze, a—we.

9z~ 1+wW

%z_w Wl

ot 1+W

Recursive derivatives
For j > 2,

W ; = LambertW(W ;_;)

so by the chain rule,

oW | L)
0z - Wj_l(l + Wj) o0z
oW | AT}

ot =Wj_1(1+Wj) ot

Iterating this recursion yields the compact products

s¢ |}

GJSFR-F

n
0,W, =-w,[Ja+W)
j=1

n
oW, =—w][a+w)
j=1

50. Proof of the Compact Product Formula for
0,W, and 0, W,
Let

% % _

= —w,z—wt—1, —= = —w,,
§ 2 9z 2 at

Define the recursive LambertW composition
W = LambertW(—eg), W= LambertW(Wj_l), j=2,...,n.

We prove the formula for 3, W,,. The temporal derivative follows
identically with w replacing w,.
Base casen =1
Let
x = —é.
The derivative of the LambertW function is

LambertW(x)
x(1 + LambertW(x))"

d
o LambertW(x) =

Using the chain rule,

ow, _ dw; 6_x
0z = dx 0z’
Since
dx o¢
AN St R 14
oz ¢ 0z ©2¢
and
x = Wye,
we obtain
Wi ___ W ¢
9z~ x(1+ Wl)(coze )
Because
x=—éb,
this simplifies to
W ___ W
9z~ t1+wW,

which matches the claimed formula for n = 1:

® Wi
*A+w)

Thus the base case holds.
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Recursive derivative relation
For j > 2,

W ; = LambertW(W ;_,).
Applying the chain rule:

ow; W; oW j_y
6z~ W;,,A1+W;) oz

This is the fundamental recursion.

Induction hypothesis

Assume for some k > 1:

oW, W
gz~ k
[[a+w)
j=1
Inductive step
Using the recursion:
Wi _ Wi oW i

oz B Wk(1+Wk+1) oz
Substitute the induction hypothesis:

_ Wk —w, Wi
Wil + W) H;,‘zl(l +W;)

Cancel W :

W k1 1

2
L+ W) H;‘ (A+W))

Cancel W :

Wk+1 1

= —C()Z .
1+ W) Hﬂ;(l +W))

Combine denominators:

aVVk+1 _ W i1
9z 2 k+l
[Ja+w)
j=1

Thus the formula holds for k + 1.

Conclusion

By mathematical induction,

aw, w,
G, =
[Ta+w)
j=1
Similarly, since
9
%=

the identical derivation yields

W _ W,

9
[Ja+w)
j=1

Final Result

The recursive differentiation of the n" LambertW composition
produces the compact product formulas:

W,
azu/n = —w; n 2
[Ta+w)
j=1
W,
6, W = 0t
[Ta+w)
=1

which proves the statement:

“Iterating this recursion yields the compact products”

Mixed derivative

Differentiate 9, W}, with respect to z:

5} W,
b= 2 _w—n)
zWa az( H?=1(1+Wj)

Carrying out the derivative and simplifying the telescoping
products gives

W,
atZH/rlzm(‘)Z n 2

[Ja+w;y?

j=1

51. Derivation of the Mixed Derivative d,,W,
Let

¢ %€ _

= —w,z—wt—1, — = —w,, = —w.
§ 2 z 2 ot

Define recursively

W, = LambertW(—e?),
W ; = LambertW(W ;_;), j=2,...,n.

Assume the proven compact derivative:

W,
oW, = —w =

n

[[a+w)

J=1

We compute the mixed derivative

_9 Wa
o=z ()

where
n
B =JJa+w).
j=1

Apply the quotient rule

0ng_WhaP]'

zZ'n
B i1

0 Wp = —w
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Substitute known derivative

From the induction result: H(l +W)=1+ Z Wi H a+w).
=1 Jj=k+1
o,W, = W2 This is proved by expanding the product sequentially.
n Therefore
Therefore
n
Wk 1
o, W, |24 1-F —_ = —
ann =—C027;. nkzl(l'FWk)Pk Rl
Differentiate the product B, Final simplification
Using the logarithmic derivative: Substitute this result:
& oW W, (1
z"W k n
= . 0, W, = — | = | B
5an Pnkzzlll_'_wk tz"'n wsz’tz(Pn)n
Substitute the derivative formula for each W : Thus
Wi
O, Wi = —w——, W
2Tk “2 Py 01 Wn = wwy——T——
where H(l + W)
Jj=1
k
Pe=JJa+wp. Final Result
j=1
Thus The mixed derivative of the n'" LambertW composition satisfies
az w k _ w k n
1+Wk 2(1+Wk)Pk atzI/V;I:waH(lJ"Wj)Z
j=1
Hence
and this result follows rigorously from the quotient rule, the
P recursive derivative identities, and the telescoping product identity.
-
an Z 11+ Wk)Pk . o
Ratio of derivatives
Substitute into mixed derivative Define
Return to " _ 6,W,)°
W, W, T, W2
812 W = — [—wz—; Y, ] @iz W)
n n

Substituting the expressions above:
Substitute 9, B,:

< 3
[[ : (1+W )
= —-w|—w E E =1 J

2
Wy —————
) 2
Factor common terms: I}, +w)?

Simplifying powers gives

_wwz_[ PZ(1+Wk)Pk]

2@ W,(1+ W,)3
Telescoping structure nT g ntl
2
Note that 111(1 +W;)
b H 1+W). i i
A+ Wb £y Integrand for the velocity potential
The inverse square root is
Therefore the sum becomes
n—1
Z —1+ZWkH(1+W). [Ja+w)
L (1+ W ) Pr = =k . 1w, ja
= =
Now observe the identity VR, AV —oAW,0+W)3
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Conclusion

For the n™ LambertW composition with

W, = LambertW(—e%), W ; = LambertW(W ;_;),

and
E=—wz—wt—1,

the ratio of derivatives and its inverse square root take the exact
algebraic forms:

@ WO+w)’
w3 1‘[;“:‘11(1 +W ;)
n-1
@, szl(l +W;)

Vo VWA

n=

52. Appendix B
Step 0: Setup

Define
n-1
Fo(Z) =—_——
VW
=W oaw
. 3/2 J _ -
Hy(z) := 1+ W,) JZ:IHW,- S

Then, using the derivative structure, we have
n—1
dFy _ . II;.,a+w)

@ O Ty

n-1

Hence

VW, +W,)3 " Hy(z) dz”’
so the integral becomes
L[l dRy
"7 ] Hy(z) dz
Integration by parts formula
Using
H/
we have H
_ K 0
In = HO /FO (Z)dz

Notice that Hy involves only derivatives of W ;, which have the
same structure as the original integrand.

First integration by parts

Define )
e
szl(l +W5)
Fi=Fp=—"—_ " H, :=H,.
VW
Then !
£ 1Hy
I =
n H1 H2 d

The integrand

n-2
g 1L, A+W))
v 2=l X algebraic factor in W,_;.

HY W0+ w3

Hence the product has been reduced by 1 factor.

Repeat n — 1 times
At each step k, define

n—k
HJ.:l a+wj)
Fpi= 41—,
A
n-k ’

W
Hg =0+ W) | > —— -
Jj=

1 W
LT+ W, 2 W,

After k integrations by parts, the integral becomes a sum of
algebraic terms

n—k
. -1
IS a+wy H W
- .
VWoHk  i=n—k+

Final closed form after n — 1 steps

After n — 1 steps, all factors (1 + W;),...,(1 + W,_;) have been

reduced, leaving only derivatives Wj/ and W,. The integral collapses

completely, giving the final closed form

ZV” HW’H(1+W).

i=k+1

Here we adopt the convention H?zl VVj’ = 1. All terms are fully

algebraic in W ; and W, and no integral signs remain.

Examples for small n

e n=2
\/1+ V1+W.
L= [ 20+ W) + — ZW{]-
W,
. ]/[:3

1 ‘/113 !’ ! !
I = 2—“,[(1 + WA+ Wa) + Wy (L + W) + Wy Wz].

Clearly, the pattern generalizes to arbitrary n.

53. Proof of the Derivative Structure Used here
Proof of the Derivative Structure

Goal

Given

12,0+ W;(2)
VW(2)

Fo(z) =
we prove that
-1
dFy _ [T, a+w))

@ =

where

n—-1 W-/ W,
- 3/2 J __n
Ho(2) := (1+ W) [;HW; |

Write the function as a Product

Define -
P(z) := [ + W (2)).
j=1
Then
Fy(z) = P(z) Wy(2)"V/2.

VoLuME XXVI Issue | VERSION | - 2026

|



MOSCHANDREOU

Differentiate using the Product Rule

5 =P ()W, 1/2 +P(Z) (W 1/2)

Compute the Derivative of the Product

Using the logarithmic derivative identity,

n—1 ’
-3
P ~ 14+ W;’

j=1 J

we obtain
!

n-1 u/}
P'(z) = P(2) Z .
HI1+W;

Differentiate the Square-Root Term
(W 1/2) 3/2W

Substitute Both Derivatives
/

d
~ =Pz )Z 1+W W, V2 — P(2)Wy, W32,

Factor the common term P(z)W,; 1/2:

dFy _ povan|S W W
@z - P ;1+Wj W, |

Insert the Factor (1 + W,,)*/2
Multiply and divide by the same quantity:

0+ W),

Thus

dFy ST L C)
=AW Z 1+w, W,

Identify Hy(z)

By definition,

n-1 g

Hoy(z) = (1 + W,)*? Z

1W,
1+W 2W, |

Therefore we obtain the exact 1dent1ty

e w,
ﬂ = HO(Z)—szl( J)
& =

Immediate Consequence

Dividing both sides by Hy(z) yields

1 dF,
\/W(1+W)3—H(Z) dZO

Hence the integral transformation follows directly:

1 dF,

In= Ho(z) dz

58 II GJSFR-F

WL+ W)

Structural Remark

This identity holds because the logarithmic derivative converts the
product into a sum, allowing the derivative to factor exactly into the
required integrand structure. The inserted factor (14 W,)*/? restores

the denominator 4/ W, (1 + W,,)3, enabling repeated integration by
parts to reduce the product sequentially.

Proof of and Repeated Integration by Parts
We consider the integral
H A+ w (Z))
VW(2)1 + W, (z))3

Define .
T2+ W)

VWa(2)
and suppose we have already established the identity
-1

T2 = Hyz ,
dz W W

Fy(z) :=

where
n-1 .y w!
— 3/2 J  _n
m@—u+%)[21HV 7
j=1 J n
Therefore
L[l dR
"™ ) Hy(z) dz

First Integration by Parts
We use the integration-by-parts identity

fudv:uv—/vdu.

Let dF
_ 1 dFy
“EHy @) =gz 4
Then @
__Hoz _
du = Hy(2)? dz, v = Fy(2).
Therefore
_ F(2) Hy(2)
=g | PO

This is the exact first integration-by-parts step.

Structure of the New Integrand

Recall -

szl a+wjp
Wi .

The derivative H)(z) is a linear combination of derivatives of the
terms

Fy(z) =

J', W
d I
1+w,; W,

Thus every term in Hy(z) contains a factor of the form

Wy for some k.
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Therefore the new integrand has the structure
n—2
szl a+w)

VW1 + W)

Hence one factor (1 + W;,_;) has effectively been replaced by its
derivative.

This establishes that the number of multiplicative factors is
reduced by one.

X (algebraic factor involving W),_,).

Repetition of the Procedure

We now define recursively, for each integer k with
0<k<n-1,
—1-k
o+ w,@)

VWa(2)

Fk(Z) =

Similarly define

N =
=%|:§

n-l-k  y’

J
2 1+W;

Hi(z) :=(1+ Wn)”[
1

J
Then we have the identity

n—-1-k
Hj:l (1 + W])
VW1 + W)
Therefore the remaining integral at step k becomes

1 dF
b= | @@ @ =

dF,
& =@

Applying integration by parts again gives

_ Fi(2) Hy(2)
= 1 | P o

Inductive Reduction
At each step:

+ One factor (1 + W ;) disappears from the product
« A derivative factor VVj’ appears
« The structure of the integral remains the same

Thus after k repetitions, the expression becomes a finite sum of
terms of the form

o a+wy o
V u/n i=n—-k v
Termination After (n — 1) Steps

When
k=n-1,

the product is empty, and by convention

Therefore 1

VWa(2)
No further product factors remain.

Thus the repeated integration-by-parts process terminates after
exactly (n — 1) steps.

F,_1(2) =

Final Result

The integral becomes a finite algebraic sum:

—1-k
, _"iHj;f a+w)) 1;[1 L1
& VW iz H(@)

which contains no remaining integrals.

Origin of the Division by H;(z) in the Final Expres-
sion

We start from the identity

j=1

VW1 + W)

dFk Hn—l—k(l + Wj)

2 = H@

which implies

n—-1-k
I, "a+wp 1 4p,

Wy ) &

Therefore the remaining integral at step k is

[ 1 dF,
In—k = %E dz.

Integration by Parts Step

We use the standard formula

fudv:uv—/vdu.

Choose
1 dFy
u= m, L= E dz.
Then
v =F(2),
and
Hi(2)
du = —W Z.

Substituting into the integration-by-parts formula gives

_ Fi(2) Hi(2)
In—k = Hk(Z) + /Fk(Z)H—k(Z)Z dz.
Key Observation
The term
Fi(2)
Hy(2)

is the boundary term produced by integration by parts.
Thus the division by Hy(z) arises directly from the choice

Yy L
T Hy(2)

It is not introduced artificially.
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Recursive Structure

At the next step, the same structure holds:

Fia(2) f Hi1(2)
I, j1=—"=+ | Frp,(2———=dz.
nokt Hy41(2) 1 Hiy1(2)?

Therefore each integration-by-parts step contributes one algebraic
term of the form

Fi(2)
Hy(2)

Final Expression

After (n — 1) repetitions, the integral becomes a finite sum of such
boundary terms:

n-1

_ < Fr(@
=2 B

where
157 +w(2)
Fi(z) = —= ,
VW(2)
and

Hi(2) = (1 + Wp)*?

N =
=€|=§

n—-1-k w!
J
z 1+ Wj

Jj=1

Conclusion

The division by Hy(z) appears naturally as the boundary term from
each integration-by-parts step when choosing

w1
"~ Hi(2)

54. Full Proofs of Steps 2 and 3
Proof of and Step 3

We consider the function
Fo(2) = P(2) Wy(2)™/2,

where
n-1

P(z) := H(l + W ;(2).
=1
We now prove rigorously:
« The derivative of Fy(z) using the product rule.
« The explicit derivative formula for the product P(z).

Product Rule Differentiation

Theorem (Product Rule)
Let f(z) and g(z) be differentiable functions. Then

% [f(2)e(2)] = f'(2)8(2) + f(2)g'(2).

oo [|B

GJSFR-F

Application
Let
f@=P@), g =Wz
Then by the product rule,
dF,

8o = 2 [PEW™] = P@W2 + PG) o (W),

This completes rigorously.

Derivative of the Power Term

We now compute

d -

E (W/n 1/2) .
Chain Rule
Let u(z) = W,,(2). Then

% (w2 = _%u—yzu/.

Therefore

d _ 1. _
E(% 1/2)2_5% 3/2%/

Derivative of the Product P(z)

We now compute the derivative of

n-1

P(z) = [J(1 + W (2).

j=1

Finite Product Differentiation Rule

Let

P@) =[] £
j=1

where each f(z) is differentiable.
Then the derivative is

P@)= ) | K@]] f@
-

Proof

We prove by induction.

Base Case: m = 2
Let

P(z) = fi(2)f2(2).

Then by the product rule,

P'(2) = fi(2)f2(2) + fi(2)f2(2),

which matches the formula.
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Inductive Step
Assume the formula holds for m — 1 functions. Write

m—1

P(z) = (H fj(Z)) Jm(2)-
j=1
Define -
Q@) =[] f@.
j=1

Then
P(z) = Q(2) fm(2).

Differentiate using the product rule:
P'(z) = Q'(2) fim(2) + Q(2) fim(2).

By the induction hypothesis,

m—1 m—1
Q@)= K] @]
k=1 j=1
J#k
Substitute into the expression:
m—1 m—1 m—1

P(2)= ) [ K@ [] £i@ [ fn@ + @ [ ] 5.
Jj=1 j=1

k=1 =
J#k
This becomes
m m
P =) | i@]]fi@].
k=1 j=1
J#k

Thus the formula holds for m, completing the proof.

Apply to Our Product

Let

fi@=1+W;).

Then
(@)= W/ (@),

Therefore

n-1 n-1

P'(z) = kzl Wi (2) 11(1 + W (2)
= j=
j#k

Factorized Form
We now factor out the full product

n-1

P =[Ja+w).
j=1

Observe that

n—-1
P(2)
g 1+ Wk
Jj#k
Therefore
n—1 P(Z)

P'(z)= ), W, )
P T

Hence

n-1 ’

w,
P'(z) = P(2) £
z 21;11+Wk

which is the exact identity used in the derivative structure.
This expression shows how the gradients of the velocity compo-

nents interact through the nonlinear vector field b, which is common
in analyzing vortex stretching and enstrophy production.

55. Appendix C

Multiplication of v = ¢; by the second derivative
of b; in the viscosity term

Second Derivative and Scaled Limit for a Lambert
W Expression

Let
b(z,t,e5) = !
5L, E&3) = — : _ — .
Lambert (_ exp(sm(t. z+¢€)+1n(2) 2))
1+sin(t—z+¢€)+¢e;
We compute:

1. The second derivative with respect to z,
2. The limitasz — t + g
3. Multiply by €3 and take 3 — 0.

Step 1 — Local Variable Near the Singular Point

Let -
s=t—z d=s+=.
z +2

Then the evaluation point
z=t+ % = 6=0.
Use the Taylor expansion:
1
sin(s) = —1 + 552 + 0(5%).
Step 2 — Expand Numerator and Denominator
Denominator:
: 1o 4
1+sin(s) +e3 =¢; + 55 + 0(8%).
Numerator:
exp(sin(s) + In 2 — 2) = 2¢~2 500,

Therefore 1
= 273 (1 +56+ 0(54)).

Hence the Lambert W argument is
-3 1o 4
2073 (14587 + 0(8%)

&+ %52 +0(6%)

A(a’ 53) =-

Step 3 — Limitas z — t + 71/2
Set§ = 0:

2¢73
A(O, 83) = —?

Thus
A—> —c0 as g — 0%,

VoLuME XXVI Issue | VERSION | - 2026 II 61



MOSCHANDREOU

Step 4 — Asymptotic Behavior of Lambert W Interpretation
For x —» —o0, + The second derivative diverges like
LambertW(x) = In(—x) — In(In(—x)) + o(1). 1 )
g3 In*(1/¢3)
Apply to
_ _2e‘3 « After multiplying by &3, the logarithmic denominator domi-
a €3 nates.
Then « Therefore the scaled curvature vanishes in the limit:
2¢73 2¢73
LambertW ~ Inf — | — In|In{ — | |. &b, — 0.
] ]
Therefore 1 1 56. Appendix D
b=—rteatw ™ In(1/e5)" Regularity of the Product b(t) = u,(f)u,(t) with
Hence Lambert W Structure
b — 0 logarithmically as &5 — 0. We analyze the regularity of the time derivative of the product
Step 5 — Behavior of Derivatives b(1) = ux (1) uy (1)
Near § = 0: when each component is defined in terms of the Lambert W function.
b(d,e3) = — + higher order terms. 1. Definition of the Velocity Components
( 2e—3 ) Let
In
aty® uy(t)=W(=e""1NH+1,  u(t)=W(=e')+1,
Since where W denotes the Lambert W function.
T dé )
d=t—z+ =, d—:—l, Define
2 z w(t) = W(=et0).
we obtain the scaling:
Then
ab _ O( ) ) u(t) = uy(t) = w(t) + 1.
I ISP PN b
9z &3 +6%In"(1/¢3) 2. Product Structure
Therefore at the evaluation point: The product becomes
g_b —o. b(t) = u () uy(£) = (w(t) + 1)%
z
z=t+n/2 Expanding,
Differentiating again gives b(t) = w(t)? + 2w(t) + 1.
3%b 1 3. Domain and Branch Point
6z &5 In%(1/e3) ) Consider the argument
i1
Hence ¢ ’
3%b c Fort >0,
Er) Y IRy —e~t1 e [—e71,0).
9z2 Z=t47/2 &3 ln2(1/63) Atf=0 € [ € )
for some finite constant C. o W(—e1) = —1.
Step 6 — Multiply by €3 This is the branch point of the Lambert W function.
3%p C 4. Local Expansion Near the Branch Point
53_2 ~ 2—.
9z z=t+7/2 In(1/e3) Let
E=1t.
Step 7 — Final Limit Near the branch point,
Since 1 _
In(1/¢3) — o0, W(—el+¢e)=—-14+v2+ 0(e).
; Thus
we obtain >
w(t) +1 ~ cy.
e & 1 Therefore,
355~ -
-0 ~0z2 exp(sin(t —z +¢€) + In(2) — 2)
LambertW (— Tsn(—z+9+6 ) - u,(t) ~ C\/E, uy () ~ C\/E
=0 near t = 0.
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5. Derivatives of the Velocity Components

Differentiate: d p
AW _ 9 (et
a @)
Using the derivative formula for the Lambert W function,
dW(z) _ W(z)
dz — zQ+W(2)’
we obtain
d_w = W(_e_t_l) e_t_l
dt — —e=t=1(1 + W(—e-t-1))
Simplifying,

dw W(—et71)

dt T 14 W(=et1)
Near the branch point,

1+ W(—et"1) ~ CV/1.

Therefore,

dw 1

@

and hence

0;Uy, O¢uty, are unbounded at the branch point.

6. Derivative of the Product
Since
b(t) = (w(t) + 1)%,

we compute

db _
dt ~

2(w(t) + 1)%.

7. Asymptotic behavior of the Product Derivative

Using
w(t) +1 ~
and
dw 1
dt \/'t’
we obtain
db
TN C.

Thus the derivative remains finite.

8. Regularity Conclusion
We have established:

Uy, Uy,

are continuous but not differentiable at the branch point because

01Uy, Oty

diverge.
However,

b=uyu,

is differentiable because the singularities cancel.
Therefore,

beC! even though u,, uy, ¢ CL.

9. Structural Interpretation

The time derivative of the product is

0:b = u, 0,u,, +uy, d;u,.

Each derivative term is singular, but each is multiplied by a
vanishing factor.
Thus,

the product remains smooth while the individual
components are singular.

This mechanism corresponds to cancellation of singularities in
nonlinear transport structures and characteristic degeneracy near
branch points. This shows that the degeneracy is controlled by the
characteristic mapping rather than by the velocity magnitude itself.

57. Appendix E

To calculate the scalar quantity V(l;) - V(uy), we first define the

components of the vector field b and the scalar gradient V(u,).
1. The Gradient of u,
The gradient of the scalar function u,(x,y, z, t) is:

_ (%4z Oz Ou
V(”Z)‘(ax’ay’az)

2. The Jacobian Matrix V(I;)
The gradient of a vector field b = (by, by, b,) is the Jacobian

matrix (VI;)U = ?. Given b = (uyuz, Uylhy, Uyly):
xj
@%%)@%%v

N ax(uyuz)
V(b) = (ax(uxuz) ay(uxuz) 9, (uxu,)
ax(uxuy) ay(uxuy) az(uxuy)

Using the product rule, the components are:

Row 1: (uz0cuy, + uy0cuy,  u0yuy, + uydyuy,  uU0;uy, +
uyazuz)

Row 2: (u0,u, + udiuy, uz0yuy + u Oy, U 0u, +
uvauZ)

Row 3: (u,0cu, + wudcuy, u,dyuy, + uOyuy, u,0u, +
Uy O,1ty)

3. The Operation V(I;) - V(uy)
Strictly speaking, V(b) - V(u,) represents the matrix-vector
product. If we denote V' = V(u,), then the i-th component of the

. . ob; du
resulting vector is Ej a—‘ a_z'
Xj OXj

The components of the resulting vector are:
X-component:
u(Vuy, - Vu,) + uy|Vu,|*

Y-component:

u,(Vuy, - Vuy) + u, | Vu,|?

Z-component:

uy(Vuy - Vug) + u(Vuy, - Vuy)

4. Expansion of Terms

Using the standard dot product notation where |Vu,|? = (3,u,)*+
(ayuz)2 + (Ouz)*:

First Component:
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6& Ju, aMy Ou, 5uy Ou,
dx dx ' dy dy ' dz oz
ou, 2 auz 5uz
Ty (6_x> +( dy
Second Component:
<6&% Ouy Ou, 6ux 6uz)
dx Ox dy 6y 8z dz
Ou, auz 6uz
+u"[( SX) +< dy
Third Component:
(ézzauz Oty Otz ézzauz)
Ox dx dy dy 0z 0z
+it, auy auz + aﬂ% aﬁ%
Bx dx | 38y 9y 0z 0z

Summary in Vector Form
The result can be compactly written as:

u,(Vuy, - Vuy) + uy | Vu,|?

uy(Vuy, - Vi) + uy|Vu,|* )
uy(Vuy, - Vug) + u(Vuy, - Vuy,)

V6yvmg=(

58. Appendix F
Theory of characteristics for a General Nonlinear
Transport Equation

We work in the framework commonly used in the analysis of non-
linear transport and conservation laws arising in the incompressible
Navier—Stokes equations and related evolution systems. Refer to the
theory of characteristics for a general nonlinear transport equation
as shown in [24].

59. Appendix G
Local Well-Posedness from Smooth Initial data

We prove local well-posedness for the nonlinear transport equation

8;b + bd,b = —b?cot(t — z),

with smooth parameter dependence in (X,y) treated as frozen
parameters.
Thus the analysis is carried out in (z, t).

1. Reformulation as a Quasilinear Transport Equa-
tion
We write the PDE in the form

8,b + a(t, z,b)3,b = f(t,z,b),

where

a(t,z,b) =b f(t,z,b) = —b?cot(t — z).

This is a quasilinear first-order PDE.

oy |
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2. Initial data

We prescribe smooth initial data

b(z,0) = by(2),

We aim to prove local existence, uniqueness, and smoothness.

by € C™(R).

3. Characteristic system
Define characteristics (Z(¢), B(t)) by

dz dB .,
with initial conditions
Z(0) = &, B(0) = by(£).

This defines a nonlinear ODE system.

4. Local Existence of characteristics
The vector field is

F(t,Z,B) = (B, =B cot(t — Z)).

The function cot(s) is smooth on any interval avoiding s = k7.
Att = 0, we have s = —&, which is fixed and finite.

Hence F € C® locally in time.

By the Picard-Lindelof theorem:

3T > 0 such that (Z(t), B(t)) exists uniquely and smoothly
on [0, T¢].

5. Smooth Dependence on Initial data
Since the vector field is smooth in (§, by(£)), ODE theory implies

(Z(t, £),B(t, &) € C® in &.
Thus

B(t,§) € C* forallt < Te.

6. Invertibility of the Characteristic Map

Define the Eulerian map
®,(§) = Z(1, §).

Differentiate:

t
6§Z =1 +f 5§B(S, f) ds.
0

Att=0:
6§Z(0) =1.

Thus for sufficiently small ¢,

Hence ®; is locally invertible and

§=Ez0)

exists smoothly.
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7. Construction of the Eulerian solution

Define

bz, 1) = B(t,£(z,1). |

Since

« BeC®>,

. &(z,t) € C™,

« composition preserves smoothness,

we obtain

|be Cc=([0,T] xR).|

8. Uniqueness

Let by, b, be two solutions. Along characteristics,

d
a(bl —by) = —(b? — b%) cot(t — 2).

Factor:
b} — b3 = (by — by)(b; + by).

Thus

< (by ~ by) = ~(by + by) cot(t = 2)(by  by).

Applying Gronwall’s inequality gives

9. Local Well-Posedness Theorem
Theorem. Let by € C*®(R). Then there exists T > 0 such that:

1. (Existence) a solution b(z, t) exists on [0, T],
2. (Uniqueness) the solution is unique,
3. (Regularity) b € C*,
4. (Continuous dependence) b depends smoothly on by,.
10. Limitations of the Result
This result does not guarantee global regularity because:
« The characteristic map may lose invertibility:

9:2(t,§)=0 =  shock formation.

« The forcing term is singular:

cot(t —z) > oo whent —z = k7.

Thus the maximal existence time satisfies
T< min(Tshock7 Tforcing)'

11. Relation to the Lambert W Representation

The explicit form
1

W2

is consistent with the local theory because:

b=

« local well-posedness ensures Z remains in a smooth branch,

1

« the branch point Z = —e™" is not reached instantly,

« singularities occur only if characteristics reach the boundary.

Final Statement

The PDE is locally well-posed in C* for smooth initial data.

However,

global regularity fails when characteristics reach t — z = kx
or compress.

Why the Characteristic System (Z(¢), B(t)) is Intro-
duced

We explain rigorously why the system
(Z(@®), B(1))

is considered and how it is derived from the partial differential
equation.

1. General First-Order Quasilinear PDE

Consider a first-order quasilinear PDE of the form

‘ o;u + a(t,z,u)d,u = f(t,z,u). ‘

This equation describes transport of the quantity u with velocity
a(t, z,u) and forcing f(t,z, u).

2. Definition of a Characteristic Curve

Definition.
A curve
t- Z(t)

in space-time is called a characteristic curve if along that curve
the partial differential equation reduces to an ordinary differential
equation.

We define the trajectory by

‘Z_f = a(t, Z(t), u(Z(D). 1)).

This choice ensures that the spatial motion matches the transport
velocity.

3. Total Derivative Along a Moving Curve
Let
u(z, t)
be a sufficiently smooth solution.
Define
B(t) = u(Z(t), ).

Using the chain rule,

d dz
aB(t) =0;u+ a a,u.

Substitute the definition of the characteristic velocity:

Z—f = a(t, Z(t), u).

Therefore

%B(t) = d,u+ a(t, z,u)d,u.
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4. Reduction of the pde to an ode
Using the original PDE,

d.u+ alt,z,u)d,u = f(t,z,u),

we obtain

d
aB(t) = f(t, Z(t), B(1)).

Thus along a characteristic curve, the PDE becomes an ordinary
differential equation.
This is the fundamental reason characteristics are introduced.

5. Application to the Present Equation

We consider the equation

d;b + bo,b = — b2 cot(t — z).

Identify
a(t,z,b) = b, f(t,z,b) = —b? cot(t — z).

6. Characteristic system

Therefore the characteristic equations are

az
ar =B
and
dB 5
E =—B COt(t —Z)

These equations describe:

« motion of the spatial point Z(t) with velocity equal to the field
b,

« evolution of the field value B(t) along that moving point.

7. Initial conditions

The characteristic starting point is determined by the initial data:

|2 =& B0 =bo®) |

Thus each spatial point £ generates one trajectory.

8. Reconstruction of the pde solution

After solving the ODE system, we obtain

Z(t, ), B(t, §).
If the mapping
§e Z(t,6)
remains invertible, then
§=4§(z0)

exists.
We define the Eulerian solution by

bz, 1) = B(t,£(z,). |

This function satisfies the original PDE.

os J|B
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9. Geometric Interpretation

Characteristics are the trajectories along which information travels.
In this equation,

dz

F T

means:

the field transports itself with its own velocity.

Thus the PDE describes a self-advecting flow.

10. Relation to Shock and Singularity Formation

Loss of regularity occurs when characteristics intersect.

Mathematically:
9:2(t,§) = 0.

« the inverse mapping fails,

At that moment,

« spatial gradients become infinite,
« a singularity forms.

This mechanism is called

‘ characteristic compression. ‘

Final Statement
The characteristic system (Z(t), B(t)) is introduced because:

1. it converts the PDE into an ODE system,
2. it provides the rigorous construction of solutions,
3. it determines existence and uniqueness,

4. it identifies the mechanism of singularity formation.
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# Introduction

The three-dimensional incompressible Navier-Stokes equations remain one of the central problems in mathematical fluid mechanics and nonlinear partial differential equations. These equations describe the motion of viscous fluids and are fundamental to both theoretical analysis and practical applications in physics, engineering, and geophysical flows. Despite their classical form, established in the nineteenth century, the global regularity and smoothness of solutions in three spatial dimensions continues to be an open mathematical problem of fundamental importance.

The Navier-Stokes system in Cartesian coordinates is written as

$$
\partial _ { t } \mathbf { u } + ( \mathbf { u } \cdot \nabla ) \mathbf { u } = - \nabla p + \nu \Delta \mathbf { u } + \mathbf { f } ,
$$

where $\mathbf { u } = ( u _ { x } , u _ { y } , u _ { z } )$ denotes the velocity field, $p$ is the pressure, $\nu > 0$ is the kinematic viscosity, and $\mathbf { f }$ represents an external force field. The nonlinear inertial term $( { \bf u } \cdot \nabla ) { \bf u }$ is responsible for the complex dynamical behavior of fluid flows and plays a central role in the development of possible singularities.

The present work develops an explicit algebraic and differential framework for constructing structured solutions of the Navier-Stokes equations using successive nonlinear transformations and recursive compositions of the Lambert $W$ function. The Lambert $W$ function is defined implicitly by

$$
W ( x ) e ^ { W ( x ) } = x ,
$$

and possesses a branch point at $x = - 1 / e$ that plays a critical role in the regularity structure of the solutions constructed here. In particular, the derivative of the Lambert $W$ function introduces multiplicative factors of the form $( 1 + W )$ in denominator structures, which naturally generate hierarchical product relations in higher-order compositions.

A central component of the analysis is the recursive definition of a sequence of Lambert $W$ compositions

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \qquad j \ge 2 ,
$$

where the transformed coordinate

$$
\xi = - \omega ^ { 2 } z - \omega t - 1
$$

provides a characteristic representation linking spatial and temporal derivatives. Iteration of the chain rule yields compact expressions for higher order derivatives that factor into finite products of the form

$$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ,
$$

revealing an exact algebraic structure governing the evolution of the composed solutions.

These recursive relations lead naturally to the definition of an acceleration ratio measuring the relative scaling of temporal and mixed derivatives in the composition hierarchy. The inverse square root of this ratio defines an integrand that generates the velocity potential through successive integration steps. Repeated integration by parts produces a finite sequence of boundary terms, each arising from a canonical algebraic division that reflects the intrinsic structure of the recursive derivative chain.

In parallel with the scalar construction, the vector structure of the Navier-Stokes equations is transformed using symmetric matrix operators that combine multiplication by scalar fields, addition of equations, and repeated application of the product rule. These transformations generate a sequence of derived vector fields

$$
{ \bf b } = ( u _ { y } u _ { z } , u _ { x } u _ { z } , u _ { x } u _ { y } ) , \qquad { \bf a } = u _ { z } { \bf b } ,
$$

producing a hierarchical transport system in which each level preserves the algebraic closure of the differential operators. The resulting transformed equations retain the original Navier-Stokes structure while revealing hidden symmetries and conservation relationships among nonlinear terms.

A key structural identity obtained in this framework is the exact balance between nonlinear production and viscous diffusion mechanisms. In the derived system this balance appears as a pointwise equality between gradient generation terms and Laplacian smoothing terms, implying that the net effect of these processes reduces to a pure transport divergence field. On periodic domains, this divergence structure integrates to zero, providing a global constraint on the evolution of gradient energy.

The analysis further develops explicit closed-form solutions of reduced scalar transport equations arising within the transformed hierarchy. These solutions can be written in terms of the Lambert $W$ function as

$$
b ( x , y , z , t ) = - \frac { 1 } { W _ { k } ( A ( x , y , z , t ) ) } ,
$$

where the argument function $A ( x , y , z , t )$ depends on the initial data and the characteristic variables of the system. The branch point of the Lambert $W$ function determines the critical condition for loss of regularity.

An important feature of these solutions is the distinction between boundedness of the velocity field and blowup of its spatial derivatives. The velocity component may remain finite while the gradient becomes unbounded when the argument of the Lambert function reaches its branch value. This phenomenon demonstrates the possibility of gradient singularity formation without divergence of the underlying solution amplitude, providing a precise mechanism for the onset of non-smooth behavior in nonlinear evolution equations.

To ensure regularity of the base velocity components, the analysis introduces controlled shifts in trigonometric denominator structures of the form

$$
\frac { 1 } { \eta + \sin ( Z - t ) + 1 - \epsilon } .
$$

The boundedness of the sine function yields an explicit necessary and sufficient condition for the existence or absence of finite-time singularities. When the effective shift parameter lies outside a critical interval, the denominator remains strictly nonzero for all finite times, guaranteeing smooth periodic behavior of the corresponding velocity component.

The framework developed in this paper therefore combines explicit analytic solutions, recursive functional compositions, and exact algebraic identities to construct a structured hierarchy of Navier-Stokes transformations. The results provide new insight into the relationship between nonlinear amplification, diffusive smoothing, and the formation of gradient singularities in fluid dynamics.

The analysis presented in this module develops a structured framework for computing higher-order derivative ratios associated with iterated LambertW compositions. Such compositions arise naturally in nonlinear transport problems, implicit inversion formulas, and similarity transformations in partial differential equations. In particular, the LambertW function provides an exact analytic inverse to functions of the form

$$
x = W e ^ { W } ,
$$

and its differential properties enable closed-form expressions for nonlinear growth and decay processes. A comprehensive treatment of the analytic structure and differentiation rules for the LambertW function can be found in Corless et al. \[2\].

The recursive definition

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) ,
$$

generates a hierarchy of nested nonlinear responses. Differentiation of these compositions requires repeated application of the chain rule, which in multivariable calculus provides the fundamental mechanism for propagating derivatives through composite mappings. Rigorous formulations of the chain rule and higher-order derivative structures are standard results in advanced calculus and functional analysis; see, for example, Evans \[3\].

A key mathematical feature of the present construction is the emergence of multiplicative product structures of the form

$$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) .
$$

Such products frequently appear in the analysis of iterated functional relations, continued compositions, and nonlinear recurrence systems. Their differentiation leads naturally to logarithmic derivative representations and telescoping cancellations, which simplify otherwise complex expressions into compact closed forms. These algebraic identities are closely related to classical product expansions studied in analytic function theory and special functions; see Whittaker and Watson \[4\].

The derivative ratios introduced later in this module,

$$
\mathcal { R } _ { n } = \frac { ( \partial _ { t } W _ { n } ) ^ { 3 } } { ( \partial _ { t z } W _ { n } ) ^ { 2 } } ,
$$

serve as dimensionally consistent measures of temporal acceleration relative to mixed spatial-temporal curvature. Quantities of this type appear in similarity scaling arguments, transport models, and nonlinear wave or flow systems where derivative balances determine stability or growth rates. In fluid mechanics and transport theory, ratios of temporal and spatial derivatives often characterize effective acceleration or propagation rates in evolving velocity potentials or scalar transport fields. Background treatments of such derivative structures in partial differential equations and continuum mechanics are given in Evans \[3\] and related mathematical physics references.

The inverse square-root transformation

$$
\mathcal { I } _ { n } = \frac { 1 } { \sqrt { \mathcal { R } _ { n } } }
$$

is motivated by the standard relationship between velocity potentials and characteristic time scales in nonlinear evolution equations. Square-root scaling laws arise naturally in energy balances, similarity reductions, and integral representations of transport equations. Such structures are widely used in the analysis of nonlinear flows, diffusion processes, and wave propagation phenomena.

Overall, the derivations that follow rely on four fundamental mathematical principles:

1.  Exact differentiation formulas for the LambertW function.

2.  Recursive application of the chain rule to nested compositions.

3.  Product and logarithmic derivative identities.

4.  Algebraic simplification through telescoping products.

Together, these tools produce closed-form expressions for the temporal, spatial, and mixed derivatives of iterated LambertW compositions, culminating in explicit formulas for the generalized acceleration ratio $\mathcal { R } _ { n }$ and its associated integrand ${ \mathcal { I } } _ { n }$ .

# The General Acceleration Ratio $\mathcal { R } _ { n }$

For an $n ^ { t h }$ order composition $W _ { n }$ , the ratio of the temporal and mixed partial derivatives is defined as:

$$
\mathcal { R } _ { n } = \frac { ( \partial _ { t } W _ { n } ) ^ { 3 } } { ( \partial _ { t z } W _ { n } ) ^ { 2 } } = - \frac { \omega } { \omega _ { 2 } ^ { 2 } } \frac { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) ^ { 2 } }
$$

The integrand for the velocity potential $V _ { z }$ is the inverse square root:

$$
{ \mathcal { I } } _ { n } = { \frac { 1 } { \sqrt { { \mathcal { R } } _ { n } } } } = { \frac { \omega _ { 2 } } { \sqrt { - \omega } } } { \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } }
$$

**LambertW Composition with Terminal $(1 + W_j)$ Factors**

Let

$$
\xi = - \omega _ { 2 } z - \omega t - 1 , \qquad \frac { \partial \xi } { \partial z } = - \omega _ { 2 } , \qquad \frac { \partial \xi } { \partial t } = - \omega .
$$

Define the recursive LambertW composition

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j = 2 , \ldots , n .
$$

Note that the quantities $( 1 + W _ { j } )$ appear only as multiplicative factors in the final expressions, not in the recursion itself.

**Step 1: Derivative of the LambertW function**

For any argument $x$

$$
{ \frac { d } { d x } } \operatorname { L a m b e r t W } ( x ) = { \frac { \operatorname { L a m b e r t W } ( x ) } { x ( 1 + \operatorname { L a m b e r t W } ( x ) ) } } .
$$

**Step 2: First-level derivatives**

Let

$$
x = - e ^ { \xi } .
$$

Then

$$
{ \frac { \partial x } { \partial z } } = - e ^ { \xi } { \frac { \partial \xi } { \partial z } } = \omega _ { 2 } e ^ { \xi } , \qquad { \frac { \partial x } { \partial t } } = \omega e ^ { \xi } .
$$

Since $W_1 = \mathrm{LambertW}(x)$ and $x = W_1 e^{W_1}$, we obtain
$$
\boxed{\frac{\partial W_1}{\partial z} = -\omega_2 \frac{W_1}{1 + W_1}}
$$

$$
\boxed{\frac{\partial W_1}{\partial t} = -\omega \frac{W_1}{1 + W_1}}
$$

**Step 3: Recursive derivatives**

For $j \geq 2$ ,

$$
W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } )
$$

so by the chain rule,

$$
\begin{array} { l } { \displaystyle \frac { \partial W _ { j } } { \partial z } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } \frac { \partial W _ { j - 1 } } { \partial z } } \\ { \displaystyle \frac { \partial W _ { j } } { \partial t } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } \frac { \partial W _ { j - 1 } } { \partial t } } \end{array}
$$

Iterating this recursion yields the compact products

$$
\boxed{\partial_z W_n = -\omega_2\frac{W_n}{\prod_{j=1}^n(1+W_j)}}
$$

$$
\boxed{\partial_t W_n = -\omega\frac{W_n}{\prod_{j=1}^n(1+W_j)}}
$$

# Proof of the Compact Product Formula for $\partial_z W_n$ and $\partial_t W_n$

Let

$$
\xi = - \omega _ { 2 } z - \omega t - 1 , \qquad \frac { \partial \xi } { \partial z } = - \omega _ { 2 } , \qquad \frac { \partial \xi } { \partial t } = - \omega .
$$

Define the recursive LambertW composition

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j = 2 , \ldots , n .
$$

We prove the formula for $\partial _ { z } W _ { n }$ . The temporal derivative follows identically with ω replacing ω2.

**Step 1: Base case $n = 1$**

Let

$$
x = - e ^ { \xi } .
$$

The derivative of the LambertW function is

$$
{ \frac { d } { d x } } \operatorname { L a m b e r t W } ( x ) = { \frac { \operatorname { L a m b e r t W } ( x ) } { x ( 1 + \operatorname { L a m b e r t W } ( x ) ) } } .
$$

Using the chain rule,

$$
\frac { \partial W _ { 1 } } { \partial z } = \frac { d W _ { 1 } } { d x } \frac { \partial x } { \partial z } .
$$

Since

$$
\frac { \partial x } { \partial z } = - e ^ { \xi } \frac { \partial \xi } { \partial z } = \omega _ { 2 } e ^ { \xi } ,
$$

and

$$
x = W _ { 1 } e ^ { W _ { 1 } } ,
$$

we obtain

$$
\frac { \partial W _ { 1 } } { \partial z } = \frac { W _ { 1 } } { x ( 1 + W _ { 1 } ) } ( \omega _ { 2 } e ^ { \xi } ) .
$$

Because

$$
x = - e ^ { \xi } ,
$$

this simplifies to

$$
\boxed { \frac { \partial W _ { 1 } } { \partial z } = - \omega _ { 2 } \frac { W _ { 1 } } { 1 + W _ { 1 } } }
$$

which matches the claimed formula for $n = 1$ :

$$
- \omega _ { 2 } \frac { W _ { 1 } } { ( 1 + W _ { 1 } ) } .
$$

Thus the base case holds.

**Step 2: Recursive derivative relation**

For $j \geq 2$

$$
W _ { j } = \operatorname { L a m b e r t W } ( W _ { j - 1 } ) .
$$

Applying the chain rule:

$$
\frac { \partial W _ { j } } { \partial z } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } \frac { \partial W _ { j - 1 } } { \partial z } .
$$

This is the fundamental recursion.

**Step 3: Induction hypothesis**

Assume for some $k \geq 1$ :

$$
\boxed{\frac{\partial W_k}{\partial z} = -\omega_2 \frac{W_k}{\prod_{j=1}^k (1+W_j)}}
$$

**Step 4: Inductive step**

Using the recursion:

$$
\frac { \partial W _ { k + 1 } } { \partial z } = \frac { W _ { k + 1 } } { W _ { k } ( 1 + W _ { k + 1 } ) } \frac { \partial W _ { k } } { \partial z } .
$$

Substitute the induction hypothesis:

$$
= \frac { W _ { k + 1 } } { W _ { k } ( 1 + W _ { k + 1 } ) } \left( - \omega _ { 2 } \frac { W _ { k } } { \prod _ { j = 1 } ^ { k } ( 1 + W _ { j } ) } \right) .
$$

Cancel $W _ { k }$

$$
= - \omega _ { 2 } \frac { W _ { k + 1 } } { ( 1 + W _ { k + 1 } ) } \frac { 1 } { \prod _ { j = 1 } ^ { k } ( 1 + W _ { j } ) } .
$$

Combine denominators:

$$
\boxed{\frac{ \partial W _ { k + 1 } } { \partial z } = - \omega _ { 2 } \frac { W _ { k + 1 } } { \displaystyle \prod _ { j = 1 } ^ { k + 1 } ( 1 + W _ { j } ) }}
$$

Thus the formula holds for $k + 1$ .

**Step 5: Conclusion**

By mathematical induction,

$$
\boxed{\frac { \partial W _ { n } } { \partial z } = - \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ( 1 + W _ { j } ) }}
$$

Similarly, since

$$
\frac { \partial \xi } { \partial t } = - \omega ,
$$

the identical derivation yields

$$
\boxed{\frac { \partial W _ { n } } { \partial t } = - \omega \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) }}
$$

**Final Result**

The recursive differentiation of the $n ^ { \mathrm { t h } }$ LambertW composition produces the compact product formulas:

$$
\boxed{\partial _ { z } W _ { n } = - \omega _ { 2 } \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) }}
$$

$$
\boxed{\partial _ { t } W _ { n } = - \omega \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) }}
$$

which proves the statement:

“Iterating this recursion yields the compact products.”

**Step 4: Mixed derivative**

Differentiate $\partial _ { t } W _ { n }$ with respect to $z$ :

$$
\partial _ { t z } W _ { n } = \frac { \partial } { \partial z } \left( - \omega \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) } \right)
$$

Carrying out the derivative and simplifying the telescoping products gives

$$
\boxed { \partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ^ { 2 } } }
$$

# Full Proofs of Steps 2 and 3

**Proof of Step 2 and Step 3**

We consider the function

$$
F _ { 0 } ( z ) = P ( z ) W _ { n } ( z ) ^ { - 1 / 2 } ,
$$

where

$$
P ( z ) : = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) .
$$

We now prove rigorously:\
•Step 2: The derivative of $F _ { 0 } ( z )$ using the product rule.\
•Step 3: The explicit derivative formula for the product $P ( z )$ .

**Step 2: Product Rule Differentiation**

Theorem (Product Rule)

Let $f ( z )$ and $g ( z )$ be differentiable functions. Then

$$
{ \frac { d } { d z } } [ f ( z ) g ( z ) ] = f ^ { \prime } ( z ) g ( z ) + f ( z ) g ^ { \prime } ( z ) .
$$

**Application**

Let

$$
f ( z ) = P ( z ) , \qquad g ( z ) = W _ { n } ( z ) ^ { - 1 / 2 } .
$$

Then by the product rule,

$$
\frac { d F _ { 0 } } { d z } = \frac { d } { d z } \left[ P ( z ) W _ { n } ( z ) ^ { - 1 / 2 } \right] = P ^ { \prime } ( z ) W _ { n } ^ { - 1 / 2 } + P ( z ) \frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) .
$$

This completes Step 2 rigorously.

**Derivative of the Power Term**

We now compute

$$
\frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) .
$$

**Chain Rule**

Let $u ( z ) = W _ { n } ( z )$ . Then

$$
\frac { d } { d z } \left( u ^ { - 1 / 2 } \right) = - \frac { 1 } { 2 } u ^ { - 3 / 2 } u ^ { \prime } .
$$

Therefore

$$
\boxed{\frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) = - \frac { 1 } { 2 } W _ { n } ^ { - 3 / 2 } W _ { n } ^ { \prime }}
$$

**Step 3: Derivative of the Product $P(z)$**

We now compute the derivative of

$$
P ( z ) = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) .
$$

**Finite Product Differentiation Rule**

Let

$$
P ( z ) = \prod _ { j = 1 } ^ { m } f _ { j } ( z ) ,
$$

where each $f _ { j } ( z )$ is differentiable.

Then the derivative is

$$
\boxed{P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { j = 1 } ^ { m } f _ { j } ( z ) \right]}
$$

**Proof**

We prove by induction.

**Base Case: $m = 2$**

Let

$$
P ( z ) = f _ { 1 } ( z ) f _ { 2 } ( z ) .
$$

Then by the product rule,

$$
P ^ { \prime } ( z ) = f _ { 1 } ^ { \prime } ( z ) f _ { 2 } ( z ) + f _ { 1 } ( z ) f _ { 2 } ^ { \prime } ( z ) ,
$$

which matches the formula.

**Inductive Step**

Assume the formula holds for $m - 1$ functions. Write

$$
P ( z ) = \left( \prod _ { j = 1 } ^ { m - 1 } f _ { j } ( z ) \right) f _ { m } ( z ) .
$$

Define

$$
Q ( z ) = \prod _ { j = 1 } ^ { m - 1 } f _ { j } ( z ) .
$$

Then

$$
P ( z ) = Q ( z ) f _ { m } ( z ) .
$$

Differentiate using the product rule:

$$
P ^ { \prime } ( z ) = Q ^ { \prime } ( z ) f _ { m } ( z ) + Q ( z ) f _ { m } ^ { \prime } ( z ) .
$$

By the induction hypothesis,

$$
Q ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m - 1 } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { j = 1 \atop j \ne k } ^ { m - 1 } f _ { j } ( z ) \right] .
$$

Substitute into the expression:

$$
P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m - 1 } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { \stackrel { j = 1 } { j \neq k } } ^ { m - 1 } f _ { j } ( z ) \right] f _ { m } ( z ) + f _ { m } ^ { \prime } ( z ) \prod _ { j = 1 } ^ { m - 1 } f _ { j } ( z ) .
$$

This becomes

$$
P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { j = 1 \atop j \ne k } ^ { m } f _ { j } ( z ) \right] .
$$

Thus the formula holds for $m$ , completing the proof.

**Apply to Our Product**

Let

$$
f _ { j } ( z ) = 1 + W _ { j } ( z ) .
$$

Then

$$
f _ { j } ^ { \prime } ( z ) = W _ { j } ^ { \prime } ( z ) .
$$

Therefore

$$
\boxed{P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { n - 1 } \left[ W _ { k } ^ { \prime } ( z ) \prod _ { j = 1 \atop j \neq k } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) \right]}
$$

**Factorized Form**

We now factor out the full product

$$
P ( z ) = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) .
$$

Observe that

$$
\prod _ { j = 1 \atop j \ne k } ^ { n - 1 } ( 1 + W _ { j } ) = \frac { P ( z ) } { 1 + W _ { k } } .
$$

Therefore

$$
P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { n - 1 } W _ { k } ^ { \prime } { \frac { P ( z ) } { 1 + W _ { k } } } .
$$

Hence

$$
\boxed{P ^ { \prime } ( z ) = P ( z ) \sum _ { k = 1 } ^ { n - 1 } \frac { W _ { k } ^ { \prime } } { 1 + W _ { k } }}
$$

which is the exact identity used in the derivative structure.

# Proof that $I _ { n } \to 0$ as $n \to \infty$

The analysis presented in this module concerns the asymptotic behavior of a recursively defined sequence of functions generated by repeated application of the Lambert W function and the evaluation of a finite algebraic expression constructed from their derivatives. In particular, the sequence

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j \geq 2 ,
$$

defines an iterated functional system whose limiting behavior determines the asymptotics of the quantity

$$
I _ { n } = 2 \sum _ { k = 0 } ^ { n - 1 } \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) .
$$

The mathematical justification of the limit

$$
\operatorname* { l i m } _ { n \to \infty } I _ { n } = 0
$$

relies on three foundational components of modern analysis:

- asymptotic expansions near algebraic branch points,

- convergence of iterated analytic functions,

- decay estimates for recursive derivative chains.

These topics lie at the intersection of asymptotic analysis, nonlinear functional iteration, and analytic function theory.

**Lambert W Function and Branch Point Structure**

The Lambert W function is defined implicitly by the equation

$$
W ( z ) e ^ { W ( z ) } = z ,
$$

and plays a central role in many areas of applied mathematics, including combinatorics, delay differential equations, and nonlinear dynamics. A comprehensive treatment of the function, including its analytic continuation and branch structure, is given by Corless et al. \[2\].

A key feature of the Lambert W function is the existence of a square-root branch point at

$$
z = - { \frac { 1 } { e } } .
$$

Near this point, the principal branch admits the asymptotic expansion

$$
W ( z ) = - 1 + \sqrt { 2 ( e z + 1 ) } + O ( e z + 1 ) , \qquad z \to - \frac { 1 } { e } .
$$

Such square-root behavior is characteristic of algebraic branch points in analytic function theory and follows from general results on Puiseux series expansions for implicitly defined functions. Standard treatments of these expansions can be found in classical references on complex analysis such as Whittaker and Watson \[4\] and modern texts on analytic functions such as Henrici \[19\].

**Iteration of Analytic Functions**

The recursive definition

$$
W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } )
$$

generates an iterated functional sequence. Under mild regularity conditions, repeated application of an analytic mapping near a fixed point produces convergence to that fixed point provided the derivative magnitude is less than one. This principle is a consequence of the contraction mapping theorem and forms the basis of many iterative methods in analysis.

Rigorous treatments of functional iteration and convergence to fixed points appear in standard analysis and dynamical systems literature, including the works of Banach and modern presentations such as Devaney \[17\]. In the present setting, the fixed point is

$$
W = 0 ,
$$

and the sequence satisfies

$$
\operatorname* { l i m } _ { j \to \infty } W _ { j } = 0 ,
$$

a property that determines the asymptotic behavior of the product terms appearing in the definition of $I _ { n }$ .

**Recursive Derivative Chains**

The derivative sequence

$$
W _ { j } ^ { \prime } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } W _ { j - 1 } ^ { \prime }
$$

forms a multiplicative chain. Such recursive derivative relations arise naturally when differentiating iterated functions and are closely related to the chain rule in differential calculus. In general, if

$$
x _ { n + 1 } = f ( x _ { n } ) ,
$$

then differentiation yields

$$
x _ { n + 1 } ^ { \prime } = f ^ { \prime } ( x _ { n } ) x _ { n } ^ { \prime } .
$$

This structure implies that derivative magnitudes evolve multiplicatively along the iteration. Under convergence of the underlying sequence to a stable fixed point, the derivative sequence typically decays to zero. Detailed discussions of derivative chains and stability of iterated mappings can be found in standard references on nonlinear analysis such as Ortega and Rheinboldt \[21\].

**Asymptotic Estimates and Limit Evaluation**

The proof that

$$
I _ { n } \to 0
$$

relies on bounding the magnitude of each summand

$$
T _ { k } = \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) .
$$

The argument uses classical techniques of asymptotic comparison and limit evaluation. In particular:

- the sequence $W _ { j }$ converges to zero,

- the derivative sequence $W _ { j } ^ { \prime }$ decays to zero,

- the multiplicative factors $1 + W _ { j }$ converge to one.

These properties allow the expression to be controlled using elementary limit theorems and comparison estimates. Such methods form the foundation of asymptotic analysis and are treated systematically in standard references such as Olver \[20\] and Hardy \[18\].

**Structural Interpretation**

From a structural viewpoint, the quantity $I _ { n }$ represents a finite algebraic sum generated by repeated differentiation and product reduction. The convergence result

$$
\operatorname* { l i m } _ { n \to \infty } I _ { n } = 0
$$

is therefore a consequence of the combined effects of:

- convergence of the iterated Lambert W sequence,

- decay of the associated derivative chain,

- stability of multiplicative factors approaching unity.

This type of asymptotic vanishing behavior is typical for recursive systems whose derivatives shrink geometrically near stable fixed points, a phenomenon widely studied in nonlinear analysis and iterative dynamics.

We consider the sequence

$$
{ \cal I } _ { n } = 2 \sum _ { k = 0 } ^ { n - 1 } \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) ,
$$

with the convention $\textstyle \prod _ { j = 1 } ^ { 0 } W _ { j } ^ { \prime } = 1$ , where $W _ { j }$ are defined recursively by

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \quad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , j \geq 2 ,
$$

and the derivative chain is

$$
W _ { 1 } ^ { \prime } = - \frac { W _ { 1 } } { 1 + W _ { 1 } } , \quad W _ { j } ^ { \prime } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } W _ { j - 1 } ^ { \prime } .
$$

We study the limit at the branch point $\xi = - 1$ , for which $W _ { 1 } = - 1$ .

**Step 1: Behavior of $W _ { j }$ near the branch point**

The Lambert W function near its branch point $z = - 1 / e$ satisfies

$$
W ( z ) \sim - 1 + \sqrt { 2 ( e z + 1 ) } , \quad z \to - 1 / e .
$$

Thus for $j > 1$ ,

$$
W _ { j } = \operatorname { L a m b e r t W } ( W _ { j - 1 } ) ,
$$

and since $W _ { 1 } = - 1$ , the sequence satisfies

$$
\operatorname* { l i m } _ { j \to \infty } W _ { j } = 0 .
$$

**Step 2: Behavior of the derivatives $W _ { j } ^ { \prime }$**

We have

$$
W _ { 1 } ^ { \prime } = - \frac { W _ { 1 } } { 1 + W _ { 1 } } ,
$$

which diverges at the branch point. For $j \geq 2$ ,

$$
W _ { j } ^ { \prime } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } W _ { j - 1 } ^ { \prime } .
$$

Since $W _ { j } \to 0$ as $j \to \infty$ , we find

$$
\operatorname* { l i m } _ { j \to \infty } W _ { j } ^ { \prime } = 0 .
$$

**Step 3: Upper bound on $I _ { n }$**

Each term in $I _ { n }$ can be written as

$$
T _ { k } : = \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) .
$$

For large $n$:

- $W _ { n } ^ { \prime } \to 0$ , $\sqrt { 1 + W _ { n } } \to 1$ , so $\sqrt { 1 + W _ { n } } / W _ { n } ^ { \prime } \to \infty$ .

- $\textstyle \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \to 0$ for any fixed $k$ , since $W _ { j } ^ { \prime } \to 0$ rapidly.

- $\textstyle \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) \to 1$ as $W _ { i } \to 0$ .

Hence,

$$
T _ { k } \sim \frac { \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } } { W _ { n } ^ { \prime } } \to 0 \quad \mathrm { a s } \ n \to \infty .
$$

**Step 4: Sum over $k$**

$$
I _ { n } = 2 \sum _ { k = 0 } ^ { n - 1 } T _ { k } .
$$

Since each $T _ { k } \to 0$ and the sum has only $n$ terms, the sum also vanishes:

$$
\operatorname* { l i m } _ { n \to \infty } I _ { n } = 0 .
$$

**Step 5: Conclusion**

We have shown that

$$
\boxed{\operatorname*{lim}_{n \to \infty} I_n = 0 \text{ at the branch point } \xi = -1.}
$$

# Analysis of $1/(\sin(Z-t)+1-\epsilon)$ and $1/(\sin(Z-t)+1)$

We consider the functions

$$
f _ { 1 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 - \epsilon } , \quad \epsilon > 2 ,
$$

and

$$
f _ { 2 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 } .
$$

**Step 1: Denominator bounds**

For the second function, the denominator is

$$
\sin ( Z - t ) + 1 .
$$

Since $- 1 \leq \sin ( x ) \leq 1$ , we have

$$
0 \leq \sin ( Z - t ) + 1 \leq 2 .
$$

**Step 2: Check for zeros**

The denominator of $f _ { 2 }$ can vanish if

$$
\sin ( Z - t ) + 1 = 0 \implies \sin ( Z - t ) = - 1 .
$$

This occurs at

$$
Z - t = { \frac { 3 \pi } { 2 } } + 2 k \pi , \quad k \in \mathbb { Z } .
$$

**Step 3: Finite-time blowup**

Since the denominator can vanish at finite $t$ , the function

$$
f _ { 2 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 }
$$

has finite-time blowup at those points.

**Step 4: Comparison with $\epsilon > 2$**

For the function

$$
f _ { 1 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 - \epsilon } , \quad \epsilon > 2 ,
$$

the denominator satisfies

$$
\begin{array} { r } { \sin ( Z - t ) + 1 - \epsilon \le 1 + 1 - \epsilon = 2 - \epsilon < 0 , } \end{array}
$$

so it does not vanish for any finite $t$.\
**Conclusion**

- $1 / ( \sin ( Z - t ) + 1 - \epsilon )$ with $\epsilon > 2$ has no finite-time blowup.

- $1 / ( \sin ( Z - t ) + 1 )$ has finite-time blowup whenever $\sin ( Z - t ) = - 1$ , i.e., at

$$
Z - t = { \frac { 3 \pi } { 2 } } + 2 k \pi , \quad k \in \mathbb { Z } .
$$

# Analysis of the Function $f(Z,t)=\frac{1}{\eta+\sin(Z-t)+1-\epsilon}$

We analyze the function

$$
f ( Z , t ) = \frac { 1 } { \eta + \sin ( Z - t ) + 1 - \epsilon } .
$$

We determine precisely when there is finite-time blowup and when there is none.

**Step 1: Blowup condition**

Finite-time blowup occurs if the denominator equals zero:

$$
\eta + \sin ( Z - t ) + 1 - \epsilon = 0 .
$$

Rearranging gives

$$
\sin ( Z - t ) = \epsilon - \eta - 1 .
$$

**Step 2: Use the boundedness of sine**

We use the fundamental bound

$$
- 1 \leq \sin ( x ) \leq 1 .
$$

Therefore a real solution exists if and only if

$$
\epsilon - \eta - 1 \in [ - 1 , 1 ] .
$$

This gives the inequality

$$
- 1 \leq \epsilon - \eta - 1 \leq 1 .
$$

**Step 3: Solve the inequality**

Add 1 to all parts:

$$
0 \leq \epsilon - \eta \leq 2 .
$$

This is the necessary and sufficient condition for finite-time blowup.

# Final classification of finite time blowup

**Finite-time blowup occurs if and only if**

$$
\boxed{0 \leq \epsilon - \eta \leq 2}
$$

because then there exists a time $t$ such that

$$
\sin ( Z - t ) = \epsilon - \eta - 1 .
$$

**No finite-time blowup occurs if and only if**

$$
\boxed{\epsilon - \eta < 0 \quad \text{or} \quad \epsilon - \eta > 2}
$$

because then

$$
\epsilon - \eta - 1 \not \in [ - 1 , 1 ] .
$$

so the denominator never vanishes.

**Useful special cases**

**Case 1 Original blowup case**

$$
\eta = 0 , ~ \epsilon = 0
$$

Then

$$
f = { \frac { 1 } { \sin ( Z - t ) + 1 } } .
$$

Blowup occurs.

**Case 2 Small positive regularization**

If

$$
\eta > \epsilon
$$

then

$$
\epsilon - \eta < 0
$$

and therefore

$$
\boxed{\text{No finite-time blowup}}
$$

and the function is bounded:

$$
\sin ( Z - t ) + 1 + \eta - \epsilon \geq \eta - \epsilon > 0 .
$$

**Case 3 Large negative shift**

If

$$
\epsilon - \eta > 2
$$

then

$$
\sin ( Z - t ) = \epsilon - \eta - 1 > 1,
$$

which is impossible, so again:

$$
\boxed{\text{No finite-time blowup}}
$$

**Interpretation**

The effective shift in the denominator is

$$
\boxed { \eta - \epsilon } .
$$

• If the net shift is positive enough (${ \eta } > \epsilon$ ), the denominator stays away from zero and the function remains smooth.

• If the net shift falls in the interval

$$
0 \leq \epsilon - \eta \leq 2 ,
$$

then the denominator can hit zero and finite-time blowup occurs.

This provides a complete and exact criterion for the form

$$
\frac { 1 } { \eta + \sin ( Z - t ) + 1 - \epsilon } .
$$

From the general solution of each $u _ { i }$ component of the 3D Navier Stokes equations for $i = 1 \dots 3$ , for $i = 3$ first:

$$
u _ { z } = \frac { 1 } { \eta _ { 3 } + \sin ( z - t ) + 1 - \epsilon }
$$

where $u _ { z }$ is derived from the WeierstrassZeta function with zero invariants and $\eta _ { 3 }$ is in terms of $I _ { n }$ (from section ). The logic followed here is that since $I _ { n } \to 0$ as $n \to \infty$ then we choose a range of $\epsilon$ values such that $u _ { z }$ is smooth in fact sinusoidal. Then we attempt to determine if $b _ { 3 } = u _ { x } u _ { y }$ is smooth or has a finite time blowup. Now from the general solutions obtained for $u _ { x }$ and $u _ { y }$ based on the geometric calculus approach,(as was obtained for $u _ { z }$ , the following occurs:

$$
b _ { 3 } ( x , y , z , t ) = \frac { 1 } { \left( \eta _ { 1 } + f _ { 1 } \left( y , z , t \right) \right) \left( \eta _ { 2 } + f _ { 2 } \left( x , z , t \right) \right) }
$$

On a foliation of planes $y = x + C$ we set $f _ { 1 } ( x , z , t ) = - f _ { 2 } ( x + C , z , t )$ and $\eta _ { 1 } \to 0$ and $\eta _ { 2 } \to 0$ giving,

$$
b _ { 3 } ( x , y , z , t ) = \frac { 1 } { f _ { 2 } ( x , z , t ) ^ { 4 } }
$$

Substituting into Equation 6 of reference \[1\] we obtain,

$$
\begin{aligned}
- \frac { 4 \left( \frac { \partial } { \partial t } f _ { 2 } ( x , z , t ) \right) } { f _ { 2 } ( x , z , t ) ^ { 5 } } &= \frac { \cos ( - z + t ) } { f _ { 2 } ( x , z , t ) ^ { 8 } \left( \eta _ { 3 } - \sin ( - z + t ) + 1 - \epsilon \right) } \\
&\quad - \frac { 4 \left( \frac { \partial } { \partial z } f _ { 2 } ( x , z , t ) \right) } { f_2 ( x , z , t ) ^ { 9 } }
\end{aligned}
$$

Here we let $\eta _ { 3 } \to 0$ and $\epsilon \to 1 ( \mathrm{blowup ~ regime} )$

Thus we obtain and we solve the PDE

$$
\frac { \partial b ( x , y , z , t ) } { \partial t } = - b ( x , y , z , t ) \Big ( b ( x , y , z , t ) \cot ( - z + t ) + \frac { \partial b ( x , y , z , t ) } { \partial z } \Big ) .
$$

**1) Rewrite the PDE in standard quasilinear form**

Use the identity

$$
\cot ( - z + t ) = \cot ( t - z ) .
$$

Then

$$
b _ { t } = - b b _ { z } - b ^ { 2 } \cot ( t - z ) .
$$

Move terms to the left:

$$
\boxed { b _ { t } + b b _ { z } + b ^ { 2 } \cot ( t - z ) = 0 }
$$

This is a first-order nonlinear transport-type PDE, solvable by the method of characteristics.

**2) Characteristic equations**

Let $s$ be the parameter along characteristics. Then:

$$
{ \frac { d t } { d s } } = 1 , \qquad { \frac { d z } { d s } } = b , \qquad { \frac { d b } { d s } } = - b ^ { 2 } \cot ( t - z ) .
$$

**3) Introduce the invariant variable**

Define

$$
w = t - z .
$$

Then along characteristics:

$$
{ \frac { d w } { d s } } = { \frac { d t } { d s } } - { \frac { d z } { d s } } = 1 - b .
$$

So the reduced system becomes:

$$
{ \frac { d b } { d s } } = - b ^ { 2 } \cot w , \qquad { \frac { d w } { d s } } = 1 - b .
$$

**4) Eliminate the parameter**

Compute

$$
{ \frac { d b } { d w } } = { \frac { d b / d s } { d w / d s } } = { \frac { - b ^ { 2 } \cot w } { 1 - b } } .
$$

This is separable:

$$
{ \frac { 1 - b } { b ^ { 2 } } } d b = - \cot w d w .
$$

**5) Integrate**

Left side:

$$
\int \left( { \frac { 1 } { b ^ { 2 } } } - { \frac { 1 } { b } } \right) d b = - { \frac { 1 } { b } } - \ln | b | .
$$

Right side:

$$
- \int \cot w d w = - \ln | \sin w | .
$$

Therefore:

$$
- { \frac { 1 } { b } } - \ln | b | = - \ln | \sin w | + C .
$$

Multiply by $- 1$ :

$$
\boxed{{ \frac { 1 } { b } } + \ln | b | = \ln | \sin w | + C}
$$

**6) Substitute back $w = t - z$**

$$
\boxed{{ \frac { 1 } { b ( x , y , z , t ) } } + \ln | b ( x , y , z , t ) | - \ln | \sin ( t - z ) | = C}
$$

Because the PDE does not involve derivatives in $x$ or $y$ , the constant may depend on them and on the initial characteristic label:

$$
\boxed{{ \frac { 1 } { b } } + \ln | b | - \ln | \sin ( t - z ) | = F ( x , y , \xi )}
$$

where $\xi$ is the characteristic coordinate determined from

$$
\frac { d z } { d t } = b .
$$

# Derivation of the Mixed Derivative $\partial _ { t z } W _ { n }$

Let

$$
\xi = - \omega _ { 2 } z - \omega t - 1 , \qquad \frac { \partial \xi } { \partial z } = - \omega _ { 2 } , \qquad \frac { \partial \xi } { \partial t } = - \omega .
$$

Define recursively

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j = 2 , \ldots , n .
$$

Assume the proven compact derivative:

$$
\boxed { \partial _ { t } W _ { n } = - \omega \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) } }
$$

We compute the mixed derivative

$$
\partial _ { t z } W _ { n } = \frac { \partial } { \partial z } \left( - \omega \frac { W _ { n } } { P _ { n } } \right) ,
$$

where

$$
P _ { n } = \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) .
$$

**Step 1: Apply the quotient rule**

$$
\partial _ { t z } W _ { n } = - \omega \left[ \frac { \partial _ { z } W _ { n } } { P _ { n } } - \frac { W _ { n } } { P _ { n } ^ { 2 } } \partial _ { z } P _ { n } \right] .
$$

**Step 2: Substitute known derivative**

From the induction result:

$$
\boxed { \partial _ { z } W _ { n } = - \omega _ { 2 } \frac { W _ { n } } { P _ { n } } }
$$

Therefore

$$
\frac { \partial _ { z } W _ { n } } { P _ { n } } = - \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } .
$$

**Step 3: Differentiate the product $P _ { n }$**

Using the logarithmic derivative:

$$
\partial _ { z } P _ { n } = P _ { n } \sum _ { k = 1 } ^ { n } \frac { \partial _ { z } W _ { k } } { 1 + W _ { k } } .
$$

Substitute the derivative formula for each $W _ { k }$ :

$$
\partial _ { z } W _ { k } = - \omega _ { 2 } \frac { W _ { k } } { P _ { k } } ,
$$

where

$$
P _ { k } = \prod _ { j = 1 } ^ { k } ( 1 + W _ { j } ) .
$$

Thus

$$
\frac { \partial _ { z } W _ { k } } { 1 + W _ { k } } = - \omega _ { 2 } \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } .
$$

Hence

$$
\boxed{\partial _ { z } P _ { n } = - \omega _ { 2 } P _ { n } \sum _ { k = 1 } ^ { n } \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } }}
$$

**Step 4: Substitute into mixed derivative**

Return to

$$
\partial _ { t z } W _ { n } = - \omega \left[ - \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } - \frac { W _ { n } } { P _ { n } ^ { 2 } } \partial _ { z } P _ { n } \right] .
$$

Substitute $\partial _ { z } P _ { n }$ :

$$
= - \omega \left[ - \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } + \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } P _ { n } \sum _ { k = 1 } ^ { n } \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } \right] .
$$

Factor common terms:

$$
= \omega \omega _ { 2 } { \frac { W _ { n } } { P _ { n } ^ { 2 } } } \left[ 1 - P _ { n } \sum _ { k = 1 } ^ { n } { \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } } \right] .
$$

**Step 5: Telescoping structure**

Note that

$$
{ \frac { P _ { n } } { ( 1 + W _ { k } ) P _ { k } } } = \prod _ { j = k + 1 } ^ { n } ( 1 + W _ { j } ) .
$$

Therefore the sum becomes

$$
P _ { n } \sum _ { k = 1 } ^ { n } { \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } } = \sum _ { k = 1 } ^ { n } { W _ { k } \prod _ { j = k + 1 } ^ { n } ( 1 + W _ { j } ) } .
$$

Now observe the identity

$$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) = 1 + \sum _ { k = 1 } ^ { n } W _ { k } \prod _ { j = k + 1 } ^ { n } ( 1 + W _ { j } ) .
$$

This is proved by expanding the product sequentially.

Therefore

$$
\boxed{ 1 - P _ { n } \sum _ { k = 1 } ^ { n } { \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } } = { \frac { 1 } { P _ { n } } }}
$$

**Step 6: Final simplification**

Substitute this result:

$$
\partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } \left( \frac { 1 } { P _ { n } } \right) P _ { n } .
$$

Thus

$$
\boxed{\partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ( 1 + W _ { j } ) ^ { 2 } }}
$$

**Final Result**

The mixed derivative of the $n ^ { \mathrm { t h } }$ LambertW composition satisfies

$$
\boxed { \partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ^ { 2 } } }
$$

and this result follows rigorously from the quotient rule, the recursive derivative identities, and the telescoping product identity.

**Step 5: Ratio of derivatives**

Define

$$
\mathcal { R } _ { n } = \frac { ( \partial _ { t } W _ { n } ) ^ { 3 } } { ( \partial _ { t z } W _ { n } ) ^ { 2 } } .
$$

Substituting the expressions above:

$$
\mathcal { R } _ { n } = \frac { \left( - \omega \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) } \right) ^ { 3 } } { \left( \omega \omega _ { 2 } \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ^ { 2 } } \right) ^ { 2 } }
$$

Simplifying powers gives

$$
\boxed{\mathcal { R } _ { n } = - \frac { \omega } { \omega _ { 2 } ^ { 2 } } \frac { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) ^ { 2 } }}
$$

**Step 6: Integrand for the velocity potential**

The inverse square root is

$$
\boxed { \mathcal { T } _ { n } = \frac { 1 } { \sqrt { \mathcal { R } _ { n } } } = \frac { \omega _ { 2 } } { \sqrt { - \omega } } \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } }
$$

**Conclusion**

For the $n ^ { \mathrm { t h } }$ LambertW composition with

$$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) ,
$$

and

$$
\xi = - \omega _ { 2 } z - \omega t - 1 ,
$$

the ratio of derivatives and its inverse square root take the exact algebraic forms:

$$
\begin{array} { r l } & { \mathcal { R } _ { n } = - \displaystyle \frac { \omega } { \omega _ { 2 } ^ { 2 } } \frac { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) ^ { 2 } } , } \\ & { \mathcal { I } _ { n } = \displaystyle \frac { \omega _ { 2 } } { \sqrt { - \omega } } \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } . } \end{array}
$$

# Explicit solution using the Lambert $W$ function

Starting from

$$
\frac { 1 } { b } + \ln | b | = \ln | \sin ( t - z ) | + F ( x , y , \xi ) ,
$$

define

$$
S ( x , y , z , t ) : = \ln | \sin ( t - z ) | + F ( x , y , \xi ) .
$$

We have

$$
{ \frac { 1 } { b } } + \ln | b | = S .
$$

Rearrange:

$$
\ln \left| b \right| = S - { \frac { 1 } { b } } .
$$

Exponentiate:

$$
| b | = e ^ { S - { \frac { 1 } { b } } } = e ^ { S } e ^ { - 1 / b } .
$$

Multiply both sides by $e ^ { 1 / b }$ :

$$
\left| b \right| e ^ { 1 / b } = e ^ { S } .
$$

Introduce substitution

$$
u = { \frac { 1 } { b } } .
$$

Then

$$
\frac { 1 } { u } e ^ { u } = e ^ { S } .
$$

Multiply by $u$ .

$$
e ^ { u } = u e ^ { S } .
$$

Rearrange:

$$
u e ^ { - u } = e ^ { - S } .
$$

The Lambert function satisfies

$$
W ( x ) e ^ { W ( x ) } = x .
$$

Let

$$
x = - u .
$$

Then

$$
( - u ) e ^ { - u } = - e ^ { - S } .
$$

Therefore

$$
x e ^ { x } = - e ^ { - S } .
$$

So

$$
x = W \left( - e ^ { - S } \right) .
$$

Hence

$$
- u = W \left( - e ^ { - S } \right) ,
$$

and therefore

$$
\begin{array} { r } { u = - W \left( - e ^ { - S } \right) . } \end{array}
$$

Since

$$
u = { \frac { 1 } { b } } ,
$$

we obtain the explicit solution

$$
\boxed{b ( x , y , z , t ) = - \frac { 1 } { W \big ( - e ^ { - S ( x , y , z , t ) } \big ) }}
$$

where

$$
\boxed{S ( x , y , z , t ) = \ln | \sin ( t - z ) | + F ( x , y , \xi )}
$$

Using

$$
e ^ { - S } = \frac { e ^ { - F ( x , y , \xi ) } } { | \sin ( t - z ) | } ,
$$

the solution can be written as

$$
\boxed{b ( x , y , z , t ) = - \frac { 1 } { W \left( - \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } \right) }}
$$

Multiple branches may occur:

$$
b = - \frac { 1 } { W _ { k } \biggl ( - \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } \biggr ) } .
$$

Finite-time blowup corresponds to the branch singularity condition

$$
\boxed{- \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } = - \frac { 1 } { e }.}
$$

We analyze the regularity of the solution

$$
b ( x , y , z , t ) = - \frac { 1 } { W _ { k } ( A ( x , y , z , t ) ) }
$$

where

$$
A ( x , y , z , t ) = - \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } ,
$$

and $F$ is assumed smooth and finite.

**1) Location of the branch point**

The Lambert function satisfies

$$
W ( x ) e ^ { W ( x ) } = x .
$$

It has a real branch point at

$$
\boxed{x = - \frac { 1 } { e } .}
$$

Thus the critical condition is

$$
\boxed{A ( x , y , z , t ) = - \frac { 1 } { e } .}
$$

Substitute the definition of $A$ :

$$
- \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } = - \frac { 1 } { e } .
$$

Cancel the negative signs:

$$
\frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } = \frac { 1 } { e } .
$$

Solve for the sine:

$$
\boxed{\sin ( t - z ) = e ^ { 1 - F ( x , y , \xi ) } .}
$$

**2) Existence of finite time**

Since

$$
| \sin ( \cdot ) | \leq 1 ,
$$

the equation has a real solution whenever

$$
\boxed{e ^ { 1 - F ( x , y , \xi ) } < 1 .}
$$

That is,

$$
\boxed{F ( x , y , \xi ) \geq 1 .}
$$

Therefore,

$$
\boxed{\text{The branch point can occur at finite time.}}
$$

**3) Value of $b$ at the branch point**

At the branch point:

$$
W \left( - { \frac { 1 } { e } } \right) = - 1 .
$$

Hence

$$
\boxed{b = - \frac { 1 } { - 1 } = 1 .}
$$

Therefore

$$
\boxed{\text{$b$ is finite at the branch point.}}
$$

**4) Smoothness analysis**

Let

$$
b = - { \frac { 1 } { W ( A ) } } .
$$

Differentiate with respect to $t$ :

$$
\frac { \partial b } { \partial t } = \frac { W ^ { \prime } ( A ) } { W ( A ) ^ { 2 } } \frac { \partial A } { \partial t } .
$$

Thus the behavior depends on $W ^ { \prime } ( A )$ .

**5) Derivative of the Lambert $W$ function**

The exact derivative formula is

$$
W ^ { \prime } ( x ) = \frac { W ( x ) } { x \left[ 1 + W ( x ) \right] } .
$$

Evaluate at the branch point.

$$
x = - { \frac { 1 } { e } } ,
$$

we have

$$
W ( x ) = - 1 .
$$

Thus

$$
1 + W ( x ) = 0 .
$$

Therefore

$$
\boxed { W ^ { \prime } ( x ) \to \infty . }
$$

So the derivative of the Lambert function diverges at the branch point.

**6) Behavior of the derivative of $b$**

Recall

$$
\frac { \partial b } { \partial t } = \frac { W ^ { \prime } ( A ) } { W ( A ) ^ { 2 } } \frac { \partial A } { \partial t } .
$$

At the branch point:\
• $W ( A ) = - 1$ (finite)\
• $\frac { \partial A } { \partial t }$ is finite\
• $W ^ { \prime } ( A ) \to \infty$

Therefore

$$
\boxed{\left|\frac { \partial b } { \partial t }\right| \to \infty .}
$$

Thus the derivative blows up.

**7) Mathematical classification**

We have

$$
\boxed{b \text{ is finite}}
$$

but

$$
\boxed{\nabla b \text{ is unbounded.}}
$$

Therefore

$$
\boxed{b \notin C^1}
$$

This represents a loss of smoothness (a gradient singularity), not a blowup of the function value.

**Final statement**

$$
\boxed{A ( x , y , z , t ) = - \frac { 1 } { e } \Rightarrow b \text{ is finite but not smooth.}}
$$

More precisely,

$$
\boxed{b = 1, \quad |\nabla b| = \infty}
$$

Thus,
$$
\boxed{\begin{aligned}
\text{The Lambert } W \text{ branch point produces a} \\
\text{finite-value gradient singularity.}
\end{aligned}}
$$

We consider the PDE

$$
\begin{aligned}
\frac { \partial b ( x , y , z , t ) } { \partial t } &= b ( x , y , z , t ) ^ { 2 } \frac { \cos ( - z + t ) } { - \sin ( - z + t ) + 1 - \epsilon _ { 3 } } \\
&\quad - b ( x , y , z , t ) \frac { \partial b ( x , y , z , t ) } { \partial z } .
\end{aligned}
$$

**1) Simplify the trigonometric expressions**

Using

$$
\cos ( - z + t ) = \cos ( t - z ) , \qquad \sin ( - z + t ) = \sin ( t - z ) ,
$$

the PDE becomes

$$
b _ { t } = b ^ { 2 } \frac { \cos ( t - z ) } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } - b b _ { z } .
$$

Move terms to the left:

$$
\boxed { b _ { t } + b b _ { z } - b ^ { 2 } \cfrac { \cos ( t - z ) } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } = 0 . }
$$

Define the coefficient

$$
A ( t - z ) : = { \frac { \cos ( t - z ) } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } } .
$$

Thus

$$
\boxed{\begin{array} { r } { b _ { t } + b b _ { z } - b ^ { 2 } A ( t - z ) = 0. } \end{array}}
$$

**2) Smoothness of the coefficient**

We prove that $A$ is smooth when $\epsilon _ { 3 } > 2$ .

Since

$$
- 1 \leq \sin ( t - z ) \leq 1 ,
$$

we obtain bounds on the denominator:

$$
\begin{array} { r } { 1 - \epsilon _ { 3 } - \sin ( t - z ) \le 1 - \epsilon _ { 3 } + 1 = 2 - \epsilon _ { 3 } , } \end{array}
$$

and

$$
\begin{array} { r } { 1 - \epsilon _ { 3 } - \sin ( t - z ) \geq 1 - \epsilon _ { 3 } - 1 = - \epsilon _ { 3 } . } \end{array}
$$

Therefore

$$
- \epsilon _ { 3 } \le 1 - \epsilon _ { 3 } - \sin ( t - z ) \le 2 - \epsilon _ { 3 } .
$$

If

$$
\boxed{\epsilon _ { 3 } > 2 } ,
$$

then

$$
2 - \epsilon _ { 3 } < 0 ,
$$

so the denominator is strictly negative for all real $( z , t )$ . Hence

$$
\boxed{\begin{array} { r } { \left| 1 - \epsilon _ { 3 } - \sin ( t - z ) \right| \geq \epsilon _ { 3 } - 2 > 0 . } \end{array}}
$$

Thus the denominator never vanishes.

Since sine and cosine are smooth functions, and division by a nonzero smooth function preserves smoothness, we conclude

$$
\boxed{A ( t - z ) \in C ^ { \infty } ( \mathbb R ).}
$$

Therefore the coefficient of $b ^ { 2 }$ is smooth.

**3) Method of characteristics**

We solve

$$
b _ { t } + b b _ { z } - b ^ { 2 } A ( t - z ) = 0 .
$$

Let $s$ be the characteristic parameter. Then

$$
\frac { d t } { d s } = 1 , \qquad \frac { d z } { d s } = b , \qquad \frac { d b } { d s } = b ^ { 2 } A ( t - z ) .
$$

**4) Introduce invariant variable**

Define

$$
w = t - z .
$$

Then

$$
{ \frac { d w } { d s } } = { \frac { d t } { d s } } - { \frac { d z } { d s } } = 1 - b .
$$

So the system becomes

$$
\frac { d b } { d s } = b ^ { 2 } A ( w ) , \qquad \frac { d w } { d s } = 1 - b .
$$

**5) Eliminate the parameter**

Compute

$$
\frac { d b } { d w } = \frac { b ^ { 2 } { \cal A } ( w ) } { 1 - b } .
$$

Substitute the explicit coefficient

$$
A ( w ) = \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } .
$$

Thus

$$
\boxed{ { \frac { 1 - b } { b ^ { 2 } } } d b = { \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } } d w .}
$$

**6) Integrate**

Left-hand side:

$$
\int \left( { \frac { 1 } { b ^ { 2 } } } - { \frac { 1 } { b } } \right) d b = - { \frac { 1 } { b } } - \ln | b | .
$$

Right-hand side:

Let

$$
u = 1 - \epsilon _ { 3 } - \sin w .
$$

Then

$$
d u = - \cos w d w .
$$

Therefore

$$
\int { \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } } d w = - \int { \frac { 1 } { u } } d u = - \ln | u | .
$$

So

$$
\int { \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } } d w = - \ln | 1 - \epsilon _ { 3 } - \sin w | .
$$

Thus

$$
- { \frac { 1 } { b } } - \ln | b | = - \ln | 1 - \epsilon _ { 3 } - \sin w | + C .
$$

Multiply by ${ - 1 }$ :

$$
\boxed{ { \frac { 1 } { b } } + \ln | b | = \ln | 1 - \epsilon _ { 3 } - \sin w | + C .}
$$

**7) Substitute back**

Since

$$
w = t - z ,
$$

we obtain the implicit solution

$$
\boxed{\frac { 1 } { b ( x , y , z , t ) } + \ln { | b ( x , y , z , t ) | } = \ln { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | } + F ( x , y , \xi ) .}
$$

Here $F$ is determined by initial data along characteristics, and $\xi$ labels the characteristic curve.

**Final results**

If

$$
\boxed{\epsilon_3 > 2}
$$

then

$$
\boxed{\frac{\cos(t - z)}{1 - \epsilon_3 - \sin(t - z)} \text{ is smooth for all } (z,t)}
$$

The solution of the PDE is given implicitly by

$$
\boxed { \frac { 1 } { b } + \ln { | b | } = \ln { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | } + F ( x , y , \xi ) . }
$$

We start from the implicit solution previously obtained:

$$
\frac { 1 } { b ( x , y , z , t ) } + \ln \left| b ( x , y , z , t ) \right| = \ln \left| 1 - \epsilon _ { 3 } - \sin ( t - z ) \right| + F ( x , y , \xi ) .
$$

Define

$$
S ( x , y , z , t ) : = \ln | 1 - \epsilon _ { 3 } - \sin ( t - z ) | + F ( x , y , \xi ) .
$$

Thus

$$
{ \frac { 1 } { b } } + \ln | b | = S .
$$

**1) Solve explicitly using the Lambert $W$ function**

Rearrange:

$$
\ln \left| b \right| = S - { \frac { 1 } { b } } .
$$

Exponentiate:

$$
| b | = e ^ { S - { \frac { 1 } { b } } } = e ^ { S } e ^ { - 1 / b } .
$$

Multiply both sides by $e ^ { 1 / b }$ :

$$
| b | e ^ { 1 / b } = e ^ { S } .
$$

Let

$$
u = { \frac { 1 } { b } } .
$$

Then

$$
\frac { 1 } { u } e ^ { u } = e ^ { S } .
$$

Multiply by $u$

$$
e ^ { u } = u e ^ { S } .
$$

Rearrange:

$$
u e ^ { - u } = e ^ { - S } .
$$

Multiply by $^ { - 1 }$ :

$$
( - u ) e ^ { - u } = - e ^ { - S } .
$$

Using the definition

$$
W ( x ) e ^ { W ( x ) } = x ,
$$

we obtain

$$
- u = W \left( - e ^ { - S } \right) .
$$

Therefore

$$
\boxed { b ( x , y , z , t ) = - \frac { 1 } { W _ { k } \bigl ( - e ^ { - S ( x , y , z , t ) } \bigr ) } }
$$

where

$$
\boxed{S ( x , y , z , t ) = \ln | 1 - \epsilon _ { 3 } - \sin ( t - z ) | + F ( x , y , \xi ).}
$$

Equivalently,

$$
e ^ { - S } = \frac { e ^ { - F ( x , y , \xi ) } } { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | } .
$$

Thus the explicit solution can be written

$$
b ( x , y , z , t ) = - \frac { 1 } { W _ { k } \bigg ( - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } \bigg ) } .
$$

**2) Smoothness of the coefficient**

Assume

$$
\boxed { \epsilon _ { 3 } > 2 } .
$$

Since

$$
- 1 \leq \sin ( t - z ) \leq 1 ,
$$

we have

$$
1 - \epsilon _ { 3 } - \sin ( t - z ) \le 2 - \epsilon _ { 3 } < 0 ,
$$

and

$$
1 - \epsilon _ { 3 } - \sin ( t - z ) \geq - \epsilon _ { 3 } .
$$

Therefore

$$
\begin{array} { r } { \boxed { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | \geq \epsilon _ { 3 } - 2 > 0 . } } \end{array}
$$

Hence the denominator never vanishes, and the coefficient is smooth.

**3) Possible gradient blowup**

Let

$$
A ( x , y , z , t ) = - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } .
$$

Then

$$
b = - { \frac { 1 } { W ( A ) } } .
$$

Differentiate:

$$
\nabla b = { \frac { W ^ { \prime } ( A ) } { W ( A ) ^ { 2 } } } \nabla A .
$$

The derivative of Lambert $W$ is

$$
W ^ { \prime } ( x ) = \frac { W ( x ) } { x \left[ 1 + W ( x ) \right] } .
$$

Thus gradient blowup can occur only if

$$
1 + W ( A ) = 0 .
$$

That is

$$
\boxed{W ( A ) = - 1.}
$$

Using

$$
W \left( - { \frac { 1 } { e } } \right) = - 1 ,
$$

the critical condition is

$$
\boxed { A ( x , y , z , t ) = - \frac { 1 } { e } . }
$$

Substitute:

$$
- \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } = - \frac { 1 } { e } .
$$

Cancel negative signs:

$$
{ \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } } = { \frac { 1 } { e } } .
$$

Solve:

$$
\boxed{\sin ( t - z ) = 1 - \epsilon _ { 3 } - e ^ { 1 - F ( x , y , \xi ) } .}
$$

**4) Existence of finite-time gradient blowup**

Since

$$
- 1 \leq \sin ( \cdot ) \leq 1 ,
$$

a real solution exists if

$$
\begin{array} { r } { \boxed { - 1 \le 1 - \epsilon _ { 3 } - e ^ { 1 - F } \le 1 } . } \end{array}
$$

This condition can be satisfied for suitable initial data $F$ . Therefore

$$
\boxed{\text{Gradient blowup can occur at finite time.}}
$$

**5) Value of $b$ at the blowup**

At the critical point:

$$
W ( A ) = - 1 .
$$

Hence

$$
\boxed{b = 1}
$$

Thus

$$
\boxed{b \text{ remains finite}}
$$

while

$$
\boxed{\lvert \nabla b \rvert \to \infty}
$$

**Final conclusion**

If

$$
\epsilon _ { 3 } > 2 ,
$$

then

$$
\boxed{{ { b ( x , y , z , t ) } } = - \frac { 1 } { W _ { k } \bigg ( - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } \bigg ) }}
$$

is a smooth solution until the Lambert $W$ branch condition

$$
A = - { \frac { 1 } { e } }
$$

is reached.

At that point:

$$
\boxed{b \text{ is finite but the gradient blows up.}}
$$

# Oscillatory behavior of the Lambert $W$ expression under the substitution $t = G(z)$

Consider the expression

$$
\boxed{ b ( x , y , z , t ) = - \frac { 1 } { W _ { k } \left( - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } \right) }
}
$$

We investigate whether this expression can be oscillatory in the spatial variable $z$ when the temporal variable satisfies

$$
t = G ( z ) ,
$$

and in particular when

$$
\epsilon _ { 3 } > 2 .
$$

Here is the crucial point. That the condition $t = G ( z )$ is necessarily true when $\eta _ { 3 } = 0$ .(see construction of $I _ { n }$ from earlier) We see that if $\eta _ { 3 } \neq 0$ then we can be dividing by zero which is singular and hence $b \equiv 0$ which is not sought for here.(or $b$ complex for $W _ { 0 }$ and $W _ { - 1 }$ real branches) We are looking at non-zero real solutions of the Navier Stokes equations.

**Step 1: Reduction to a function of $z$**

Substituting $t = G ( z )$ , the function becomes

$$
b ( z ) = - \frac { 1 } { W _ { k } \bigg ( - \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } - \sin ( G ( z ) - z ) } \bigg ) } .
$$

Define

$$
H ( z ) = - { \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } - \sin ( G ( z ) - z ) } } .
$$

Then

$$
b ( z ) = - \frac { 1 } { W _ { k } ( H ( z ) ) } .
$$

Thus the oscillatory behavior of $b ( z )$ is determined by the function $H ( z )$ .

**Step 2: Bounds on the denominator when $\epsilon _ { 3 } > 2$**

Since the sine function satisfies

$$
- 1 \leq \sin ( \theta ) \leq 1 ,
$$

we obtain

$$
\begin{array} { r } { 1 - \epsilon _ { 3 } - 1 \le 1 - \epsilon _ { 3 } - \sin ( \theta ) \le 1 - \epsilon _ { 3 } + 1 . } \end{array}
$$

Therefore

$$
- \epsilon _ { 3 } \le 1 - \epsilon _ { 3 } - \sin ( \theta ) \le 2 - \epsilon _ { 3 } .
$$

If

$$
\epsilon _ { 3 } > 2 ,
$$

then

$$
2 - \epsilon _ { 3 } < 0 \quad \mathrm { a n d } \quad - \epsilon _ { 3 } < 0 .
$$

Hence
$$
\boxed{1 - \epsilon_3 - \sin(\theta) \text{ is strictly negative and bounded away from zero.}}
$$

Consequently:

1.  The denominator never vanishes.\

2.  The denominator remains bounded.\

3.  No singularity is introduced by the sine term.

Thus the condition $\epsilon _ { 3 } > 2$ guarantees regularity but does not prevent oscillations.

**Step 3: Oscillatory forcing from the phase difference**

Suppose that the phase difference

$$
G ( z ) - z
$$

is periodic in $z$ . Then

$$
\sin ( G ( z ) - z )
$$

is periodic and bounded.

Therefore

$$
1 - \epsilon _ { 3 } - \sin ( G ( z ) - z )
$$

is also periodic and bounded.

If additionally

$$
F ( x , y , \xi ( z ) )
$$

is bounded (or periodic), then the exponential term

$$
e ^ { - F ( x , y , \xi ( z ) ) }
$$

is bounded.

Hence the function

$$
H ( z ) = - \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } - \sin ( G ( z ) - z ) }
$$

is bounded and periodic.

**Step 4: Preservation of oscillations under the Lambert W function**

The Lambert $W$ function $W _ { k }$ is analytic and continuous on any bounded domain that does not intersect its branch point.

Since the denominator is bounded away from zero for $\epsilon _ { 3 } > 2$ , the argument $H ( z )$ remains in a regular domain.

Therefore

$$
W _ { k } ( H ( z ) )
$$

inherits the oscillatory behavior of $H ( z )$ .

Finally,

$$
b ( z ) = - \frac { 1 } { W _ { k } ( H ( z ) ) }
$$

is also oscillatory.

**Special case: $t = z$**

If

$$
G ( z ) = z ,
$$

then

$$
\begin{array} { r } { \sin ( G ( z ) - z ) = \sin ( 0 ) = 0 , } \end{array}
$$

and the expression reduces to

$$
b ( z ) = - \frac { 1 } { W _ { k } \biggl ( - \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } } \biggr ) } .
$$

In this case, oscillation occurs if and only if

$$
F ( x , y , \xi ( z ) )
$$

(or $\xi ( z )$ ) is oscillatory.

Therefore,

If

$$
\epsilon _ { 3 } > 2 ,
$$

then the denominator

$$
1 - \epsilon _ { 3 } - \sin ( G ( z ) - z )
$$

is strictly negative and bounded away from zero, ensuring regularity.

If additionally

$$
G ( z ) - z
$$

is periodic (or oscillatory), then the function

$$
b ( z )
$$

is oscillatory in $z$ .

Therefore

$$
\boxed{\text{The expression can be oscillatory in } z \text{ when } t = G(z), \text{ even if } \epsilon_3 > 2.}
$$

Moreover,

$$
\boxed{\epsilon_3 > 2 \text{ guarantees boundedness but does not eliminate oscillations.}}
$$

An important conclusion here is that,

$$
u _ { x } = \frac { 1 } { \eta _ { 1 } ( x , t ) + f _ { 1 } ( y , z , t ) } ,
$$

$$
u _ { y } = \frac { 1 } { \eta _ { 2 } ( y , t ) + f _ { 2 } ( x , z , t ) } ,
$$

$$
u _ { z } = \frac { 1 } { \eta _ { 3 } ( z , t ) + \sin ( z ( x , y ) - t ) + 1 - \epsilon _ { 3 } } ,
$$

will be periodic and smooth only if $\epsilon _ { 3 } > 2$ . However the blowup in gradients for $b _ { 3 }$ and hence for one of $u _ { x }$ or $u _ { y }$ is inescapable.

In order to prove the continuity equation we begin with the part that is:

$$
\frac { \partial u _ { z } } { \partial x } + \frac { \partial u _ { y } } { \partial y }
$$

and note that this is zero. To obtain the full continuity equation, $\nabla \cdot u = 0$ it is ob erved that $\frac { \partial u _ { z } } { \partial z } = 0$ since $Z$ depends only on $x$ and $y$ andd all $\eta _ { j } = 0$ , $j = 1 \ldots 3$ when we take the limits of the n’th compositions, $( I _ { j } ) _ { n } \to 0$ as $n \to \infty$ .

In the transformed PDE from the Navier Stokes equations we have checked that in the matrix transformations $M ( \vec { u } )$ and $M ( \vec { b } )$ earlier defined and operated succesively on the Navier Stokes equations that $2 u _ { z } M ( \vec { b } ) \vec { G } _ { 1 } = 2 u _ { z } \Big [ b _ { 1 } \nabla u _ { x } \ .$ $\nabla u _ { z } + b _ { 2 } \nabla u _ { y } \cdot \nabla u _ { z } \mathbf { ] }$

**Singularity Analysis of Lambert W Expression**

**1. Function**

$$
W \biggl ( \frac { - e ^ { - g ( x , y ) - \xi ( z ) - 1 } } { - \sin ( G ( z ) - z ) + 1 - \epsilon _ { 3 } } \biggr )
$$

Let $\epsilon _ { 3 } = 1$ . Simplify the denominator:

$$
- \sin ( G ( z ) - z ) + 1 - 1 = - \sin ( G ( z ) - z )
$$

So the argument becomes:

$$
u ( x , y , z ) = { \frac { - e ^ { - g ( x , y ) - \xi ( z ) - 1 } } { - \sin ( G ( z ) - z ) } } = { \frac { e ^ { - g ( x , y ) - \xi ( z ) - 1 } } { \sin ( G ( z ) - z ) } }
$$

**2. Branch singularity condition**

For the Lambert W function:

$$
u = - { \frac { 1 } { e } }
$$

So set:

$$
{ \frac { e ^ { - g - \xi - 1 } } { \sin ( G ( z ) - z ) } } = - { \frac { 1 } { e } }
$$

**3. Solve the condition**

Multiply both sides:

$$
e ^ { - g - \xi - 1 } = - { \frac { \sin ( G ( z ) - z ) } { e } }
$$

Multiply by $e$

$$
e ^ { - g ( x , y ) - \xi ( z ) } = - \sin ( G ( z ) - z )
$$

**4. Final condition (branch singularity)**

$$
\boxed{ e ^ { - g ( x , y ) - \xi ( z ) } = - \sin \big ( G ( z ) - z \big )}
$$

This is the exact condition where derivatives become singular.

**5. Feasibility**

Left-hand side:

$$
e ^ { - g - \xi } > 0
$$

So we must have:

$$
- \sin ( G ( z ) - z ) > 0 \Rightarrow \sin ( G ( z ) - z ) < 0
$$

**6. Conclusion**

$$
\boxed{\text{Branch singularities DO exist for real variables.}}
$$

They occur when both:

- $\sin ( G ( z ) - z ) < 0$\

- $\ e ^ { - g ( x , y ) - \xi ( z ) } = - \sin ( G ( z ) - z )$

**7. Additional singularities**

Denominator:

$$
\sin ( G ( z ) - z ) = 0
$$

Then:

$$
u \to \infty
$$

So:

$$
\boxed{\sin ( G ( z ) - z ) = 0 \Rightarrow \mathrm { f u n c t i o n \ b l o w s \ u p } }
$$

**8. Summary**

Two types of singularities:

1.  Branch singularities (Lambert W)

$$
\boxed{e ^ { - g ( x , y ) - \xi ( z ) } = - \sin ( G ( z ) - z ) , \quad \sin ( G ( z ) - z ) < 0}
$$

Derivatives diverge, function finite.

**(B) Pole singularities**

$$
\boxed{\sin ( G ( z ) - z ) = 0}
$$

Function diverges.

To ensure the mathematical behavior is clearly visible, I have adjusted the coordinate system and label positions. In this version, the Gradient Norm (orange) has been given more vertical space to diverge toward infinity without passing through the legend or any other text.

When we swap the signs of $\epsilon _ { 3 } a n d 1$ so that we have $- 1 + \epsilon _ { 3 }$ instead of $1 - \epsilon _ { 3 }$ see Appendix for the analysis which makes $u _ { z }$ smooth for all spatial and time variables.

**Mathematical Description**

In the context of the 3D Navier-Stokes equations, the criteria for blowup are often expressed through the Beale-Kato-Majda (BKM) condition. A solution remains smooth if:

$$
\int _ { 0 } ^ { T ^ { * } } \| \omega ( \cdot , t ) \| _ { L ^ { \infty } } d t < \infty
$$

where ${ \symbf { \omega } } = \nabla \times { \mathbf u }$ is the vorticity.

The structure shown above depicts a scenario where:

1.  **Energy Conservation:** The $L ^ { 2 }$ norm (energy) and $L ^ { \infty }$ norm of the velocity stay within a finite range.

<figure data-latex-placement="tbp">
<img src="media/aabed8d4bc595e734befa15aea4bc8d375b6c52fec95a9d2e2dba79364771dcd.png" style="height:75.0%" />
<figcaption>Loss of regularity at <span class="math inline"><em>T</em><sup>*</sup></span> . The derivative (orange) diverges as it approaches the singular time, while the velocity amplitude (blue) remains bounded at a finite value.</figcaption>
</figure>

1.  **Enstrophy Blowup:** The $H ^ { 1 }$ norm (enstrophy) or higher Sobolev norms $\| \mathbf { u } \| _ { H ^ { s } }$ diverge.

2.  **Physical Interpretation:** This corresponds to the “shredding” of fluid elements where the velocity is not large, but the shear rates and local rotations become infinitely steep.

The following figure illustrates the difference between Type 1 and Type 2 blowup,

**Mathematical Context**

In the study of 3D Navier-Stokes regularity, we distinguish singularities based on the rate of the $L ^ { \infty }$ norm growth:

• Type I Singularity: Characterized by the Leray scaling. If the solution

<figure data-latex-placement="tbp">
<img src="media/498bb398b626c8f20770d6633f8fc25a6ed311f67a97c0a371af43d61a2aab93.jpg" style="height:75.0%" />
<figcaption>Comparison of Type I and Type <span class="math inline">II</span> blowup profiles in <span class="math inline">𝕋<sup>3</sup></span> . Type I follows the natural scaling of the Navier-Stokes equations, while Type II represents a “super-scaling” singularity.</figcaption>
</figure>

blows up at $T ^ { * }$ , it satisfies:

$$
\operatorname* { s u p } _ { t \in [ 0 , T ^ { * } ) } ( T ^ { * } - t ) ^ { 1 / 2 } \| \mathbf { u } ( \cdot , t ) \| _ { L ^ { \infty } } < \infty
$$

These are often associated with potential self-similar blowup solutions.

• Type II Singularity: Any blowup that is not Type I. The norm grows faster than the natural scaling:

$$
\operatorname* { \lim } _ { t \to T ^ { * } } ( T ^ { * } - t ) ^ { 1 / 2 } \| \mathbf { u } ( \cdot , t ) \| _ { L ^ { \infty } } = \infty
$$

Type II blowup is known to occur in other nonlinear evolution equations (like the energy-critical wave equation) and remains a subject of intense research for Navier-Stokes.

# Proof that $b _ { 1 } + b _ { 2 } = 0$ through foliations $y =$ $x + C$ where $C \in \mathbb R$

We are given the velocity components

$$
u _ { y } = \frac { 1 } { f _ { 2 } ( x , z , t ) } , \quad u _ { x } = \frac { 1 } { f _ { 1 } ( y , z , t ) } .
$$

We also consider a foliation of the form

$$
y = x + C , \quad \forall C \in \mathbb { R } .
$$

We want to prove that if

$$
f_2 = -f_1 \text{ along the foliation},
$$

then

$$
u _ { y } + u _ { x } = 0 .
$$

**Step 1: Substitute the foliation**

Along a leaf $y = x + C$ , we have

$$
u _ { x } = \frac { 1 } { f _ { 1 } ( y , z , t ) } = \frac { 1 } { f _ { 1 } ( x + C , z , t ) } ,
$$

and

$$
u _ { y } = \frac { 1 } { f _ { 2 } ( x , z , t ) } .
$$

**Step 2: Impose the condition $f _ { 2 } = - f _ { 1 }$**

We are given that along the foliation

$$
f _ { 2 } ( x , z , t ) = - f _ { 1 } ( y , z , t ) = - f _ { 1 } ( x + C , z , t ) .
$$

Hence,

$$
u _ { y } = \frac { 1 } { f _ { 2 } ( x , z , t ) } = \frac { 1 } { - f _ { 1 } ( x + C , z , t ) } = - \frac { 1 } { f _ { 1 } ( x + C , z , t ) } .
$$

**Step 3: Add $u _ { x } + u _ { y }$**

$$
u _ { y } + u _ { x } = - \frac { 1 } { f _ { 1 } ( x + C , z , t ) } + \frac { 1 } { f _ { 1 } ( x + C , z , t ) } = 0 .
$$

**Step 4: Conclusion**

Therefore, on a foliation $y = x + C$ , if

$$
f _ { 2 } ( x , z , t ) = - f _ { 1 } ( y , z , t ) ,
$$

then the sum of the velocities in the $x$ and $y$ directions vanishes:

$$
\begin{array} { r } { \boxed { u _ { y } + u _ { x } = 0 } . } \end{array}
$$

This result holds pointwise along each leaf of the foliation. The crucial point is the matching of the arguments along the foliation.

# Proof of the Conditions for Vanishing of the Gradient Expression: $2 u_z M(\vec{b}) \vec{G}_1$

Consider the expression

$$
\begin{align}
E ( x , y , z , t ) &:= \big ( \nabla ( - 1 / f _ { 2 } ( x , z , t ) ) \cdot \nabla ( 1 / f _ { 3 } ( x , y , t ) ) \big ) b _ { 2 } \notag \\
&\quad {} + b _ { 1 } \big ( \nabla ( 1 / f _ { 1 } ( y , z , t ) ) \cdot \nabla ( 1 / f _ { 3 } ( x , y , t ) ) \big ) ,
\end{align}
$$

where the gradients $\nabla$ act only on the spatial variables $x, y, z$. Also in the original solution $u_y = \frac{1}{\eta_2+f_2(-x,z,t)}$ and $u_x = \frac{1}{\eta_1+f_1(y,z,t)}$. We assume that $f_2$ is odd in $x$ for all $x, z$ and $t$.

**Step 1: Expand the gradients**

We have, for a scalar function $f ( x , y , z , t )$ ,

$$
\nabla ( 1 / f ) = - \frac { \nabla f } { f ^ { 2 } } .
$$

Therefore:

$$
\begin{aligned}
\nabla\bigl( -\tfrac{1}{f_2(x,z,t)} \bigr) &= \frac{\nabla f_2(x,z,t)}{f_2(x,z,t)^2}, \\
\nabla\bigl( \tfrac{1}{f_1} \bigr) &= - \frac{\nabla f_1}{f_1^2}, \\
\nabla\bigl( \tfrac{1}{f_3} \bigr) &= - \frac{\nabla f_3}{f_3^2}.
\end{aligned}
$$

Substituting into $E$ gives

$$
\begin{array} { l } { E = \Big ( \frac { \nabla f _ { 2 } } { f _ { 2 } ^ { 2 } } \cdot \big ( { - \frac { \nabla f _ { 3 } } { f _ { 3 } ^ { 2 } } } \big ) \Big ) b _ { 2 } + b _ { 1 } \Big ( { - \frac { \nabla f _ { 1 } } { f _ { 1 } ^ { 2 } } \cdot \big ( { - \frac { \nabla f _ { 3 } } { f _ { 3 } ^ { 2 } } } \big ) } \Big ) } \\ { = - \frac { b _ { 2 } } { f _ { 2 } ^ { 2 } f _ { 3 } ^ { 2 } } \nabla f _ { 2 } \cdot \nabla f _ { 3 } + \frac { b _ { 1 } } { f _ { 1 } ^ { 2 } f _ { 3 } ^ { 2 } } \nabla f _ { 1 } \cdot \nabla f _ { 3 } } \\ { = \frac { 1 } { f _ { 3 } ^ { 2 } } \Big ( \frac { b _ { 1 } \nabla f _ { 1 } \cdot \nabla f _ { 3 } } { f _ { 1 } ^ { 2 } } - \frac { b _ { 2 } \nabla f _ { 2 } \cdot \nabla f _ { 3 } } { f _ { 2 } ^ { 2 } } \Big ) . } \end{array}
$$

**Step 2: Apply the transformation $y = x + C$**

Let

$$
F ( x , z , t ) : = f _ { 1 } ( x + C , z , t ) .
$$

Then

$$
\begin{array} { r } { f _ { 1 } ( y , z , t ) = F ( x , z , t ) , \qquad \nabla f _ { 1 } ( y , z , t ) = \partial _ { y } f _ { 1 } \hat { y } + \partial _ { z } f _ { 1 } \hat { z } = \nabla F ( x , z , t ) , } \end{array}
$$

and similarly for $f _ { 2 }$ if $f _ { 2 } ( x , z , t ) = f _ { 1 } ( y , z , t )$ .

Assume

$$
f _ { 2 } ( x , z , t ) = f _ { 1 } ( y , z , t ) = F ( x , z , t ) ,
$$

then

$$
\nabla f _ { 2 } = \nabla F , \qquad f _ { 2 } ^ { 2 } = F ^ { 2 } , \qquad f _ { 1 } ^ { 2 } = F ^ { 2 } .
$$

**Step 3: Substitute $f _ { 1 } = f _ { 2 } = F$**\
Under these assumptions, the expression inside the parentheses becomes

$$
\frac { b _ { 1 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } - \frac { b _ { 2 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } = \frac { ( b _ { 1 } - b _ { 2 } ) \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } .
$$

Hence

$$
E = \frac { 1 } { f _ { 3 } ^ { 2 } } \cdot \frac { ( b _ { 1 } - b _ { 2 } ) \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } .
$$

**Step 4: Determine condition for $E = 0$**

For $E$ to vanish identically for all $x , y , z , t$ , we require

$$
b _ { 1 } - b _ { 2 } = 0 \quad \Rightarrow \quad b _ { 1 } = b _ { 2 } .
$$

Alternatively, if one wants to allow opposite signs,( $f _ { 2 }$ is not odd in $x$ ) then

$$
b _ { 1 } = - b _ { 2 }
$$

requires a corresponding flip in the definition of $f _ { 2 }$ ; i.e., if $f _ { 2 } = - f _ { 1 }$ , then

$$
\begin{align}
{ E } &= { \frac { 1 } { f _ { 3 } ^ { 2 } } } \left( { \frac { b _ { 1 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } } - { \frac { b _ { 2 } \nabla ( - F ) \cdot \nabla f _ { 3 } } { F ^ { 2 } } } \right) \notag \\
&= { \frac { 1 } { f _ { 3 } ^ { 2 } } } \left( { \frac { b _ { 1 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } } + { \frac { b _ { 2 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } } \right) \notag \\
&= { \frac { ( b _ { 1 } + b _ { 2 } ) \nabla F .\nabla f _{ 3 } } { F ^ { 2 } f _ { 3 } ^ { 2 } } }
\end{align}
$$

Hence in this case, the vanishing condition is

$$
b _ { 1 } + b _ { 2 } = 0 \quad \Rightarrow \quad b _ { 1 } = - b _ { 2 } .
$$

**Step 5: Conclusion**

Under $y = x + C$ , setting $f _ { 2 } = f _ { 1 }$ requires

$$
b _ { 1 } = b _ { 2 }
$$

to make the expression vanish identically.

Under $y = x + C$ , setting $f _ { 2 } = - f _ { 1 }$ requires

$$
b _ { 1 } = - b _ { 2 }
$$

to make the expression vanish identically.

Thus, the choice $f _ { 2 } = - f _ { 1 }$ together with $b _ { 1 } = - b _ { 2 }$ indeed ensures

$$
\left( \nabla ( - 1 / f _ { 2 } ) \cdot \nabla ( 1 / f _ { 3 } ) \right) b _ { 2 } + b _ { 1 } ( \nabla ( 1 / f _ { 1 } ) \cdot \nabla ( 1 / f _ { 3 } ) ) = 0
$$

for all $x , y , z , t$ , provided $f _ { 1 }$ and $f _ { 3 }$ are sufficiently smooth and nonzero in their domains.

The nonlinear inertial term:

$$
\begin{array} { r l } & { u _ { z } \vec { b } \cdot \nabla ( \vec { b } u _ { z } ) = u _ { z } b _ { 3 } ( b _ { 1 } + b _ { 2 } ) + u _ { z } ^ { 2 } b _ { 1 } \frac { \partial b _ { 3 } } { \partial x } + u _ { z } ^ { 2 } b _ { 2 } \frac { \partial b _ { 3 } } { \partial y } } \\ & { \qquad + b _ { 3 } ^ { 2 } \frac { \partial u _ { z } } { \partial z } + u _ { z } b _ { 3 } \frac { \partial b _ { 3 } } { \partial z } \qquad } \end{array}
$$

where the operator $L$ is zero exactly,

$$
L = u _ { z } b _ { 3 } ( b _ { 1 } + b _ { 2 } ) + u _ { z } ^ { 2 } b _ { 1 } \frac { \partial b _ { 3 } } { \partial x } + u _ { z } ^ { 2 } b _ { 2 } \frac { \partial b _ { 3 } } { \partial y } \equiv 0
$$

when $b _ { 1 } = b _ { 2 }$ , $f _ { 2 }$ is odd in $x$ and $x = y + C$ is a foliation on $\mathbb { R } ^ { 3 }$ . Note that $u _ { z }$ is a function of $x , y$ and $t$ . So from the begiining of the paper we wrote that:

$$
\xi = - \omega _ { 2 } ^ { 2 } z - \omega t - 1
$$

so for $\eta ^ { \prime } s$ to vanish we must have a relationship between $z$ and $t$ here so that $\xi = - 1$ and $W ( - \mathrm { e } ^ { - 1 } ) + 1 = 0$ . So for the derivative of $u _ { z }$ wrt to $z$ we express it as a derivative wrt to $t$ $\begin{array} { r } { \frac { d t } { d z } = - \omega _ { 2 } ^ { 2 } / \omega } \end{array}$ HHere $\omega < 0$ which is physical as the rotation of fluid woud be in the counterclockwise direction.

**Interpretation**

This cancellation is structural. The numerator becomes an exact antisymmetric pair, while the denominator remains finite away from zeros. Therefore the expression collapses identically to zero under the stated transformation.

# Proof that $M(\vec{b}_1) S_1 = 0$

We are given

$$
V _ { 1 } = \frac { \partial u _ { z } } { \partial y } + \frac { \partial u _ { y } } { \partial z } , \quad V _ { 2 } = \frac { \partial u _ { z } } { \partial x } + \frac { \partial u _ { x } } { \partial z } .
$$

Assume a plane foliation

$$
y = x + C , \quad C \in \mathbb { R } .
$$

**Step 1: Express derivatives along the plane.**

Along the plane, any function $f ( x , y , z , t )$ can be written as $f ( x , x + C , z , t )$ Therefore,

$$
{ \frac { \partial f } { \partial y } } = { \frac { \partial f } { \partial x } } .
$$

Hence,

$$
\frac { \partial u _ { z } } { \partial y } = \frac { \partial u _ { z } } { \partial x } .
$$

**Step 2: Equality of $V _ { 1 }$ and $V _ { 2 }$:**

Similarly, along the plane,

$$
\frac { \partial u _ { y } } { \partial z } = \frac { \partial u _ { x } } { \partial z } .
$$

Thus, along the plane $y = x + C$ ,

$$
V _ { 1 } = \frac { \partial u _ { z } } { \partial y } + \frac { \partial u _ { y } } { \partial z } = \frac { \partial u _ { z } } { \partial x } + \frac { \partial u _ { x } } { \partial z } = V _ { 2 } .
$$

# Collection of terms with Pressure $P$ and $u_z$ defining $(f_a)_z$ (force in $z$ direction)

We have a left over term in the Navier Stokes transformed equation given as:

$$
\left( f _ { a } \right) _ { z } = b _ { 3 } P \frac { \partial u _ { z } } { \partial z } - u _ { z } \frac { \partial P b _ { 3 } } { \partial z }
$$

However from the section $\ l ( \ )$ on matrix transformations for the forcing term in the Navier Stokes equations we calculated it as:

$$
\left[ M ( \vec { b } ) \left[ M ( \vec { u } ) \vec { f } \right] \right] _ { 3 } = b _ { 2 } \left( u _ { z } f _ { x } + u _ { y } f _ { y } \right) + b _ { 1 } \left( u _ { z } f _ { x } + u _ { x } f _ { z } \right)
$$

where here we have calculated the third component to align with Equation (6) in \[1\].

and noting that due to the continuity equation ∂uz = 0 since partial derivatives of $u _ { x }$ and $u _ { y }$ wrt to $x$ and $y$ respectively are zero by construction, we have this

to hold true.

Thus we have:

$$
( f _ { a } ) _ { 3 } = - u _ { z } \frac { \partial P b _ { 3 } } { \partial z }
$$

and this is precisely,

$$
b _ { 1 } u _ { x } f _ { z } = - u _ { z } b _ { 3 } { \frac { \partial P } { \partial z } }
$$

But $b _ { 1 } u _ { x } = u _ { z } b _ { 3 }$

and I arrive at the fundamental fluid dynamics equation for force $f _ { z }$ in the $z$ direction of flow :

$$
f _ { z } = - \frac { \partial P } { \partial z }
$$

Here the dimension of the right side are in terms of force per unit time. Here $P = F / L ^ { 2 }$ .

# Conclusion

This work has developed a structured analytical framework for the study of the three-dimensional incompressible Navier-Stokes equations based on recursive functional compositions, algebraic transformations of nonlinear terms, and explicit characteristic solutions. The analysis demonstrates that a large class of nonlinear transport structures arising within the Navier-Stokes equations can be reduced to tractable scalar evolution equations whose solutions admit closed-form representations in terms of the Lambert $W$ function.

A central component of the framework is the recursive construction of composed Lambert $W$ functions and the derivation of compact formulas for their higher order derivatives. These derivatives factor into finite products of algebraic terms of the form $( 1 + W _ { j } )$ , revealing an exact multiplicative structure that governs the growth and regularity of the resulting solutions. The recursive nature of these expressions provides a natural hierarchy of differential relations in which higher-order behavior is determined by explicit algebraic factors rather than uncontrolled nonlinear interactions.

Through successive row-operation transformations applied to the Navier-Stokes equations, a sequence of derived vector fields was constructed that preserves the differential structure of the original system. These transformations expose hidden symmetries in the nonlinear inertial terms and produce a hierarchy of transport equations that remain closed under differentiation and multiplication. The resulting system provides a transparent representation of nonlinear interactions among velocity components and clarifies the role of mixed-product terms in the evolution of gradients.

A key structural identity established in this analysis is the exact equality between nonlinear gradient production and viscous diffusion mechanisms. In the transformed variables, the nonlinear amplification of gradients is balanced pointwise by the smoothing action of the Laplacian operator, yielding a net divergence field. On periodic domains, this divergence structure integrates to zero, providing a global constraint on the evolution of gradient energy and demonstrating that the dominant nonlinear and diffusive mechanisms remain in precise algebraic balance.

Explicit solutions of the reduced scalar transport equations were obtained using the method of characteristics and expressed in closed form through the Lambert $W$ function. These solutions reveal a precise mathematical mechanism governing loss of regularity. In particular, the analysis shows that singular behavior is associated with the branch structure of the Lambert $W$ function rather than unbounded growth of the solution itself. When the argument of the Lambert function approaches its critical branch value, the derivative of the solution diverges while the solution amplitude remains finite. This establishes a clear distinction between boundedness of the velocity field and smoothness of its spatial derivatives.

The introduction of shifted trigonometric denominator structures provides an explicit criterion for preventing finite-time singularities. Because the sine function is uniformly bounded, the addition of a sufficiently large positive shift ensures that denominators remain strictly nonzero for all finite times. Under this condition, the coefficients of nonlinear quadratic terms remain smooth and bounded, guaranteeing global regularity of the corresponding velocity component. Conversely, when the effective shift parameter approaches the critical threshold at which the denominator vanishes, gradient amplification may occur and lead to loss of differentiability.

Taken together, these results establish a coherent analytical picture in which nonlinear amplification, diffusive smoothing, and algebraic functional structure are linked through explicit formulas. The recursive Lambert $W$ hierarchy provides a tractable representation of nonlinear transport dynamics, while the transformed Navier-Stokes system reveals the exact balance governing gradient evolution. The framework therefore offers a mathematically transparent mechanism for analyzing the formation of non-smooth behavior in nonlinear fluid equations.

Future work may extend this approach to broader classes of nonlinear partial differential equations, investigate stability properties of the constructed solutions, and explore the role of recursive functional structures in turbulence modeling and multiscale fow dynamics. In particular, further investigation of branch-point dynamics and gradient growth mechanisms may provide deeper insight into the fundamental relationship between bounded solutions and loss of regularity in high-dimensional nonlinear systems.

# Appendix

**Step 1: Set $\mathrm { P } = 0$**

$$
- 1 + \epsilon _ { 3 } - \sin ( H ) = 0
$$

$$
\sin ( H ) = \epsilon _ { 3 } - 1
$$

**Step 2: Use the sine range**

$$
\begin{array} { c } { { - 1 \leq \sin ( H ) \leq 1 } } \\ { { } } \\ { { - 1 \leq \epsilon _ { 3 } - 1 \leq 1 } } \end{array}
$$

**Step 3: Solve the inequality**

$$
0 \le \epsilon _ { 3 } \le 2
$$

**Step 4: Interpretation**\
• If $0 \le \epsilon _ { 3 } \le 2$ , then there exists $H$ such that $P = 0$ .\
• If $\epsilon _ { 3 } < 0$ , then $\epsilon _ { 3 } - 1 < - 1$ , so no solution exists.

**Conclusion:**

$$
P \neq 0 { \mathrm { ~ f o r ~ a l l ~ } } H \quad { \mathrm { o n l y ~ i f } } \quad \epsilon _ { 3 } < 0
$$

$$
\mathrm { C o r r e c t \ s t a t e m e n t : } \ - 2 < \epsilon _ { 3 } < 0 \Rightarrow P \neq 0
$$

Sign of $P$ when $- 2 < \epsilon _ { 3 } < 0$

$$
P = - 1 + \epsilon _ { 3 } - \mathrm { s i n } ( H ) = ( \epsilon _ { 3 } - 1 ) - \mathrm { s i n } ( H )
$$

Bounds:

$$
\begin{array} { c } { { - 2 < \epsilon _ { 3 } < 0 \Rightarrow - 3 < \epsilon _ { 3 } - 1 < - 1 } } \\ { { { } } } \\ { { - 1 \leq \sin ( H ) \leq 1 } } \end{array}
$$

Maximum of $P$ :

$$
P _ { \mathrm { m a x } } = ( \epsilon _ { 3 } - 1 ) - ( - 1 ) = \epsilon _ { 3 }
$$

Since $\epsilon _ { 3 } < 0$

$$
P _ { \mathrm { m a x } } < 0
$$

Conclusion:

$$
P < 0 \mathrm { ~ f o r ~ a l l ~ } H \mathrm { ~ w h e n ~ } - 2 < \epsilon _ { 3 } < 0
$$

1.  Case: $Q = 1 - \epsilon _ { 3 } - \mathrm { s i n } ( H )$

$$
Q = ( 1 - \epsilon _ { 3 } ) - \sin ( H )
$$

$$
- 1 \leq \sin ( H ) \leq 1
$$

Minimum occurs at $\sin ( H ) = 1$ :

$$
Q _ { \operatorname* { \min } } = ( 1 - \epsilon _ { 3 } ) - 1 = - \epsilon _ { 3 }
$$

Require:

$$
Q _ { \mathrm { \min } } > 0
$$

$$
- \epsilon _ { 3 } > 0
$$

$$
\boxed{ \epsilon _ { 3 } < 0}
$$

# Row Operations Reducing $(\vec{u} \cdot \nabla) \vec{u}$ to $\vec{b} \cdot \nabla \vec{b}$

The analysis developed in the following sections establishes a structured algebraic framework for transforming the nonlinear terms of the three-dimensional Navier-Stokes equations through successive row operations and product-rule identities. The starting point is the convective operator

$$
( \vec { u } \cdot \nabla ) \vec { u } ,
$$

which represents the transport of momentum by the velocity field itself. This quadratic nonlinearity is the principal source of complexity in the Navier-Stokes equations and plays a central role in the formation of vorticity, gradient amplification, and energy transfer across spatial scales. Standard treatments of the mathematical structure of the Navier-Stokes equations and their nonlinear transport mechanisms can be found in classical references such as Ladyzhenskaya \[7\], Temam \[8\], and Constantin and Foias \[9\].

The transformations introduced here rely on elementary but powerful operations: multiplication of equations by scalar fields, addition of vector components, and systematic application of the product rule. These operations generate derived vector fields of increasing algebraic order, beginning with

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}, \qquad \vec{a} = u_z \vec{b},
$$

and leading to a hierarchy of transport operators of the form

$$
( \vec { u } \cdot \nabla ) \vec { u } \  \ ( \vec { b } \cdot \nabla ) \vec { b } \  \ ( \vec { b } \cdot \nabla ) \vec { a } .
$$

Such constructions are consistent with the general theory of nonlinear evolution equations, where higher-order composite variables are often introduced to reveal hidden conservation or cancellation structures. The use of product identities and differential operator transformations is a standard technique in the analysis of nonlinear partial differential equations; see Evans \[3\].

A central mathematical ingredient in the present formulation is the Laplacian product rule,

$$
\Delta ( f g ) = f \Delta g + g \Delta f + 2 \nabla f \cdot \nabla g ,
$$

which governs the interaction between diffusion and nonlinear gradient terms in viscous flows. This identity allows the viscous term $\nu \Delta \vec { u }$ to be expressed in terms of transformed vector fields and gradient coupling terms, revealing an explicit decomposition into diffusion, production, and transport components. Similar decompositions arise in energy and enstrophy balance equations for incompressible flows and are fundamental in the mathematical theory of turbulence and regularity; see Doering and Gibbon \[10\].

The resulting hierarchy leads naturally to a structural balance between nonlinear production terms and viscous diffusion terms. In the present framework, this balance takes the exact algebraic form

$$
M ( \vec { b } ) { \bf G } _ { 1 } = u _ { z } \Delta \vec { b } ,
$$

which implies that the residual field becomes a pure divergence. On a periodic domain such as the three-dimensional torus $T ^ { 3 }$ , the divergence theorem then yields

$$
\int _ { T ^ { 3 } } \nabla \cdot \left( { \mathrm { p e r i o d i c ~ f i e l d } } \right) d V = 0 ,
$$

a fundamental property used extensively in the analysis of periodic solutions and energy conservation in incompressible fluid dynamics. Periodic boundary formulations of this type are standard in both analytical and computational studies of the Navier-Stokes equations; see Constantin and Foias \[9\] and Temam \[8\].

The transformations presented below therefore provide an algebraically exact mechanism for reorganizing the full Navier-Stokes system into a hierarchical sequence of transport equations in derived variables. Each step preserves the differential structure of the governing equations while exposing cancellation identities and divergence forms that are not immediately apparent in the original formulation. This perspective is closely related to classical balance-law methods and modern structural analyses of nonlinear fluid equations.

Let the velocity field be

$$
\begin{array} { r } { \vec { u } = ( u _ { x } , u _ { y } , u _ { z } ) , \qquad \nabla = ( \partial _ { x } , \partial _ { y } , \partial _ { z } ) . } \end{array}
$$

**1. Convective terms of the three momentum equations**

The inertial part of the Navier-Stokes equations is

$$
( \vec { u } \cdot \nabla ) \vec { u } .
$$

Define the vector of convective components:

$$
\mathcal{I}(\vec{u}) = \begin{pmatrix} I_x \\ I_y \\ I_z \end{pmatrix} = \begin{pmatrix} u_x \partial_x u_x + u_y \partial_y u_x + u_z \partial_z u_x \\ u_x \partial_x u_y + u_y \partial_y u_y + u_z \partial_z u_y \\ u_x \partial_x u_z + u_y \partial_y u_z + u_z \partial_z u_z \end{pmatrix}.
$$

These represent the three rows on which row operations will be applied.

**2. Row operations**

Operation A (produces the $k$ component) Multiply the $x$ -equation by $u _ { y }$ , multiply the $y$ -equation by $u _ { x }$ , and add:

$$
R _ { k } = u _ { y } I _ { x } + u _ { x } I _ { y } .
$$

Operation $\mathbf { B }$ (produces the $_ i$ component) Multiply the $y$ equation by $u _ { z }$ , multiply the $z$ -equation by $u _ { y }$ , and add:

$$
R _ { i } = u _ { z } I _ { y } + u _ { y } I _ { z } .
$$

Operation $\mathbf { C }$ (produces the $j$ component) Multiply the $x$ -equation by $u _ { z }$ , multiply the $z$ -equation by $u _ { x }$ , and add:

$$
\begin{array} { r } { R _ { j } = u _ { z } I _ { x } + u _ { x } I _ { z } . } \end{array}
$$

**3. Matrix representation of the row operations**

Collecting the operations into vector form gives

$$
\begin{pmatrix} R_i \\ R_j \\ R_k \end{pmatrix} = \underbrace{\begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}}_{M(\vec{u})} \begin{pmatrix} I_x \\ I_y \\ I_z \end{pmatrix}.
$$

Thus the complete set of row operations is

$$
\vec { R } = M ( \vec { u } ) ( \vec { u } \cdot \nabla ) \vec { u } .
$$

**4. Product rule**

Consider the $k$ -component:

$$
{ R _ { k } } = u _ { y } ( \vec { u } \cdot \nabla ) u _ { x } + u _ { x } ( \vec { u } \cdot \nabla ) u _ { y } .
$$

Using the product rule,

$$
( \vec { u } \cdot \nabla ) ( u _ { x } u _ { y } ) = u _ { y } ( \vec { u } \cdot \nabla ) u _ { x } + u _ { x } ( \vec { u } \cdot \nabla ) u _ { y } .
$$

Therefore,

$$
R _ { k } = ( \vec { u } \cdot \nabla ) ( u _ { x } u _ { y } ) .
$$

Similarly,

$$
\begin{array} { r l } & { R _ { i } = ( \vec { u } \cdot \nabla ) ( u _ { y } u _ { z } ) , } \\ & { } \\ & { R _ { j } = ( \vec { u } \cdot \nabla ) ( u _ { x } u _ { z } ) . } \end{array}
$$

Hence,

$$
\vec{R} = (\vec{u} \cdot \nabla) \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$

**5. Definition of the vector field $\vec { b }$**

Define

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$

Then the result of the row operations is

$$
\boxed { \vec { R } = ( \vec { u } \cdot \symbf { \nabla } ) \vec { b } }
$$

**6. Second application of the same row operations**

Define

$$
\vec { J } = ( \vec { u } \cdot \nabla ) \vec { b } .
$$

Apply the same pairwise operations again, but now using the components of $\vec { b }$ .

$$
\boxed{( \vec { b } \cdot \nabla ) \vec { b } = M ( \vec { b } ) ( \vec { u } \cdot \nabla ) \vec { b }}
$$

where

$$
M(\vec{b}) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix}.
$$

**7. Complete hierarchy**

$$
\begin{array} { r } { \boxed { ( \vec { u } \cdot \nabla ) \vec { u } \xrightarrow { M ( \vec { u } ) } ( \vec { u } \cdot \nabla ) \vec { b } \xrightarrow { M ( \vec { b } ) } ( \vec { b } \cdot \nabla ) \vec { b } } } \end{array}
$$

**Construction of $( \vec { b } \cdot \nabla ) \vec { a }$ from $( \vec { b } \cdot \nabla ) \vec { b }$**

**Step 1 — Definitions**

Let

$$
\begin{array} { r } { \vec { u } = ( u _ { x } , u _ { y } , u _ { z } ) , \qquad \nabla = ( \partial _ { x } , \partial _ { y } , \partial _ { z } ) . } \end{array}
$$

Define

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}, \qquad \vec{a} = u_z \vec{b}.
$$

Componentwise:

$$
a _ { i } = u _ { z } b _ { i } .
$$

Assume that $\vec { u }$ is sufficiently smooth (for example $C ^ { 1 }$ ) so that all derivatives below are well-defined.

**Step 2 — The inertial operator acting on $\vec { b }$**

The nonlinear transport operator is

$$
( \vec { b } \cdot \nabla ) \vec { b } .
$$

Componentwise:

$$
\left( ( \vec { b } \cdot \nabla ) \vec { b } \right) _ { i } = b _ { j } \partial _ { j } b _ { i } .
$$

**Step 3 — Multiply by $u _ { z }$**

Multiply the entire vector equation by $u _ { z }$ .

$$
u _ { z } ( \vec { b } \cdot \nabla ) \vec { b } .
$$

Componentwise:

$$
u _ { z } b _ { j } \partial _ { j } b _ { i } .
$$

**Step 4 — Multiply the $z$ -momentum equation by $\vec { b }$**

The $z$ -component inertial term is

$$
( \vec { b } \cdot \nabla ) u _ { z } = b _ { j } \partial _ { j } u _ { z } .
$$

Multiply this scalar equation by the vector $\vec { b }$ .

$$
\vec { b } ( \vec { b } \cdot \nabla ) u _ { z } .
$$

Componentwise:

$$
b _ { i } b _ { j } \partial _ { j } u _ { z } .
$$

**Step 5 — Add the two expressions**

Add the results from Steps 3 and 4:

$$
u _ { z } b _ { j } \partial _ { j } b _ { i } + b _ { i } b _ { j } \partial _ { j } u _ { z } .
$$

Factor the common term $b _ { j }$ .

$$
b _ { j } \left( u _ { z } \partial _ { j } b _ { i } + b _ { i } \partial _ { j } u _ { z } \right) .
$$

**Step 6 — Apply the product rule**

For each component:

$$
\partial _ { j } ( u _ { z } b _ { i } ) = u _ { z } \partial _ { j } b _ { i } + b _ { i } \partial _ { j } u _ { z } .
$$

Substitute:

$$
b _ { j } \partial _ { j } ( u _ { z } b _ { i } ) .
$$

**Step 7 — Recognize the transported vector field**

Since

$$
a _ { i } = u _ { z } b _ { i } ,
$$

we obtain

$$
b _ { j } \partial _ { j } a _ { i } .
$$

Thus the vector identity holds:

$$
\boxed{u_z (\vec{b} \cdot \nabla) \vec{b} + \vec{b} (\vec{b} \cdot \nabla) u_z = (\vec{b} \cdot \nabla) \vec{a}}
$$

where

$$
\boxed{\vec{a} = u_z \vec{b}}
$$

**Step 8 Fully expanded component form**

For completeness:

$$
\begin{array} { r l } & { \big ( ( \vec { b } \cdot \nabla ) \vec { a } \big ) _ { i } = b _ { j } \partial _ { j } a _ { i } } \\ & { \quad \quad = b _ { j } \partial _ { j } \big ( u _ { z } b _ { i } \big ) } \\ & { \quad \quad = b _ { j } \big ( u _ { z } \partial _ { j } b _ { i } + b _ { i } \partial _ { j } u _ { z } \big ) } \\ & { \quad \quad = u _ { z } b _ { j } \partial _ { j } b _ { i } + b _ { i } b _ { j } \partial _ { j } u _ { z } . } \end{array}
$$

This matches exactly the sum of

$$
u _ { z } ( \vec { b } \cdot \nabla ) \vec { b }
$$

and

$$
\vec { b } ( \vec { b } \cdot \nabla ) u _ { z } .
$$

**Final Transformation identity**

$$
\boxed{u_z (\vec{b} \cdot \nabla) \vec{b} + \vec{b} (\vec{b} \cdot \nabla) u_z = (\vec{b} \cdot \nabla) (u_z \vec{b})}
$$

or equivalently

$$
\boxed{\vec{b} \cdot \nabla \vec{a} \quad \text{with} \quad \vec{a} = u_z \vec{b}}
$$

**Structural interpretation**

We obtain the transport hierarchy

$$
( \vec { u } \cdot \nabla ) \vec { u } ~  ~ ( \vec { b } \cdot \nabla ) \vec { b } ~  ~ ( \vec { b } \cdot \nabla ) \vec { a } , ~ \vec { a } = u _ { z } \vec { b } .
$$

Each step is generated purely by

- multiplication by a scalar field,

- addition of equations,

- the product rule.

Thus the construction is algebraically exact.

# Extension of the Row-Operation Construction to All Navier-Stokes Terms

**1. The full 3D Navier-Stokes equations**

Let

$$
\begin{array} { r } { \vec { u } = ( u _ { x } , u _ { y } , u _ { z } ) , \qquad \nabla = ( \partial _ { x } , \partial _ { y } , \partial _ { z } ) . } \end{array}
$$

The Navier-Stokes equations are

$$
\partial _ { t } \vec { u } + ( \vec { u } \cdot \nabla ) \vec { u } = - \nabla p + \nu \Delta \vec { u } + \vec { f } ,
$$

where

- $\nu > 0$ is the viscosity,

- $p$ is the pressure,

- $\vec { f }$ is the external force field.

**2. Transformation operator**

Define the symmetric row-operation matrix

$$
M(\vec{u}) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}.
$$

Applying the three allowed operations (multiplication by scalar fields, addition of equations, and the product rule) is equivalent to multiplying the vector equation by this matrix.

Thus

$$
\symbf { M } ( \vec { u } ) \Big [ \partial _ { t } \vec { u } + ( \vec { u } \cdot \nabla ) \vec { u } \Big ] = \symbf { M } ( \vec { u } ) \Big [ - \nabla p + \nu \Delta { \vec { u } } + \vec { f } \Big ] .
$$

**3. Definition of the derived vector field**

Define

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$

**4. Time derivative transformation**

For one component,

$$
\begin{array} { r } { \partial _ { t } ( u _ { y } u _ { z } ) = u _ { z } \partial _ { t } u _ { y } + u _ { y } \partial _ { t } u _ { z } . } \end{array}
$$

Therefore

$$
\boxed { M ( \vec { u } ) \partial _ { t } \vec { u } = \partial _ { t } \vec { b } }
$$

Thus the time derivative closes under the same operations.

**5. Inertial term transformation**

Previously established:

$$
\boxed{ M ( \vec { u } ) \left[ ( \vec { u } \cdot \nabla ) \vec { u } \right] = ( \vec { u } \cdot \nabla ) \vec { b } }.
$$

Applying the same operations again:

$$
\boxed { M ( \vec { b } ) \Big [ ( \vec { u } \cdot \nabla ) \vec { b } \Big ] = ( \vec { b } \cdot \nabla ) \vec { b } }
$$

Further,

$$
\begin{array} { r } { \boxed { u _ { z } ( \vec { b } \cdot \nabla ) \vec { b } + \vec { b } ( \vec { b } \cdot \nabla ) u _ { z } = ( \vec { b } \cdot \nabla ) \vec { a } } } \end{array}
$$

with

$$
\vec { a } = u _ { z } \vec { b } .
$$

**Successive Matrix Operations on the Viscous Term**

1.  **Navier–Stokes viscous term**

We begin with the viscous term in the three-dimensional Cartesian Navier–Stokes equations:

$$
\nu \Delta \vec{u}.
$$

1.  **Definition of the first derived vector field**

Let

$$
{ \vec { u } } = ( u _ { x } , u _ { y } , u _ { z } ) .
$$

Define the vector field

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$

1.  **First row-operation matrix**

Define the matrix operator

$$
M(\vec{u}) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}.
$$

Applying the matrix to the viscous term:

$$
M ( \vec { u } ) \nu \Delta \vec { u } .
$$

Using the Laplacian product rule for scalar fields:

$$
\Delta ( f g ) = f \Delta g + g \Delta f + 2 \nabla f \cdot \nabla g ,
$$

we obtain componentwise:

$$
M(\vec{u}) \nu \Delta \vec{u} = \nu \Delta \vec{b} - 2\nu \begin{pmatrix} \nabla u_y \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_y \end{pmatrix}.
$$

Define

$$
\mathbf{G}_1 = \begin{pmatrix} \nabla u_y \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_y \end{pmatrix}.
$$

Thus:

$$
\boxed{M(\vec{u}) \nu \Delta \vec{u} = \nu \Delta \vec{b} - 2\nu \mathbf{G}_1}
$$

1.  **Second derived vector field**

Define

$$
\vec { a } = u _ { z } \vec { b } .
$$

1.  **Second row-operation matrix**

Define

$$
M(\vec{b}) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix}.
$$

Apply the second matrix to the result of the first transformation:

$$
M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } .
$$

Focus first on the Laplacian term:

$$
M ( \vec { b } ) \nu \Delta \vec { b } .
$$

1.  **Laplacian product rule for vector fields**

For a scalar field $f$ and vector field $\vec { g }$ .

$$
\Delta ( f \vec { g } ) = f \Delta \vec { g } + \vec { g } \Delta f + 2 \nabla f \cdot \nabla \vec { g } .
$$

Let

$$
f = u _ { z } , \qquad \vec { g } = \vec { b } .
$$

Then:

$$
\Delta ( u _ { z } \vec { b } ) = u _ { z } \Delta \vec { b } + \vec { b } \Delta u _ { z } + 2 \nabla u _ { z } \cdot \nabla \vec { b } .
$$

Rearranging:

$$
u _ { z } \Delta \vec { b } + \vec { b } \Delta u _ { z } = \Delta ( u _ { z } \vec { b } ) - 2 \nabla u _ { z } \cdot \nabla \vec { b } .
$$

Multiplying by $\nu$

$$
\begin{array} { r } { u _ { z } \nu \Delta \vec { b } + \vec { b } \nu \Delta u _ { z } = \nu \Delta \vec { a } - 2 \nu \nabla u _ { z } \cdot \nabla \vec { b } . } \end{array}
$$

1.  **Successive matrix transformation**

Applying both matrices to the original viscous term gives:

$$
\boxed{\begin{array} { r } { M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } = \nu \Delta \vec { a } - 2 \nu \left[ M ( \vec { b } ) \mathbf { G } _ { 1 } + \nabla u _ { z } \cdot \nabla \vec { b } \right] } \end{array}}
$$

where

$$
\vec { a } = u _ { z } \vec { b } ,
$$

and

$$
\mathbf { G } _ { 2 } = M ( \vec { b } ) \mathbf { G } _ { 1 } + \symbf { \nabla } u _ { z } \cdot \symbf { \nabla } \vec { b } .
$$

**Final structural identity**

$$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } = \nu \Delta ( u _ { z } \vec { b } ) - 2 \nu \left[ M ( \vec { b } ) { \bf G } _ { 1 } + \nabla u _ { z } \cdot \nabla \vec { b } \right] }
$$

**Successive Matrix Transformations of the Pressure Gradient Term**

1.  **Pressure gradient term in the Navier–Stokes equations**

The pressure force term in vector form is

$$
- \nabla P = \left( \begin{array} { l } { - \partial _ { x } P } \\ { - \partial _ { y } P } \\ { - \partial _ { z } P } \end{array} \right) .
$$

1.  **Definition of the velocity vector**

Let

$$
{ \vec { u } } = ( u _ { x } , u _ { y } , u _ { z } ) .
$$

1.  **Definition of the first derived vector field**

Define

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$

1.  **Definition of the second derived vector field**

Define

$$
\vec { a } = u _ { z } \vec { b } .
$$

1.  **First row-operation matrix**

Define

$$
M(\vec{u}) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}.
$$

Apply the matrix to the pressure gradient:

$$
M ( \vec { u } ) ( - \nabla P ) .
$$

Compute componentwise.

**First component**

$$
- u _ { z } \partial _ { y } P - u _ { y } \partial _ { z } P .
$$

Apply the product rule:

$$
\partial _ { y } ( u _ { z } P ) = u _ { z } \partial _ { y } P + P \partial _ { y } u _ { z } ,
$$

$$
\partial _ { z } ( u _ { y } P ) = u _ { y } \partial _ { z } P + P \partial _ { z } u _ { y } .
$$

Therefore

$$
- u _ { z } \partial _ { y } P - u _ { y } \partial _ { z } P = - \partial _ { y } ( u _ { z } P ) - \partial _ { z } ( u _ { y } P ) + P ( \partial _ { y } u _ { z } + \partial _ { z } u _ { y } ) .
$$

Thus

$$
M(\vec{u})(-\nabla P) = -\nabla(P\vec{b}) + P \begin{pmatrix} \partial_y u_z + \partial_z u_y \\ \partial_x u_z + \partial_z u_x \\ \partial_x u_y + \partial_y u_x \end{pmatrix}.
$$

Define

$$
\mathbf{S}_1 = \begin{pmatrix} \partial_y u_z + \partial_z u_y \\ \partial_x u_z + \partial_z u_x \\ \partial_x u_y + \partial_y u_x \end{pmatrix}.
$$

Therefore

$$
\boxed{M(\vec{u})(-\nabla P) = -\nabla(P\vec{b}) + P\mathbf{S}_1}
$$

1.  **Second row-operation matrix**

Define

$$
M(\vec{b}) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix}.
$$

Apply the second matrix to the result of the first transformation:

$$
M ( \vec { b } ) M ( \vec { u } ) ( - \nabla P ) .
$$

Focus on the gradient term:

$$
M ( \vec { b } ) ( - \nabla ( P \vec { b } ) ) .
$$

1.  **Product rule for gradient of scalar-vector product**

For scalar $f$ and vector $\vec { g }$ :

$$
\nabla ( f { \vec { g } } ) = f \nabla { \vec { g } } + { \vec { g } } \nabla f .
$$

Let

$$
f = u _ { z } , \qquad \vec { g } = P \vec { b } .
$$

Then

$$
\nabla ( u _ { z } P \vec { b } ) = u _ { z } \nabla ( P \vec { b } ) + P \vec { b } \nabla u _ { z } .
$$

Rearranging:

$$
u _ { z } \nabla ( P \vec { b } ) + P \vec { b } \nabla u _ { z } = \nabla ( P \vec { a } ) .
$$

Therefore

$$
M ( \vec { b } ) ( - \nabla ( P \vec { b } ) ) = - \nabla ( P \vec { a } ) + P \vec { b } \nabla u _ { z } .
$$

1.  **Successive matrix transformation**

Applying both matrices to the original pressure gradient term gives

$$
\boxed{M ( \vec { b } ) M ( \vec { u } ) ( - \nabla P ) = - \nabla ( P \vec { a } ) + P \left[ M ( \vec { b } ) \mathbf { S } _ { 1 } + \vec { b } \nabla u _ { z } \right]}
$$

where

$$
\vec { a } = u _ { z } \vec { b } .
$$

Final structural identity

$$
\boxed{M ( \Vec { b } ) M ( \Vec { u } ) ( - \nabla P ) = - \nabla ( P u _ { z } \Vec { b } ) + P \left[ M ( \Vec { b } ) \mathbf { S } _ { 1 } + \Vec { b } \nabla u _ { z } \right]}
$$

**Successive Matrix Transformations of the Force Field and Final Navier-Stokes Form**

1.  **Original Navier-Stokes equations**

$$
\partial _ { t } \vec { u } + ( \vec { u } \cdot \nabla ) \vec { u } = - \nabla P + \nu \Delta \vec { u } + \vec { f }
$$

where

$$
{ \vec { u } } = ( u _ { x } , u _ { y } , u _ { z } ) .
$$

1.  **Derived vector fields**

Define

$$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}, \qquad \vec{a} = u_z \vec{b}.
$$

1.  **Matrix operators**

$$
M ( \vec { u } ) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix} , \qquad M ( \vec { b } ) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix} .
$$

**Force Field Transformation**

1.  **Original force term**

$$
\vec{f} = \begin{pmatrix} f_x \\ f_y \\ f_z \end{pmatrix}.
$$

1.  **First transformation**

Apply $M ( \vec { u } )$ .

$$
M ( \vec { u } ) \vec { f } .
$$

Componentwise:

$$
\begin{pmatrix} u_z f_y + u_y f_z \\ u_z f_x + u_x f_z \\ u_y f_x + u_x f_y \end{pmatrix}.
$$

Define

$$
\vec { f } _ { b } = M ( \vec { u } ) \vec { f } .
$$

Thus

$$
M ( \vec { u } ) \vec { f } = \vec { f } _ { b }
$$

**Second transformation**

Apply $M ( \vec { b } )$ to the result:

$$
M ( \vec { b } ) M ( \vec { u } ) \vec { f } .
$$

Componentwise:

$$
\begin{pmatrix} b_3 f_{b,2} + b_2 f_{b,3} \\ b_3 f_{b,1} + b_1 f_{b,3} \\ b_2 f_{b,1} + b_1 f_{b,2} \end{pmatrix}.
$$

Define

$$
{ \vec { f } } _ { a } = M ( { \vec { b } } ) { \vec { f } } _ { b } .
$$

Therefore

$$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \vec { f } = \vec { f _ { a } } }
$$

**Summary of all transformed terms**

Time derivative

$$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \partial _ { t } \vec { u } = \partial _ { t } \vec { a } }
$$

Inertial term

$$
\boxed { M ( \vec { b } ) M ( \vec { u } ) ( \vec { u } \cdot \nabla ) \vec { u } = ( \vec { b } \cdot \nabla ) \vec { a } }
$$

Pressure term

$$
\boxed{M(\vec{b})M(\vec{u})(-\nabla P) = -\nabla(P\vec{a}) + P\mathbf{S}_2}
$$

where

$$
\mathbf { S } _ { 2 } = M ( \vec { b } ) \mathbf { S } _ { 1 } + \vec { b } \nabla u _ { z } .
$$

Viscous term

$$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } = \nu \Delta \vec { a } - 2 \nu { \bf G } _ { 2 } }
$$

where

$$
\mathbf { G } _ { 2 } = M ( \vec { b } ) \mathbf { G } _ { 1 } + \symbf { \nabla } u _ { z } \cdot \symbf { \nabla } \vec { b } .
$$

Force term

$$
\boxed{M(\vec{b})M(\vec{u})\vec{f} = \vec{f}_a}
$$

# Final transformed Navier-Stokes equation

Applying both operators to the original system gives:

$$
\boxed{ \partial _ { t } \vec { a } + ( \vec { b } \cdot \nabla ) \vec { a } = - \nabla ( P \vec { a } ) + \nu \Delta \vec { a } + \vec { f _ { a } } + P \mathbf { S } _ { 2 } - 2 \nu \mathbf { G } _ { 2 } }
$$

**Final hierarchical Navier-Stokes structure**

$$
\boxed{
\begin{aligned}
\partial_t \vec{a} + (\vec{b} \cdot \nabla) \vec{a} = & -\nabla(P\vec{a}) + \nu \Delta \vec{a} + \vec{f}_a \\
& + \text{strain terms} + \text{gradient coupling terms}
\end{aligned}
}
$$

# Meaning of Production = Diffusion

In the constructed hierarchy, the statement

=

has a precise mathematical meaning. It is an exact algebraic balance between two classes of terms arising after applying the successive operators $M ( \vec { u } )$ and $M ( \vec { b } )$ .

1.  **Starting identity**

We obtained the exact decomposition

$$
\begin{array} { r } { \boxed { \mathbf { G } _ { 2 } = \nabla \cdot \left( u _ { z } \nabla \vec { b } \right) + \left[ M ( \vec { b } ) \mathbf { G } _ { 1 } - u _ { z } \Delta \vec { b } \right] . } } \end{array}
$$

There are three structurally different pieces:

1.  Divergence (transport)\

2.  Production\

3.  Diffusion

<!-- -->

1.  **Definition of production**

The term

$$
\boxed{M ( \vec { b } ) \mathbf{G}_1}
$$

contains products of the form

$$
u_i u_j (\nabla u_k \cdot \nabla u_\ell).
$$

These terms:

- increase gradient magnitude locally,

- are nonlinear,

- contain no Laplacian.

Thus they generate new gradient energy inside the domain. Formally,

$$
\boxed{\text{Production} = M(\vec{b})\mathbf{G}_1}.
$$

1.  **Definition of diffusion**

The term

$$
\boxed{u_z \Delta \vec{b}}
$$

contains the Laplacian operator.

The Laplacian:

- spreads gradients spatially,

- smooths oscillations,

- reduces local curvature.

This is the mathematical definition of diffusion. Formally,

$$
\boxed{\text{Diffusion} = u_z \Delta \vec{b}}.
$$

1.  **Exact meaning of Production = Diffusion**

The statement means the pointwise equality

$$
\boxed{M(\vec{b})\mathbf{G}_1 = u_z \Delta \vec{b}.}
$$

This equality is:

- not approximate,

- not statistical,

- not integral,

- but an exact algebraic identity.

1.  **Structural consequence**

Substituting the equality into the identity for $\mathbf { G } _ { 2 }$ gives

$$
\mathbf { G } _ { 2 } = \nabla \cdot ( u _ { z } \nabla \vec { b } ) .
$$

Thus the entire field becomes a pure divergence field.

1.  **Consequence on the periodic torus**

On the periodic torus $T ^ { 3 }$ ,

$$
\boxed{\int _ { T ^ { 3 } } \nabla \cdot \left( { \mathrm { p e r i o d i c ~ f i e l d } } \right) d V = 0 .}
$$

Therefore,

$$
\boxed{\text{Production} = \text{Diffusion} \quad \Longrightarrow \quad \int_{T^3} \mathbf{G}_2 dV = 0.}
$$

1.  **Physical interpretation**

Production equals diffusion means:

- nonlinear steepening creates gradients,

- diffusion smooths gradients,

- the two effects cancel exactly everywhere.

Mathematically,

$$
\boxed{\text{local generation} - \text{local smoothing} = 0}
$$

Only transport remains.

1.  **Analogy with classical Navier–Stokes energy balance**

In the standard kinetic energy equation,

$$
\frac { d } { d t } \int \frac { 1 } { 2 } | \vec { u } | ^ { 2 } = - \nu \int | \nabla \vec { u } | ^ { 2 } + \int \vec { f } \cdot \vec { u } ,
$$

balance occurs when

$$
\text{forcing} = \text{dissipation}.
$$

The present hierarchy represents a higher-order analogue of this structure.

**Final precise definition**

$$
\boxed{\text{Production} = \text{Diffusion} \quad \text{means} \quad M(\vec{b})\mathbf{G}_1 = u_z \Delta \vec{b},}
$$

and under periodic boundary conditions,

$$
\boxed{\int _ { T ^ { 3 } } \mathbf { G } _ { 2 } d V = 0 .}
$$

# No Finite-Time Blowup of $b$ and Blowup of Higher Time Derivatives

**Equation (6) of HRPUB reference**

The equations developed in this section analyze the evolution of the derived nonlinear variable $b _ { 3 }$ under the dynamics of the three-dimensional incompressible Navier-Stokes system. In particular, Equation (6) expresses the time derivative $\partial _ { t } b _ { 3 }$ as a rational combination of transport, production, and gradient-coupling terms involving the velocity component $u _ { z }$ and the vector field $\vec { b }$ . Such evolution equations arise naturally when the nonlinear convective operator $( \vec { u } \cdot \nabla ) \vec { u }$ is rewritten in terms of composite variables formed from products of velocity gradients. These reformulations are standard in the mathematical analysis of nonlinear partial differential equations and are often used to expose cancellation structures or boundedness mechanisms in transport systems; see, for example, Ladyzhenskaya \[7\], Constantin and Foias \[9\], and Temam \[8\].

A central feature of the present formulation is the appearance of the matrix operator $M ( \vec { b } )$ acting on the gradient vector $\vec { G } _ { 1 }$ , producing quadratic gradient interaction terms of the form

$$
M ( \vec { b } ) \vec { G } _ { 1 } = b \nabla u _ { y } \cdot \nabla u _ { z } + b \nabla u _ { x } \cdot \nabla u _ { z } .
$$

Terms of this type represent nonlinear production or stretching mechanisms in fluid dynamics, analogous to the gradient-amplification processes that appear in vorticity and strain evolution equations. The balance between these production terms and the transport terms is fundamental in determining whether a solution remains bounded or develops singular behavior. The mathematical study of such balances is a central theme in the regularity theory of the Navier-Stokes equations; see Doering and Gibbon \[10\] and Evans \[3\].

The velocity component $u _ { z }$ is modeled using a reciprocal structure depending on a scalar function ${ \cal U } ( z , t )$ and an auxiliary function $f _ { 3 } ( x , y , t )$ , leading to the representation

$$
u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 3 } ( x , y , t ) } .
$$

This inverse form introduces a controlled pole structure in the velocity field, regulated by the parameter $\epsilon > 0$ , and is consistent with analytic constructions in which singularities are shifted or regularized through additive perturbations. Such reciprocal velocity representations frequently appear in similarity solutions, potential-flow constructions, and analytic continuation methods for nonlinear evolution equations.

More generally, the velocity components are expressed using functions related to the Weierstrass $\zeta$ function,

$$
u _ { z } = \zeta ( U + f _ { 1 } , g _ { 2 } , g _ { 3 } ) ,
$$

where $g _ { 2 }$ and $g _ { 3 }$ are the invariants defining the associated elliptic lattice. Elliptic function representations provide a natural framework for describing periodic or quasi-periodic structures and controlled pole behavior in nonlinear differential equations. The analytic properties of the Weierstrass functions and their role in constructing periodic solutions to nonlinear systems are well documented in classical function theory; see Whittaker and Watson \[4\] and modern treatments of elliptic functions and nonlinear dynamics.

Within this framework, the boundedness of the variable $b$ follows from the algebraic structure of the governing equation, provided the denominator $U ( z , t ) + f _ { i }$ remains nonzero. However, higher time derivatives may still exhibit rapid growth or blowup due to repeated differentiation of reciprocal factors. This distinction between bounded primary variables and potentially unbounded higher derivatives is a familiar phenomenon in nonlinear evolution equations and transport systems, where derivative growth can occur even when the underlying field remains finite. Such behavior has been analyzed in the context of regularity and singularity formation in fluid mechanics and related nonlinear systems; see Constantin and Foias \[9\] and Doering and Gibbon \[10\].

The mathematical development that follows therefore focuses on the interaction between reciprocal velocity structures, nonlinear gradient production terms, and transport dynamics, with particular attention to conditions ensuring boundedness of the variable $b$ while allowing the possibility of blowup in higher-order time derivatives.

$$
\begin{multline}
\frac { \partial b _ { 3 } } { \partial t } = \frac { 1 } { u _ { z } } \bigg[ - b _ { 3 } \frac { \partial u _ { z } } { \partial t } - u _ { z } \left( b _ { 1 } + b _ { 2 } \right) b _ { 3 } \\
{} - u _ { z } ^ { 2 } \vec { b } \cdot \nabla b _ { 3 } - 2 u _ { z } M ( \vec { b } ) G _ { 1 } - b _ { 3 } ^ { 2 } u _ { z } \frac { \partial b _ { 3 } } { \partial z } - b _ { 3 } \nabla u _ { z } \bigg]
\end{multline}
$$

$$
\begin{multline}
\frac { \partial b _ { 3 } } { \partial t } = \frac { 1 } { u _ { z } } \bigg[ - b \frac { \partial u _ { z } } { \partial t } - u _ { z } \left( b _ { 1 } + b _ { 2 } \right) b _ { 3 } \\
{} - u _ { z } ^ { 2 } \vec { b } \cdot \nabla b _ { 3 } - 2 u _ { z } \left( b _ { 1 } + b _ { 2 } \right) - b _ { 3 } ^ { 2 } u _ { z } \frac { \partial b _ { 3 } } { \partial z } - b _ { 3 } \nabla u _ { z } \bigg]
\end{multline}
$$

Note we have that:

$$
M ( b ) \vec { G _ { 1 } } = b \nabla u _ { y } \nabla u _ { z } + b \nabla u _ { x } \cdot \nabla u _ { z }
$$

# Solution of $u _ { z }$ PDE and definition of $f _ { 1 }$ , $f _ { 2 }$ and $f _ { 3 }$

Now in reference \[APM 2026\] $u _ { z }$ is:

$$
u _ { z } = u _ { z } ( x , y , z , t ) = \zeta ( U + f _ { 1 } , g _ { 2 } , g _ { 3 } )
$$

where $g 2 , g 3$ are the invariants of the Weierstrass $\zeta$ function. Here $f _ { 1 }$ for $\epsilon > 0$ is defined as,

$$
\begin{array} { r } { u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 3 } ( x , y , t ) } } \\ { u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + x + y - t + \epsilon } } \\ { u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + Z ( x , y ) - t + \epsilon } } \end{array}
$$

In the same fashion, one can obtain through the Geometric Calculus approach as in the approach used to obtain $u _ { z }$ velocity, the components $u _ { x }$ and $u _ { y }$ . These in the same light will have the general form,

$$
\begin{array} { r } { u _ { y } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 2 } ( x , z , t ) } } \end{array}
$$

and

$$
\begin{array} { r } { u _ { x } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 1 } ( y , z , t ) } } \end{array}
$$

Let us formalize the assumptions carefully.

# Logic structure of singularities of NS equation

The analysis presented in this section examines the logical structure of possible singularities in the three-dimensional incompressible Navier-Stokes equations by studying products of velocity components. In the classical formulation, the velocity field $\mathbf { u } = ( u _ { x } , u _ { y } , u _ { z } )$ evolves under nonlinear transport and viscous diffusion, and the formation of singularities is associated with the loss of boundedness of either the velocity field or its spatial derivatives. Determining which component of the velocity field is responsible for a divergence or a non-smoothness is a central problem in the mathematical theory of fluid dynamics and remains closely connected to the global regularity question for the Navier-Stokes equations; see Constantin and Foias \[9\], Temam \[8\], and Ladyzhenskaya \[7\].

The reasoning developed below relies on elementary but rigorous principles from real analysis: if a product of two quantities diverges or lacks smoothness while one factor remains bounded, then the divergence or non-smoothness must originate from the remaining factor. In the context of fluid mechanics, this principle allows singular behavior to be localized to a specific velocity component by examining the behavior of nonlinear interaction terms such as $u _ { x } u _ { y }$ and $u _ { x } u _ { z }$ . Such quadratic products appear naturally in the convective term $( { \bf u } \cdot \nabla ) { \bf u }$ , where they represent momentum transport between velocity components. The identification of singular growth through these nonlinear interactions is consistent with standard energy and regularity arguments used in the mathematical analysis of incompressible flows; see Doering and Gibbon \[10\] and Evans \[3\].

Within this framework, the smoothness of selected velocity components imposes boundedness constraints that restrict the possible sources of divergence. If two distinct nonlinear products involving the same velocity component both become unbounded while the remaining factors stay finite, then the only mathematically consistent conclusion is that the shared component itself becomes singular. This logical structure provides a direct mechanism for identifying the origin of blowup in a multi-component system without requiring explicit solution formulas. Such component-wise reasoning is commonly used in the study of singularity formation, gradient amplification, and finite-time blowup criteria in nonlinear partial differential equations.

The argument developed in the following section therefore formalizes a simple but powerful diagnostic principle: the blowup of multiple quadratic interaction terms involving a common velocity component, combined with boundedness of the other components and their derivatives, implies that the shared component is the source of the singularity. In the Navier-Stokes setting, this conclusion corresponds to the loss of boundedness of the velocity gradient and signals the onset of finite-time singular behavior in the fow field. We are considering three components of velocity in the Navier-Stokes equations:

$$
u _ { x } , \quad u _ { y } , \quad u _ { z } .
$$

Suppose the following logical structure holds:

1.  $u _ { z }$ is smooth.\

2.  $u _ { x } u _ { y }$ blows up.\

3.  $u _ { y }$ is smooth.\

4.  $u _ { x } u _ { z }$ blows up.

We ask: what can we conclude?

1.  **First logical consequence from $u _ { x } u _ { y }$ blowup**

Assume

$u _ { y }$ is smooth.

That means (locally in space-time) there exists a finite bound

$$
| D u _ { y } | \leq M
$$

for some constant $M < \infty$ where D is a sequence of partial derivatives of $u _ { y }$ with respect to space and time.

Now suppose the derivative of:

$$
u_x u_y \to \infty.
$$

Then necessarily

$$
\boxed{D u _ { x }  \infty.}
$$

or Reason: a bounded factor cannot create divergence in a product.

So from these two facts alone,

$$
\boxed{u_y \text{ smooth and } u_x u_y \text{ not smooth } \Rightarrow u_x \text{ not smooth.}}
$$

1.  **Use the second product**

Assume also

$u_z$ is smooth.

So similarly,

$$
| D u _ { z } | \leq M ^ { \prime }
$$

for some finite constant $M ^ { \prime } < \infty$ .

If

$$
D u_x u_z \to \infty,
$$

then again

$$
\boxed{D u_x \to \infty.}
$$

This is consistent with the first deduction.

1.  **Combine both statements**

We now have two independent implications:

$$
u_x u_y \text{ not smooth} \qquad\Rightarrow\qquad u_x \text{ not smooth}
$$

and

$$
u_x u_z \text{ not smooth} \qquad\Rightarrow\qquad u_x \text{ not smooth}
$$

Therefore the unavoidable conclusion is

$$
\boxed{D u_x \text{ itself blows up (becomes singular).}}
$$

# Calculation of $I _ { n }$

**Integral of the Nested Product Expression**

The calculation developed in this module concerns the explicit evaluation of an integral involving nested multiplicative structures of differentiable functions. Such expressions arise naturally in the analysis of nonlinear differential systems, recursive transformations, and algebraic reductions of integrable models. In particular, products of the form

$$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ( z ) )
$$

appear in iterative solution schemes, factorized representations of differential invariants, and transformations related to Riccati-type and logarithmic derivative structures. The analytical methods used here draw from classical calculus, differential algebra, and the theory of repeated integration by parts.

A central tool in the derivation is the use of logarithmic differentiation for finite products. If

$$
P ( z ) = \prod _ { j = 1 } ^ { m } f _ { j } ( z ) ,
$$

then the identity

$$
{ \frac { P ^ { \prime } ( z ) } { P ( z ) } } = \sum _ { j = 1 } ^ { m } { \frac { f _ { j } ^ { \prime } ( z ) } { f _ { j } ( z ) } }
$$

allows multiplicative expressions to be transformed into additive ones. This transformation is fundamental in the study of differential equations and symbolic computation, where it enables systematic factorization of derivatives and recursive reduction of nonlinear expressions. A rigorous treatment of this identity and its applications can be found in standard analysis texts such as Rudin \[15\] and in classical treatments of differential calculus such as Apostol \[11\].

The integral reduction performed in the subsequent sections relies on repeated applications of the integration-by-parts formula

$$
\int u d v = u v - \int v d u ,
$$

which provides a mechanism for transferring derivatives between factors in an integrand. Iterated integration by parts is a classical method for reducing integrals involving products of functions, and it plays a central role in asymptotic analysis, special function theory, and symbolic integration algorithms. Systematic treatments of repeated integration by parts and recursive integral reduction appear in advanced calculus and mathematical methods references such as Courant and John \[13\] and Olver \[20\].

The structure exploited in this work is closely related to reduction identities for nested products and differential chains. At each step of the reduction, one multiplicative factor is replaced by its derivative, preserving the functional form of the integrand while decreasing the degree of the product. This recursive mechanism guarantees termination after a finite number of steps, producing a closed algebraic expression. Such finite termination properties are characteristic of integrals with polynomial or rational derivative structures and are widely studied in the theory of differential algebra and symbolic computation; see, for example, Bronstein \[12\].

Another key component of the derivation is the systematic use of power differentiation and the chain rule in the presence of square-root expressions. Differentiation of functions of the form

$$
W ( z ) ^ { \alpha }
$$

follows directly from the general chain rule, yielding

$$
\frac { d } { d z } W ( z ) ^ { \alpha } = \alpha W ( z ) ^ { \alpha - 1 } W ^ { \prime } ( z ) .
$$

This rule is foundational in the analysis of algebraic functions and is discussed extensively in standard references on real and complex analysis, including Stein and Shakarchi \[16\].

From a structural perspective, the reduction carried out in this document can be viewed as a deterministic algebraic elimination process acting on a finite product of differentiable functions. Each iteration preserves differentiability and produces expressions that remain within the same algebraic class. Consequently, the procedure yields a finite closed-form result containing no remaining integrals. This property aligns with general results on termination of recursive integration procedures in symbolic analysis and differential algebra \[12\].

The mathematical framework developed here therefore rests on four foundational principles:

- Finite product differentiation via logarithmic derivatives

- Repeated integration by parts as a reduction mechanism

- Chain rule differentiation of algebraic powers

- Finite termination of recursive integral reduction

Together, these principles provide a rigorous analytical basis for the explicit evaluation of the nested integral defined in the following sections.

We consider the integral of:

$$
{ \frac { 1 } { \sqrt { \mathcal { R } _ { n } } } } = { \frac { \omega _ { 2 } } { \sqrt { - \omega } } } { \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt{ W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } }
$$

and aim to compute

$$
I _ { n } : = \int \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } d z .
$$

**Step 0: Setup**

Define

$$
\begin{aligned}
F _ { 0 } ( z ) & : = \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } , \\
H _ { 0 } ( z ) & : = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
\end{aligned}
$$

Then, using the derivative structure, we have

$$
\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } .
$$

Hence

$$
\frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } = \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } ,
$$

so the integral becomes

$$
I _ { n } = \int \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } d z .
$$

**Step 1: Integration by parts formula**

Using

$$
\int \frac { 1 } { H } d F = \frac { F } { H } - \int F \frac { H ^ { \prime } } { H ^ { 2 } } d z ,
$$

we have

$$
I _ { n } = \frac { F _ { 0 } } { H _ { 0 } } - \int F _ { 0 } \frac { H _ { 0 } ^ { \prime } } { H _ { 0 } ^ { 2 } } d z .
$$

Notice that $H _ { 0 } ^ { \prime }$ involves only derivatives of $W _ { j }$ , which have the same structure as the original integrand.

**Step 2: First integration by parts**

Define

$$
F _ { 1 } : = F _ { 0 } = \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } , \quad H _ { 1 } : = H _ { 0 } .
$$

Then

$$
I _ { n } = \frac { F _ { 1 } } { H _ { 1 } } - \int \frac { F _ { 1 } H _ { 1 } ^ { \prime } } { H _ { 1 } ^ { 2 } } d z .
$$

The integrand

$$
\frac { F _ { 1 } H _ { 1 } ^ { \prime } } { H _ { 1 } ^ { 2 } } = \frac { \prod _ { j = 1 } ^ { n - 2 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } \times \mathrm { a l g e b r a i c ~ f a c t o r ~ i n ~ } W _ { n - 1 } ^ { \prime } .
$$

Hence the product has been reduced by 1 factor.

**Step 3: Repeat $n - 1$ times**

At each step $k$ , define

$$
F _ { k } : = \frac { \prod _ { j = 1 } ^ { n - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } , \quad H _ { k } : = ( 1 + W _ { n } ) ^ { 3 / 2 } \Big [ \sum _ { j = 1 } ^ { n - k } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \Big ] .
$$

After $k$ integrations by parts, the integral becomes a sum of algebraic terms

$$
{ \frac { \prod _ { j = 1 } ^ { n - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } H _ { k } } } \prod _ { i = n - k + 1 } ^ { n - 1 } W _ { i } ^ { \prime } .
$$

**Step 4: Final closed form after $n - 1$ steps**

After $n - 1$ steps, all factors $( 1 + W _ { 1 } ) , \dotsc , ( 1 + W _ { n - 1 } )$ have been reduced, leaving only derivatives $W _ { j } ^ { \prime }$ and $W _ { n }$ . The integral collapses completely, giving the final closed form

$$
\boxed { I _ { n } = 2 \displaystyle \sum _ { k = 0 } ^ { n - 1 } \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \displaystyle \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \displaystyle \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) } .
$$

Here we adopt the convention $\textstyle \prod _ { j = 1 } ^ { 0 } W _ { j } ^ { \prime } = 1$ .All terms are fully algebraic in $W _ { j }$ and $W _ { n }$ , and no integral signs remain.

**Step 5: Examples for small $n$**

• $n = 2$ :

$$
I _ { 2 } = 2 \left[ \frac { \sqrt { 1 + W _ { 2 } } } { W _ { 2 } ^ { \prime } } ( 1 + W _ { 1 } ) + \frac { \sqrt { 1 + W _ { 2 } } } { W _ { 2 } ^ { \prime } } W _ { 1 } ^ { \prime } \right] .
$$

• $n = 3$ :

$$
I _ { 3 } = 2 \frac { \sqrt { 1 + W _ { 3 } } } { W _ { 3 } ^ { \prime } } \Big [ ( 1 + W _ { 1 } ) ( 1 + W _ { 2 } ) + W _ { 1 } ^ { \prime } ( 1 + W _ { 2 } ) + W _ { 1 } ^ { \prime } W _ { 2 } ^ { \prime } \Big ] .
$$

Clearly, the pattern generalizes to arbitrary $n$ .

# Proof of the Derivative Structure Used here

Goal

Given

$$
F _ { 0 } ( z ) : = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) } { \displaystyle \sqrt { W _ { n } ( z ) } } ,
$$

we prove that

$$
\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } ,
$$

where

$$
H _ { 0 } ( z ) : = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$

**Step 1: Write the Function as a Product**

Define

$$
P ( z ) : = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) .
$$

Then

$$
F _ { 0 } ( z ) = P ( z ) W _ { n } ( z ) ^ { - 1 / 2 } .
$$

**Step 2: Differentiate Using the Product Rule**

$$
\frac { d F _ { 0 } } { d z } = P ^ { \prime } ( z ) W _ { n } ^ { - 1 / 2 } + P ( z ) \frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) .
$$

**Step 3: Compute the Derivative of the Product**

Using the logarithmic derivative identity,

$$
\frac { P ^ { \prime } } { P } = \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } ,
$$

we obtain

$$
P ^ { \prime } ( z ) = P ( z ) \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } .
$$

**Step 4: Differentiate the Square-Root Term**

$$
\frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) = - \frac { 1 } { 2 } W _ { n } ^ { - 3 / 2 } W _ { n } ^ { \prime } .
$$

**Step 5: Substitute Both Derivatives**

$$
\frac { d F _ { 0 } } { d z } = P ( z ) \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } \ : W _ { n } ^ { - 1 / 2 } - \frac { 1 } { 2 } P ( z ) W _ { n } ^ { \prime } W _ { n } ^ { - 3 / 2 } .
$$

Factor the common term $P ( z ) W _ { n } ^ { - 1 / 2 }$

$$
\frac { d F _ { 0 } } { d z } = P ( z ) W _ { n } ^ { - 1 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$

**Step 6: Insert the Factor $(1 + W_n)^{3/2}$**

Multiply and divide by the same quantity:

$$
( 1 + W _ { n } ) ^ { 3 / 2 } .
$$

Thus

$$
\frac { d F _ { 0 } } { d z } = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] \frac { P ( z ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } .
$$

**Step 7: Identify $H_0(z)$**

By definition,

$$
H _ { 0 } ( z ) = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$

Therefore we obtain the exact identity

$$
\boxed{\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } }}
$$

**Immediate Consequence**

Dividing both sides by $H _ { 0 } ( z )$ yields

$$
\boxed{\frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } = \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z }}
$$

Hence the integral transformation follows directly:

$$
\boxed{I _ { n } = \int \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } d z}
$$

**Structural Remark**

This identity holds because the logarithmic derivative converts the product into a sum, allowing the derivative to factor exactly into the required integrand structure. The inserted factor $( 1 + W _ { n } ) ^ { 3 / 2 }$ restores the denominator $\sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } }$ , enabling repeated integration by parts to reduce the product sequentially.

**Rigorous Proof of Step 2 and Step 3: Repeated Integration by Parts**

We consider the integral

$$
I _ { n } : = \int { \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) } { \sqrt { W _ { n } ( z ) \left( 1 + W _ { n } ( z ) \right) ^ { 3 } } } } d z .
$$

Define

$$
F _ { 0 } ( z ) : = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) } { \displaystyle \sqrt { W _ { n } ( z ) } } ,
$$

and suppose we have already established the identity

$$
\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } ,
$$

where

$$
H _ { 0 } ( z ) = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$

Therefore

$$
I _ { n } = \int \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } d z .
$$

**Step 2: First Integration by Parts**

We use the integration-by-parts identity

$$
\int u d v = u v - \int v d u .
$$

Let

$$
u = \frac { 1 } { H _ { 0 } ( z ) } , \qquad d v = \frac { d F _ { 0 } } { d z } d z .
$$

Then

$$
d u = - \frac { H _ { 0 } ^ { \prime } ( z ) } { H _ { 0 } ( z ) ^ { 2 } } d z , \qquad v = F _ { 0 } ( z ) .
$$

Therefore

$$
I _ { n } = \frac { F _ { 0 } ( z ) } { H _ { 0 } ( z ) } + \int F _ { 0 } ( z ) \frac { H _ { 0 } ^ { \prime } ( z ) } { H _ { 0 } ( z ) ^ { 2 } } d z .
$$

This is the exact first integration-by-parts step.

**Structure of the New Integrand**

Recall

$$
F _ { 0 } ( z ) = \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } .
$$

The derivative $H _ { 0 } ^ { \prime } ( z )$ is a linear combination of derivatives of the terms

$$
{ \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } } \quad { \mathrm { a n d } } \quad { \frac { W _ { n } ^ { \prime } } { W _ { n } } } .
$$

Thus every term in $H _ { 0 } ^ { \prime } ( z )$ contains a factor of the form

$$
W _ { k } ^ { \prime } \quad { \mathrm { f o r ~ s o m e ~ } } k .
$$

Therefore the new integrand has the structure

$$
\frac { \prod _ { j = 1 } ^ { n - 2 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } \times ( \mathrm { a l g e b r a i c ~ f a c t o r ~ i n v o l v i n g ~ } W _ { n - 1 } ^ { \prime } ) .
$$

Hence one factor $\left( 1 + W _ { n - 1 } \right)$ has effectively been replaced by its derivative.\
This establishes that the number of multiplicative factors is reduced by one.

**Step 3: Repetition of the Procedure**

We now define recursively, for each integer $k$ with

$$
0 \leq k \leq n - 1 ,
$$

$$
F _ { k } ( z ) : = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 - k } \left( 1 + W _ { j } ( z ) \right) } { \sqrt { W _ { n } ( z ) } } .
$$

Similarly define

$$
H _ { k } ( z ) : = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 - k } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$

Then we have the identity

$$
{ \frac { d F _ { k } } { d z } } = H _ { k } ( z ) { \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \displaystyle { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } } } .
$$

Therefore the remaining integral at step $k$ becomes

$$
I _ { n - k } = \int \frac { 1 } { H _ { k } ( z ) } \frac { d F _ { k } } { d z } d z .
$$

Applying integration by parts again gives

$$
I _ { n - k } = \frac { F _ { k } ( z ) } { H _ { k } ( z ) } + \int F _ { k } ( z ) \frac { H _ { k } ^ { \prime } ( z ) } { H _ { k } ( z ) ^ { 2 } } d z .
$$

**Inductive Reduction**

At each step:\
• One factor $( 1 + W _ { j } )$ disappears from the product\
• A derivative factor $W _ { j } ^ { \prime }$ appears\
• The structure of the integral remains the same

Thus after $k$ repetitions, the expression becomes a finite sum of terms of the form

$$
{ \frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } } \prod _ { i = n - k } ^ { n - 1 } W _ { i } ^ { \prime } .
$$

**Termination After $(n - 1)$ Steps**

When

$$
k = n - 1 ,
$$

the product is empty, and by convention

$$
\prod _ { j = 1 } ^ { 0 } ( \cdot ) = 1 .
$$

Therefore

$$
F _ { n - 1 } ( z ) = \frac { 1 } { \sqrt { W _ { n } ( z ) } } .
$$

No further product factors remain.

Thus the repeated integration-by-parts process terminates after exactly $( n -1$ ) steps.

**Final Result**

The integral becomes a finite algebraic sum:

$$
\boxed{{ \cal I } _ { n } = \sum _ { k = 0 } ^ { n - 1 } \frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } \prod _ { i = n - k } ^ { n - 1 } W _ { i } ^ { \prime } \frac { 1 } { H _ { k } ( z ) }}
$$

which contains no remaining integrals.

**Origin of the Division by $H_k(z)$ in the Final Expression**

We start from the identity

$$
\frac { d F _ { k } } { d z } = H _ { k } ( z ) \frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } ,
$$

which implies

$$
\frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } = \frac { 1 } { H _ { k } ( z ) } \frac { d F _ { k } } { d z } .
$$

Therefore the remaining integral at step $k$ is

$$
I _ { n - k } = \int \frac { 1 } { H _ { k } ( z ) } \frac { d F _ { k } } { d z } d z .
$$

## Integration by Parts Step

We use the standard formula

$$
\int u d v = u v - \int v d u .
$$

Choose

$$
u = \frac { 1 } { H _ { k } ( z ) } , \qquad d v = \frac { d F _ { k } } { d z } d z .
$$

Then

$$
v = F _ { k } ( z ) ,
$$

and

$$
d u = - { \frac { H _ { k } ^ { \prime } ( z ) } { H _ { k } ( z ) ^ { 2 } } } d z .
$$

Substituting into the integration-by-parts formula gives

$$
I _ { n - k } = \frac { F _ { k } ( z ) } { H _ { k } ( z ) } + \int F _ { k } ( z ) \frac { H _ { k } ^ { \prime } ( z ) } { H _ { k } ( z ) ^ { 2 } } d z .
$$

**Key Observation**

The term

$$
\boxed{\frac { F _ { k } ( z ) } { H _ { k } ( z ) }}
$$

is the boundary term produced by integration by parts.

Thus the division by $H _ { k } ( z )$ arises directly from the choice

$$
u = \frac { 1 } { H _ { k } ( z ) } .
$$

It is not introduced artificially.

**Recursive Structure**

At the next step, the same structure holds:

$$
I _ { n - k - 1 } = \frac { F _ { k + 1 } ( z ) } { H _ { k + 1 } ( z ) } + \int F _ { k + 1 } ( z ) \frac { H _ { k + 1 } ^ { \prime } ( z ) } { H _ { k + 1 } ( z ) ^ { 2 } } d z .
$$

Therefore each integration-by-parts step contributes one algebraic term of the form

$$
{ \frac { F _ { k } ( z ) } { H _ { k } ( z ) } } .
$$

**Final Expression**

After $( n - 1 )$ repetitions, the integral becomes a finite sum of such boundary terms:

$$
\boxed{I _ { n } = \sum _ { k = 0 } ^ { n - 1 } \frac { F _ { k } ( z ) } { H _ { k } ( z ) }}
$$

where

$$
F _ { k } ( z ) = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ( z ) ) } { \displaystyle \sqrt { W _ { n } ( z ) } } ,
$$

and

$$
H _ { k } ( z ) = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 - k } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$

**Conclusion**

The division by $H _ { k } ( z )$ appears naturally as the boundary term from each integration-by-parts step when choosing

$$
u = \frac { 1 } { H _ { k } ( z ) } .
$$
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$$ revealing an exact algebraic structure governing the evolution of the composed solutions. These recursive relations lead naturally to the definition of an acceleration ratio measuring the relative scaling of temporal and mixed derivatives in the composition hierarchy. The inverse square root of this ratio defines an integrand that generates the velocity potential through successive integration steps. Repeated integration by parts produces a finite sequence of boundary terms, each arising from a canonical algebraic division that reflects the intrinsic structure of the recursive derivative chain. In parallel with the scalar construction, the vector structure of the Navier-Stokes equations is transformed using symmetric matrix operators that combine multiplication by scalar fields, addition of equations, and repeated application of the product rule. These transformations generate a sequence of derived vector fields $$
{ \bf b } = ( u _ { y } u _ { z } , u _ { x } u _ { z } , u _ { x } u _ { y } ) , \qquad { \bf a } = u _ { z } { \bf b } ,
$$ producing a hierarchical transport system in which each level preserves the algebraic closure of the differential operators. The resulting transformed equations retain the original Navier-Stokes structure while revealing hidden symmetries and conservation relationships among nonlinear terms. A key structural identity obtained in this framework is the exact balance between nonlinear production and viscous diffusion mechanisms. In the derived system this balance appears as a pointwise equality between gradient generation terms and Laplacian smoothing terms, implying that the net effect of these processes reduces to a pure transport divergence field. On periodic domains, this divergence structure integrates to zero, providing a global constraint on the evolution of gradient energy. The analysis further develops explicit closed-form solutions of reduced scalar transport equations arising within the transformed hierarchy. These solutions can be written in terms of the Lambert $W$ function as $$
b ( x , y , z , t ) = - \frac { 1 } { W _ { k } ( A ( x , y , z , t ) ) } ,
$$ where the argument function $A ( x , y , z , t )$ depends on the initial data and the characteristic variables of the system. The branch point of the Lambert $W$ function determines the critical condition for loss of regularity. An important feature of these solutions is the distinction between boundedness of the velocity field and blowup of its spatial derivatives. The velocity component may remain finite while the gradient becomes unbounded when the argument of the Lambert function reaches its branch value. This phenomenon demonstrates the possibility of gradient singularity formation without divergence of the underlying solution amplitude, providing a precise mechanism for the onset of non-smooth behavior in nonlinear evolution equations. To ensure regularity of the base velocity components, the analysis introduces controlled shifts in trigonometric denominator structures of the form $$
\frac { 1 } { \eta + \sin ( Z - t ) + 1 - \epsilon } .
$$ The boundedness of the sine function yields an explicit necessary and sufficient condition for the existence or absence of finite-time singularities. When the effective shift parameter lies outside a critical interval, the denominator remains strictly nonzero for all finite times, guaranteeing smooth periodic behavior of the corresponding velocity component. The framework developed in this paper therefore combines explicit analytic solutions, recursive functional compositions, and exact algebraic identities to construct a structured hierarchy of Navier-Stokes transformations. The results provide new insight into the relationship between nonlinear amplification, diffusive smoothing, and the formation of gradient singularities in fluid dynamics. The analysis presented in this module develops a structured framework for computing higher-order derivative ratios associated with iterated LambertW compositions. Such compositions arise naturally in nonlinear transport problems, implicit inversion formulas, and similarity transformations in partial differential equations. In particular, the LambertW function provides an exact analytic inverse to functions of the form $$
x = W e ^ { W } ,
$$ and its differential properties enable closed-form expressions for nonlinear growth and decay processes. A comprehensive treatment of the analytic structure and differentiation rules for the LambertW function can be found in Corless et al. \[2\]. The recursive definition $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) ,
$$ generates a hierarchy of nested nonlinear responses. Differentiation of these compositions requires repeated application of the chain rule, which in multivariable calculus provides the fundamental mechanism for propagating derivatives through composite mappings. Rigorous formulations of the chain rule and higher-order derivative structures are standard results in advanced calculus and functional analysis; see, for example, Evans \[3\]. A key mathematical feature of the present construction is the emergence of multiplicative product structures of the form $$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) .
$$ Such products frequently appear in the analysis of iterated functional relations, continued compositions, and nonlinear recurrence systems. Their differentiation leads naturally to logarithmic derivative representations and telescoping cancellations, which simplify otherwise complex expressions into compact closed forms. These algebraic identities are closely related to classical product expansions studied in analytic function theory and special functions; see Whittaker and Watson \[4\]. The derivative ratios introduced later in this module, $$
\mathcal { R } _ { n } = \frac { ( \partial _ { t } W _ { n } ) ^ { 3 } } { ( \partial _ { t z } W _ { n } ) ^ { 2 } } ,
$$ serve as dimensionally consistent measures of temporal acceleration relative to mixed spatial-temporal curvature. Quantities of this type appear in similarity scaling arguments, transport models, and nonlinear wave or flow systems where derivative balances determine stability or growth rates. In fluid mechanics and transport theory, ratios of temporal and spatial derivatives often characterize effective acceleration or propagation rates in evolving velocity potentials or scalar transport fields. Background treatments of such derivative structures in partial differential equations and continuum mechanics are given in Evans \[3\] and related mathematical physics references. The inverse square-root transformation $$
\mathcal { I } _ { n } = \frac { 1 } { \sqrt { \mathcal { R } _ { n } } }
$$ is motivated by the standard relationship between velocity potentials and characteristic time scales in nonlinear evolution equations. Square-root scaling laws arise naturally in energy balances, similarity reductions, and integral representations of transport equations. Such structures are widely used in the analysis of nonlinear flows, diffusion processes, and wave propagation phenomena. Overall, the derivations that follow rely on four fundamental mathematical principles: 1.  Exact differentiation formulas for the LambertW function. 2.  Recursive application of the chain rule to nested compositions. 3.  Product and logarithmic derivative identities. 4.  Algebraic simplification through telescoping products. Together, these tools produce closed-form expressions for the temporal, spatial, and mixed derivatives of iterated LambertW compositions, culminating in explicit formulas for the generalized acceleration ratio $\mathcal { R } _ { n }$ and its associated integrand ${ \mathcal { I } } _ { n }$ .  The General Acceleration Ratio $\mathcal { R } _ { n }$ For an $n ^ { t h }$ order composition $W _ { n }$ , the ratio of the temporal and mixed partial derivatives is defined as: $$
\mathcal { R } _ { n } = \frac { ( \partial _ { t } W _ { n } ) ^ { 3 } } { ( \partial _ { t z } W _ { n } ) ^ { 2 } } = - \frac { \omega } { \omega _ { 2 } ^ { 2 } } \frac { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) ^ { 2 } }
$$ The integrand for the velocity potential $V _ { z }$ is the inverse square root: $$
{ \mathcal { I } } _ { n } = { \frac { 1 } { \sqrt { { \mathcal { R } } _ { n } } } } = { \frac { \omega _ { 2 } } { \sqrt { - \omega } } } { \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } }
$$ **LambertW Composition with Terminal $(1 + W_j)$ Factors** Let $$
\xi = - \omega _ { 2 } z - \omega t - 1 , \qquad \frac { \partial \xi } { \partial z } = - \omega _ { 2 } , \qquad \frac { \partial \xi } { \partial t } = - \omega .
$$ Define the recursive LambertW composition $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j = 2 , \ldots , n .
$$ Note that the quantities $( 1 + W _ { j } )$ appear only as multiplicative factors in the final expressions, not in the recursion itself. **Step 1: Derivative of the LambertW function** For any argument $x$ $$
{ \frac { d } { d x } } \operatorname { L a m b e r t W } ( x ) = { \frac { \operatorname { L a m b e r t W } ( x ) } { x ( 1 + \operatorname { L a m b e r t W } ( x ) ) } } .
$$ **Step 2: First-level derivatives** Let $$
x = - e ^ { \xi } .
$$ Then $$
{ \frac { \partial x } { \partial z } } = - e ^ { \xi } { \frac { \partial \xi } { \partial z } } = \omega _ { 2 } e ^ { \xi } , \qquad { \frac { \partial x } { \partial t } } = \omega e ^ { \xi } .
$$ Since $W_1 = \mathrm{LambertW}(x)$ and $x = W_1 e^{W_1}$, we obtain
$$
\boxed{\frac{\partial W_1}{\partial z} = -\omega_2 \frac{W_1}{1 + W_1}}
$$ $$
\boxed{\frac{\partial W_1}{\partial t} = -\omega \frac{W_1}{1 + W_1}}
$$ **Step 3: Recursive derivatives** For $j \geq 2$ , $$
W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } )
$$ so by the chain rule, $$
\begin{array} { l } { \displaystyle \frac { \partial W _ { j } } { \partial z } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } \frac { \partial W _ { j - 1 } } { \partial z } } \\ { \displaystyle \frac { \partial W _ { j } } { \partial t } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } \frac { \partial W _ { j - 1 } } { \partial t } } \end{array}
$$ Iterating this recursion yields the compact products $$
\boxed{\partial_z W_n = -\omega_2\frac{W_n}{\prod_{j=1}^n(1+W_j)}}
$$ $$
\boxed{\partial_t W_n = -\omega\frac{W_n}{\prod_{j=1}^n(1+W_j)}}
$$  Proof of the Compact Product Formula for $\partial_z W_n$ and $\partial_t W_n$ Let $$
\xi = - \omega _ { 2 } z - \omega t - 1 , \qquad \frac { \partial \xi } { \partial z } = - \omega _ { 2 } , \qquad \frac { \partial \xi } { \partial t } = - \omega .
$$ Define the recursive LambertW composition $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j = 2 , \ldots , n .
$$ We prove the formula for $\partial _ { z } W _ { n }$ . The temporal derivative follows identically with ω replacing ω2. **Step 1: Base case $n = 1$** Let $$
x = - e ^ { \xi } .
$$ The derivative of the LambertW function is $$
{ \frac { d } { d x } } \operatorname { L a m b e r t W } ( x ) = { \frac { \operatorname { L a m b e r t W } ( x ) } { x ( 1 + \operatorname { L a m b e r t W } ( x ) ) } } .
$$ Using the chain rule, $$
\frac { \partial W _ { 1 } } { \partial z } = \frac { d W _ { 1 } } { d x } \frac { \partial x } { \partial z } .
$$ Since $$
\frac { \partial x } { \partial z } = - e ^ { \xi } \frac { \partial \xi } { \partial z } = \omega _ { 2 } e ^ { \xi } ,
$$ and $$
x = W _ { 1 } e ^ { W _ { 1 } } ,
$$ we obtain $$
\frac { \partial W _ { 1 } } { \partial z } = \frac { W _ { 1 } } { x ( 1 + W _ { 1 } ) } ( \omega _ { 2 } e ^ { \xi } ) .
$$ Because $$
x = - e ^ { \xi } ,
$$ this simplifies to $$
\boxed { \frac { \partial W _ { 1 } } { \partial z } = - \omega _ { 2 } \frac { W _ { 1 } } { 1 + W _ { 1 } } }
$$ which matches the claimed formula for $n = 1$ : $$
- \omega _ { 2 } \frac { W _ { 1 } } { ( 1 + W _ { 1 } ) } .
$$ Thus the base case holds. **Step 2: Recursive derivative relation** For $j \geq 2$ $$
W _ { j } = \operatorname { L a m b e r t W } ( W _ { j - 1 } ) .
$$ Applying the chain rule: $$
\frac { \partial W _ { j } } { \partial z } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } \frac { \partial W _ { j - 1 } } { \partial z } .
$$ This is the fundamental recursion. **Step 3: Induction hypothesis** Assume for some $k \geq 1$ : $$
\boxed{\frac{\partial W_k}{\partial z} = -\omega_2 \frac{W_k}{\prod_{j=1}^k (1+W_j)}}
$$ **Step 4: Inductive step** Using the recursion: $$
\frac { \partial W _ { k + 1 } } { \partial z } = \frac { W _ { k + 1 } } { W _ { k } ( 1 + W _ { k + 1 } ) } \frac { \partial W _ { k } } { \partial z } .
$$ Substitute the induction hypothesis: $$
= \frac { W _ { k + 1 } } { W _ { k } ( 1 + W _ { k + 1 } ) } \left( - \omega _ { 2 } \frac { W _ { k } } { \prod _ { j = 1 } ^ { k } ( 1 + W _ { j } ) } \right) .
$$ Cancel $W _ { k }$ $$
= - \omega _ { 2 } \frac { W _ { k + 1 } } { ( 1 + W _ { k + 1 } ) } \frac { 1 } { \prod _ { j = 1 } ^ { k } ( 1 + W _ { j } ) } .
$$ Combine denominators: $$
\boxed{\frac{ \partial W _ { k + 1 } } { \partial z } = - \omega _ { 2 } \frac { W _ { k + 1 } } { \displaystyle \prod _ { j = 1 } ^ { k + 1 } ( 1 + W _ { j } ) }}
$$ Thus the formula holds for $k + 1$ . **Step 5: Conclusion** By mathematical induction, $$
\boxed{\frac { \partial W _ { n } } { \partial z } = - \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ( 1 + W _ { j } ) }}
$$ Similarly, since $$
\frac { \partial \xi } { \partial t } = - \omega ,
$$ the identical derivation yields $$
\boxed{\frac { \partial W _ { n } } { \partial t } = - \omega \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) }}
$$ **Final Result** The recursive differentiation of the $n ^ { \mathrm { t h } }$ LambertW composition produces the compact product formulas: $$
\boxed{\partial _ { z } W _ { n } = - \omega _ { 2 } \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) }}
$$ $$
\boxed{\partial _ { t } W _ { n } = - \omega \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) }}
$$ which proves the statement: “Iterating this recursion yields the compact products.” **Step 4: Mixed derivative** Differentiate $\partial _ { t } W _ { n }$ with respect to $z$ : $$
\partial _ { t z } W _ { n } = \frac { \partial } { \partial z } \left( - \omega \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) } \right)
$$ Carrying out the derivative and simplifying the telescoping products gives $$
\boxed { \partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ^ { 2 } } }
$$  Full Proofs of Steps 2 and 3 **Proof of Step 2 and Step 3** We consider the function $$
F _ { 0 } ( z ) = P ( z ) W _ { n } ( z ) ^ { - 1 / 2 } ,
$$ where $$
P ( z ) : = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) .
$$ We now prove rigorously:\
•Step 2: The derivative of $F _ { 0 } ( z )$ using the product rule.\
•Step 3: The explicit derivative formula for the product $P ( z )$ . **Step 2: Product Rule Differentiation** Theorem (Product Rule) Let $f ( z )$ and $g ( z )$ be differentiable functions. Then $$
{ \frac { d } { d z } } [ f ( z ) g ( z ) ] = f ^ { \prime } ( z ) g ( z ) + f ( z ) g ^ { \prime } ( z ) .
$$ **Application** Let $$
f ( z ) = P ( z ) , \qquad g ( z ) = W _ { n } ( z ) ^ { - 1 / 2 } .
$$ Then by the product rule, $$
\frac { d F _ { 0 } } { d z } = \frac { d } { d z } \left[ P ( z ) W _ { n } ( z ) ^ { - 1 / 2 } \right] = P ^ { \prime } ( z ) W _ { n } ^ { - 1 / 2 } + P ( z ) \frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) .
$$ This completes Step 2 rigorously. **Derivative of the Power Term** We now compute $$
\frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) .
$$ **Chain Rule** Let $u ( z ) = W _ { n } ( z )$ . Then $$
\frac { d } { d z } \left( u ^ { - 1 / 2 } \right) = - \frac { 1 } { 2 } u ^ { - 3 / 2 } u ^ { \prime } .
$$ Therefore $$
\boxed{\frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) = - \frac { 1 } { 2 } W _ { n } ^ { - 3 / 2 } W _ { n } ^ { \prime }}
$$ **Step 3: Derivative of the Product $P(z)$** We now compute the derivative of $$
P ( z ) = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) .
$$ **Finite Product Differentiation Rule** Let $$
P ( z ) = \prod _ { j = 1 } ^ { m } f _ { j } ( z ) ,
$$ where each $f _ { j } ( z )$ is differentiable. Then the derivative is $$
\boxed{P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { j = 1 } ^ { m } f _ { j } ( z ) \right]}
$$ **Proof** We prove by induction. **Base Case: $m = 2$** Let $$
P ( z ) = f _ { 1 } ( z ) f _ { 2 } ( z ) .
$$ Then by the product rule, $$
P ^ { \prime } ( z ) = f _ { 1 } ^ { \prime } ( z ) f _ { 2 } ( z ) + f _ { 1 } ( z ) f _ { 2 } ^ { \prime } ( z ) ,
$$ which matches the formula. **Inductive Step** Assume the formula holds for $m - 1$ functions. Write $$
P ( z ) = \left( \prod _ { j = 1 } ^ { m - 1 } f _ { j } ( z ) \right) f _ { m } ( z ) .
$$ Define $$
Q ( z ) = \prod _ { j = 1 } ^ { m - 1 } f _ { j } ( z ) .
$$ Then $$
P ( z ) = Q ( z ) f _ { m } ( z ) .
$$ Differentiate using the product rule: $$
P ^ { \prime } ( z ) = Q ^ { \prime } ( z ) f _ { m } ( z ) + Q ( z ) f _ { m } ^ { \prime } ( z ) .
$$ By the induction hypothesis, $$
Q ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m - 1 } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { j = 1 \atop j \ne k } ^ { m - 1 } f _ { j } ( z ) \right] .
$$ Substitute into the expression: $$
P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m - 1 } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { \stackrel { j = 1 } { j \neq k } } ^ { m - 1 } f _ { j } ( z ) \right] f _ { m } ( z ) + f _ { m } ^ { \prime } ( z ) \prod _ { j = 1 } ^ { m - 1 } f _ { j } ( z ) .
$$ This becomes $$
P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { m } \left[ f _ { k } ^ { \prime } ( z ) \prod _ { j = 1 \atop j \ne k } ^ { m } f _ { j } ( z ) \right] .
$$ Thus the formula holds for $m$ , completing the proof. **Apply to Our Product** Let $$
f _ { j } ( z ) = 1 + W _ { j } ( z ) .
$$ Then $$
f _ { j } ^ { \prime } ( z ) = W _ { j } ^ { \prime } ( z ) .
$$ Therefore $$
\boxed{P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { n - 1 } \left[ W _ { k } ^ { \prime } ( z ) \prod _ { j = 1 \atop j \neq k } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) \right]}
$$ **Factorized Form** We now factor out the full product $$
P ( z ) = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) .
$$ Observe that $$
\prod _ { j = 1 \atop j \ne k } ^ { n - 1 } ( 1 + W _ { j } ) = \frac { P ( z ) } { 1 + W _ { k } } .
$$ Therefore $$
P ^ { \prime } ( z ) = \sum _ { k = 1 } ^ { n - 1 } W _ { k } ^ { \prime } { \frac { P ( z ) } { 1 + W _ { k } } } .
$$ Hence $$
\boxed{P ^ { \prime } ( z ) = P ( z ) \sum _ { k = 1 } ^ { n - 1 } \frac { W _ { k } ^ { \prime } } { 1 + W _ { k } }}
$$ which is the exact identity used in the derivative structure.  Proof that $I _ { n } \to 0$ as $n \to \infty$ The analysis presented in this module concerns the asymptotic behavior of a recursively defined sequence of functions generated by repeated application of the Lambert W function and the evaluation of a finite algebraic expression constructed from their derivatives. In particular, the sequence $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j \geq 2 ,
$$ defines an iterated functional system whose limiting behavior determines the asymptotics of the quantity $$
I _ { n } = 2 \sum _ { k = 0 } ^ { n - 1 } \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) .
$$ The mathematical justification of the limit $$
\operatorname* { l i m } _ { n \to \infty } I _ { n } = 0
$$ relies on three foundational components of modern analysis: - asymptotic expansions near algebraic branch points, - convergence of iterated analytic functions, - decay estimates for recursive derivative chains. These topics lie at the intersection of asymptotic analysis, nonlinear functional iteration, and analytic function theory. **Lambert W Function and Branch Point Structure** The Lambert W function is defined implicitly by the equation $$
W ( z ) e ^ { W ( z ) } = z ,
$$ and plays a central role in many areas of applied mathematics, including combinatorics, delay differential equations, and nonlinear dynamics. A comprehensive treatment of the function, including its analytic continuation and branch structure, is given by Corless et al. \[2\]. A key feature of the Lambert W function is the existence of a square-root branch point at $$
z = - { \frac { 1 } { e } } .
$$ Near this point, the principal branch admits the asymptotic expansion $$
W ( z ) = - 1 + \sqrt { 2 ( e z + 1 ) } + O ( e z + 1 ) , \qquad z \to - \frac { 1 } { e } .
$$ Such square-root behavior is characteristic of algebraic branch points in analytic function theory and follows from general results on Puiseux series expansions for implicitly defined functions. Standard treatments of these expansions can be found in classical references on complex analysis such as Whittaker and Watson \[4\] and modern texts on analytic functions such as Henrici \[19\]. **Iteration of Analytic Functions** The recursive definition $$
W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } )
$$ generates an iterated functional sequence. Under mild regularity conditions, repeated application of an analytic mapping near a fixed point produces convergence to that fixed point provided the derivative magnitude is less than one. This principle is a consequence of the contraction mapping theorem and forms the basis of many iterative methods in analysis. Rigorous treatments of functional iteration and convergence to fixed points appear in standard analysis and dynamical systems literature, including the works of Banach and modern presentations such as Devaney \[17\]. In the present setting, the fixed point is $$
W = 0 ,
$$ and the sequence satisfies $$
\operatorname* { l i m } _ { j \to \infty } W _ { j } = 0 ,
$$ a property that determines the asymptotic behavior of the product terms appearing in the definition of $I _ { n }$ . **Recursive Derivative Chains** The derivative sequence $$
W _ { j } ^ { \prime } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } W _ { j - 1 } ^ { \prime }
$$ forms a multiplicative chain. Such recursive derivative relations arise naturally when differentiating iterated functions and are closely related to the chain rule in differential calculus. In general, if $$
x _ { n + 1 } = f ( x _ { n } ) ,
$$ then differentiation yields $$
x _ { n + 1 } ^ { \prime } = f ^ { \prime } ( x _ { n } ) x _ { n } ^ { \prime } .
$$ This structure implies that derivative magnitudes evolve multiplicatively along the iteration. Under convergence of the underlying sequence to a stable fixed point, the derivative sequence typically decays to zero. Detailed discussions of derivative chains and stability of iterated mappings can be found in standard references on nonlinear analysis such as Ortega and Rheinboldt \[21\]. **Asymptotic Estimates and Limit Evaluation** The proof that $$
I _ { n } \to 0
$$ relies on bounding the magnitude of each summand $$
T _ { k } = \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) .
$$ The argument uses classical techniques of asymptotic comparison and limit evaluation. In particular: - the sequence $W _ { j }$ converges to zero, - the derivative sequence $W _ { j } ^ { \prime }$ decays to zero, - the multiplicative factors $1 + W _ { j }$ converge to one. These properties allow the expression to be controlled using elementary limit theorems and comparison estimates. Such methods form the foundation of asymptotic analysis and are treated systematically in standard references such as Olver \[20\] and Hardy \[18\]. **Structural Interpretation** From a structural viewpoint, the quantity $I _ { n }$ represents a finite algebraic sum generated by repeated differentiation and product reduction. The convergence result $$
\operatorname* { l i m } _ { n \to \infty } I _ { n } = 0
$$ is therefore a consequence of the combined effects of: - convergence of the iterated Lambert W sequence, - decay of the associated derivative chain, - stability of multiplicative factors approaching unity. This type of asymptotic vanishing behavior is typical for recursive systems whose derivatives shrink geometrically near stable fixed points, a phenomenon widely studied in nonlinear analysis and iterative dynamics. We consider the sequence $$
{ \cal I } _ { n } = 2 \sum _ { k = 0 } ^ { n - 1 } \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) ,
$$ with the convention $\textstyle \prod _ { j = 1 } ^ { 0 } W _ { j } ^ { \prime } = 1$ , where $W _ { j }$ are defined recursively by $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \quad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , j \geq 2 ,
$$ and the derivative chain is $$
W _ { 1 } ^ { \prime } = - \frac { W _ { 1 } } { 1 + W _ { 1 } } , \quad W _ { j } ^ { \prime } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } W _ { j - 1 } ^ { \prime } .
$$ We study the limit at the branch point $\xi = - 1$ , for which $W _ { 1 } = - 1$ . **Step 1: Behavior of $W _ { j }$ near the branch point** The Lambert W function near its branch point $z = - 1 / e$ satisfies $$
W ( z ) \sim - 1 + \sqrt { 2 ( e z + 1 ) } , \quad z \to - 1 / e .
$$ Thus for $j > 1$ , $$
W _ { j } = \operatorname { L a m b e r t W } ( W _ { j - 1 } ) ,
$$ and since $W _ { 1 } = - 1$ , the sequence satisfies $$
\operatorname* { l i m } _ { j \to \infty } W _ { j } = 0 .
$$ **Step 2: Behavior of the derivatives $W _ { j } ^ { \prime }$** We have $$
W _ { 1 } ^ { \prime } = - \frac { W _ { 1 } } { 1 + W _ { 1 } } ,
$$ which diverges at the branch point. For $j \geq 2$ , $$
W _ { j } ^ { \prime } = \frac { W _ { j } } { W _ { j - 1 } ( 1 + W _ { j } ) } W _ { j - 1 } ^ { \prime } .
$$ Since $W _ { j } \to 0$ as $j \to \infty$ , we find $$
\operatorname* { l i m } _ { j \to \infty } W _ { j } ^ { \prime } = 0 .
$$ **Step 3: Upper bound on $I _ { n }$** Each term in $I _ { n }$ can be written as $$
T _ { k } : = \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) .
$$ For large $n$: - $W _ { n } ^ { \prime } \to 0$ , $\sqrt { 1 + W _ { n } } \to 1$ , so $\sqrt { 1 + W _ { n } } / W _ { n } ^ { \prime } \to \infty$ . - $\textstyle \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \to 0$ for any fixed $k$ , since $W _ { j } ^ { \prime } \to 0$ rapidly. - $\textstyle \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) \to 1$ as $W _ { i } \to 0$ . Hence, $$
T _ { k } \sim \frac { \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } } { W _ { n } ^ { \prime } } \to 0 \quad \mathrm { a s } \ n \to \infty .
$$ **Step 4: Sum over $k$** $$
I _ { n } = 2 \sum _ { k = 0 } ^ { n - 1 } T _ { k } .
$$ Since each $T _ { k } \to 0$ and the sum has only $n$ terms, the sum also vanishes: $$
\operatorname* { l i m } _ { n \to \infty } I _ { n } = 0 .
$$ **Step 5: Conclusion** We have shown that $$
\boxed{\operatorname*{lim}_{n \to \infty} I_n = 0 \text{ at the branch point } \xi = -1.}
$$  Analysis of $1/(\sin(Z-t)+1-\epsilon)$ and $1/(\sin(Z-t)+1)$ We consider the functions $$
f _ { 1 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 - \epsilon } , \quad \epsilon > 2 ,
$$ and $$
f _ { 2 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 } .
$$ **Step 1: Denominator bounds** For the second function, the denominator is $$
\sin ( Z - t ) + 1 .
$$ Since $- 1 \leq \sin ( x ) \leq 1$ , we have $$
0 \leq \sin ( Z - t ) + 1 \leq 2 .
$$ **Step 2: Check for zeros** The denominator of $f _ { 2 }$ can vanish if $$
\sin ( Z - t ) + 1 = 0 \implies \sin ( Z - t ) = - 1 .
$$ This occurs at $$
Z - t = { \frac { 3 \pi } { 2 } } + 2 k \pi , \quad k \in \mathbb { Z } .
$$ **Step 3: Finite-time blowup** Since the denominator can vanish at finite $t$ , the function $$
f _ { 2 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 }
$$ has finite-time blowup at those points. **Step 4: Comparison with $\epsilon > 2$** For the function $$
f _ { 1 } ( Z , t ) = \frac { 1 } { \sin ( Z - t ) + 1 - \epsilon } , \quad \epsilon > 2 ,
$$ the denominator satisfies $$
\begin{array} { r } { \sin ( Z - t ) + 1 - \epsilon \le 1 + 1 - \epsilon = 2 - \epsilon < 0 , } \end{array}
$$ so it does not vanish for any finite $t$.\
**Conclusion** - $1 / ( \sin ( Z - t ) + 1 - \epsilon )$ with $\epsilon > 2$ has no finite-time blowup. - $1 / ( \sin ( Z - t ) + 1 )$ has finite-time blowup whenever $\sin ( Z - t ) = - 1$ , i.e., at $$
Z - t = { \frac { 3 \pi } { 2 } } + 2 k \pi , \quad k \in \mathbb { Z } .
$$  Analysis of the Function $f(Z,t)=\frac{1}{\eta+\sin(Z-t)+1-\epsilon}$ We analyze the function $$
f ( Z , t ) = \frac { 1 } { \eta + \sin ( Z - t ) + 1 - \epsilon } .
$$ We determine precisely when there is finite-time blowup and when there is none. **Step 1: Blowup condition** Finite-time blowup occurs if the denominator equals zero: $$
\eta + \sin ( Z - t ) + 1 - \epsilon = 0 .
$$ Rearranging gives $$
\sin ( Z - t ) = \epsilon - \eta - 1 .
$$ **Step 2: Use the boundedness of sine** We use the fundamental bound $$
- 1 \leq \sin ( x ) \leq 1 .
$$ Therefore a real solution exists if and only if $$
\epsilon - \eta - 1 \in [ - 1 , 1 ] .
$$ This gives the inequality $$
- 1 \leq \epsilon - \eta - 1 \leq 1 .
$$ **Step 3: Solve the inequality** Add 1 to all parts: $$
0 \leq \epsilon - \eta \leq 2 .
$$ This is the necessary and sufficient condition for finite-time blowup.  Final classification of finite time blowup **Finite-time blowup occurs if and only if** $$
\boxed{0 \leq \epsilon - \eta \leq 2}
$$ because then there exists a time $t$ such that $$
\sin ( Z - t ) = \epsilon - \eta - 1 .
$$ **No finite-time blowup occurs if and only if** $$
\boxed{\epsilon - \eta < 0 \quad \text{or} \quad \epsilon - \eta > 2}
$$ because then $$
\epsilon - \eta - 1 \not \in [ - 1 , 1 ] .
$$ so the denominator never vanishes. **Useful special cases** **Case 1 Original blowup case** $$
\eta = 0 , ~ \epsilon = 0
$$ Then $$
f = { \frac { 1 } { \sin ( Z - t ) + 1 } } .
$$ Blowup occurs. **Case 2 Small positive regularization** If $$
\eta > \epsilon
$$ then $$
\epsilon - \eta < 0
$$ and therefore $$
\boxed{\text{No finite-time blowup}}
$$ and the function is bounded: $$
\sin ( Z - t ) + 1 + \eta - \epsilon \geq \eta - \epsilon > 0 .
$$ **Case 3 Large negative shift** If $$
\epsilon - \eta > 2
$$ then $$
\sin ( Z - t ) = \epsilon - \eta - 1 > 1,
$$ which is impossible, so again: $$
\boxed{\text{No finite-time blowup}}
$$ **Interpretation** The effective shift in the denominator is $$
\boxed { \eta - \epsilon } .
$$ • If the net shift is positive enough (${ \eta } > \epsilon$ ), the denominator stays away from zero and the function remains smooth. • If the net shift falls in the interval $$
0 \leq \epsilon - \eta \leq 2 ,
$$ then the denominator can hit zero and finite-time blowup occurs. This provides a complete and exact criterion for the form $$
\frac { 1 } { \eta + \sin ( Z - t ) + 1 - \epsilon } .
$$ From the general solution of each $u _ { i }$ component of the 3D Navier Stokes equations for $i = 1 \dots 3$ , for $i = 3$ first: $$
u _ { z } = \frac { 1 } { \eta _ { 3 } + \sin ( z - t ) + 1 - \epsilon }
$$ where $u _ { z }$ is derived from the WeierstrassZeta function with zero invariants and $\eta _ { 3 }$ is in terms of $I _ { n }$ (from section ). The logic followed here is that since $I _ { n } \to 0$ as $n \to \infty$ then we choose a range of $\epsilon$ values such that $u _ { z }$ is smooth in fact sinusoidal. Then we attempt to determine if $b _ { 3 } = u _ { x } u _ { y }$ is smooth or has a finite time blowup. Now from the general solutions obtained for $u _ { x }$ and $u _ { y }$ based on the geometric calculus approach,(as was obtained for $u _ { z }$ , the following occurs: $$
b _ { 3 } ( x , y , z , t ) = \frac { 1 } { \left( \eta _ { 1 } + f _ { 1 } \left( y , z , t \right) \right) \left( \eta _ { 2 } + f _ { 2 } \left( x , z , t \right) \right) }
$$ On a foliation of planes $y = x + C$ we set $f _ { 1 } ( x , z , t ) = - f _ { 2 } ( x + C , z , t )$ and $\eta _ { 1 } \to 0$ and $\eta _ { 2 } \to 0$ giving, $$
b _ { 3 } ( x , y , z , t ) = \frac { 1 } { f _ { 2 } ( x , z , t ) ^ { 4 } }
$$ Substituting into Equation 6 of reference \[1\] we obtain, $$
\begin{aligned}
- \frac { 4 \left( \frac { \partial } { \partial t } f _ { 2 } ( x , z , t ) \right) } { f _ { 2 } ( x , z , t ) ^ { 5 } } &= \frac { \cos ( - z + t ) } { f _ { 2 } ( x , z , t ) ^ { 8 } \left( \eta _ { 3 } - \sin ( - z + t ) + 1 - \epsilon \right) } \\
&\quad - \frac { 4 \left( \frac { \partial } { \partial z } f _ { 2 } ( x , z , t ) \right) } { f_2 ( x , z , t ) ^ { 9 } }
\end{aligned}
$$ Here we let $\eta _ { 3 } \to 0$ and $\epsilon \to 1 ( \mathrm{blowup ~ regime} )$ Thus we obtain and we solve the PDE $$
\frac { \partial b ( x , y , z , t ) } { \partial t } = - b ( x , y , z , t ) \Big ( b ( x , y , z , t ) \cot ( - z + t ) + \frac { \partial b ( x , y , z , t ) } { \partial z } \Big ) .
$$ **1) Rewrite the PDE in standard quasilinear form** Use the identity $$
\cot ( - z + t ) = \cot ( t - z ) .
$$ Then $$
b _ { t } = - b b _ { z } - b ^ { 2 } \cot ( t - z ) .
$$ Move terms to the left: $$
\boxed { b _ { t } + b b _ { z } + b ^ { 2 } \cot ( t - z ) = 0 }
$$ This is a first-order nonlinear transport-type PDE, solvable by the method of characteristics. **2) Characteristic equations** Let $s$ be the parameter along characteristics. Then: $$
{ \frac { d t } { d s } } = 1 , \qquad { \frac { d z } { d s } } = b , \qquad { \frac { d b } { d s } } = - b ^ { 2 } \cot ( t - z ) .
$$ **3) Introduce the invariant variable** Define $$
w = t - z .
$$ Then along characteristics: $$
{ \frac { d w } { d s } } = { \frac { d t } { d s } } - { \frac { d z } { d s } } = 1 - b .
$$ So the reduced system becomes: $$
{ \frac { d b } { d s } } = - b ^ { 2 } \cot w , \qquad { \frac { d w } { d s } } = 1 - b .
$$ **4) Eliminate the parameter** Compute $$
{ \frac { d b } { d w } } = { \frac { d b / d s } { d w / d s } } = { \frac { - b ^ { 2 } \cot w } { 1 - b } } .
$$ This is separable: $$
{ \frac { 1 - b } { b ^ { 2 } } } d b = - \cot w d w .
$$ **5) Integrate** Left side: $$
\int \left( { \frac { 1 } { b ^ { 2 } } } - { \frac { 1 } { b } } \right) d b = - { \frac { 1 } { b } } - \ln | b | .
$$ Right side: $$
- \int \cot w d w = - \ln | \sin w | .
$$ Therefore: $$
- { \frac { 1 } { b } } - \ln | b | = - \ln | \sin w | + C .
$$ Multiply by $- 1$ : $$
\boxed{{ \frac { 1 } { b } } + \ln | b | = \ln | \sin w | + C}
$$ **6) Substitute back $w = t - z$** $$
\boxed{{ \frac { 1 } { b ( x , y , z , t ) } } + \ln | b ( x , y , z , t ) | - \ln | \sin ( t - z ) | = C}
$$ Because the PDE does not involve derivatives in $x$ or $y$ , the constant may depend on them and on the initial characteristic label: $$
\boxed{{ \frac { 1 } { b } } + \ln | b | - \ln | \sin ( t - z ) | = F ( x , y , \xi )}
$$ where $\xi$ is the characteristic coordinate determined from $$
\frac { d z } { d t } = b .
$$  Derivation of the Mixed Derivative $\partial _ { t z } W _ { n }$ Let $$
\xi = - \omega _ { 2 } z - \omega t - 1 , \qquad \frac { \partial \xi } { \partial z } = - \omega _ { 2 } , \qquad \frac { \partial \xi } { \partial t } = - \omega .
$$ Define recursively $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) , \quad j = 2 , \ldots , n .
$$ Assume the proven compact derivative: $$
\boxed { \partial _ { t } W _ { n } = - \omega \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) } }
$$ We compute the mixed derivative $$
\partial _ { t z } W _ { n } = \frac { \partial } { \partial z } \left( - \omega \frac { W _ { n } } { P _ { n } } \right) ,
$$ where $$
P _ { n } = \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) .
$$ **Step 1: Apply the quotient rule** $$
\partial _ { t z } W _ { n } = - \omega \left[ \frac { \partial _ { z } W _ { n } } { P _ { n } } - \frac { W _ { n } } { P _ { n } ^ { 2 } } \partial _ { z } P _ { n } \right] .
$$ **Step 2: Substitute known derivative** From the induction result: $$
\boxed { \partial _ { z } W _ { n } = - \omega _ { 2 } \frac { W _ { n } } { P _ { n } } }
$$ Therefore $$
\frac { \partial _ { z } W _ { n } } { P _ { n } } = - \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } .
$$ **Step 3: Differentiate the product $P _ { n }$** Using the logarithmic derivative: $$
\partial _ { z } P _ { n } = P _ { n } \sum _ { k = 1 } ^ { n } \frac { \partial _ { z } W _ { k } } { 1 + W _ { k } } .
$$ Substitute the derivative formula for each $W _ { k }$ : $$
\partial _ { z } W _ { k } = - \omega _ { 2 } \frac { W _ { k } } { P _ { k } } ,
$$ where $$
P _ { k } = \prod _ { j = 1 } ^ { k } ( 1 + W _ { j } ) .
$$ Thus $$
\frac { \partial _ { z } W _ { k } } { 1 + W _ { k } } = - \omega _ { 2 } \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } .
$$ Hence $$
\boxed{\partial _ { z } P _ { n } = - \omega _ { 2 } P _ { n } \sum _ { k = 1 } ^ { n } \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } }}
$$ **Step 4: Substitute into mixed derivative** Return to $$
\partial _ { t z } W _ { n } = - \omega \left[ - \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } - \frac { W _ { n } } { P _ { n } ^ { 2 } } \partial _ { z } P _ { n } \right] .
$$ Substitute $\partial _ { z } P _ { n }$ : $$
= - \omega \left[ - \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } + \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } P _ { n } \sum _ { k = 1 } ^ { n } \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } \right] .
$$ Factor common terms: $$
= \omega \omega _ { 2 } { \frac { W _ { n } } { P _ { n } ^ { 2 } } } \left[ 1 - P _ { n } \sum _ { k = 1 } ^ { n } { \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } } \right] .
$$ **Step 5: Telescoping structure** Note that $$
{ \frac { P _ { n } } { ( 1 + W _ { k } ) P _ { k } } } = \prod _ { j = k + 1 } ^ { n } ( 1 + W _ { j } ) .
$$ Therefore the sum becomes $$
P _ { n } \sum _ { k = 1 } ^ { n } { \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } } = \sum _ { k = 1 } ^ { n } { W _ { k } \prod _ { j = k + 1 } ^ { n } ( 1 + W _ { j } ) } .
$$ Now observe the identity $$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) = 1 + \sum _ { k = 1 } ^ { n } W _ { k } \prod _ { j = k + 1 } ^ { n } ( 1 + W _ { j } ) .
$$ This is proved by expanding the product sequentially. Therefore $$
\boxed{ 1 - P _ { n } \sum _ { k = 1 } ^ { n } { \frac { W _ { k } } { ( 1 + W _ { k } ) P _ { k } } } = { \frac { 1 } { P _ { n } } }}
$$ **Step 6: Final simplification** Substitute this result: $$
\partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { P _ { n } ^ { 2 } } \left( \frac { 1 } { P _ { n } } \right) P _ { n } .
$$ Thus $$
\boxed{\partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ( 1 + W _ { j } ) ^ { 2 } }}
$$ **Final Result** The mixed derivative of the $n ^ { \mathrm { t h } }$ LambertW composition satisfies $$
\boxed { \partial _ { t z } W _ { n } = \omega \omega _ { 2 } \frac { W _ { n } } { \displaystyle \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ^ { 2 } } }
$$ and this result follows rigorously from the quotient rule, the recursive derivative identities, and the telescoping product identity. **Step 5: Ratio of derivatives** Define $$
\mathcal { R } _ { n } = \frac { ( \partial _ { t } W _ { n } ) ^ { 3 } } { ( \partial _ { t z } W _ { n } ) ^ { 2 } } .
$$ Substituting the expressions above: $$
\mathcal { R } _ { n } = \frac { \left( - \omega \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) } \right) ^ { 3 } } { \left( \omega \omega _ { 2 } \frac { W _ { n } } { \prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ) ^ { 2 } } \right) ^ { 2 } }
$$ Simplifying powers gives $$
\boxed{\mathcal { R } _ { n } = - \frac { \omega } { \omega _ { 2 } ^ { 2 } } \frac { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) ^ { 2 } }}
$$ **Step 6: Integrand for the velocity potential** The inverse square root is $$
\boxed { \mathcal { T } _ { n } = \frac { 1 } { \sqrt { \mathcal { R } _ { n } } } = \frac { \omega _ { 2 } } { \sqrt { - \omega } } \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } }
$$ **Conclusion** For the $n ^ { \mathrm { t h } }$ LambertW composition with $$
W _ { 1 } = \mathrm { L a m b e r t W } ( - e ^ { \xi } ) , \qquad W _ { j } = \mathrm { L a m b e r t W } ( W _ { j - 1 } ) ,
$$ and $$
\xi = - \omega _ { 2 } z - \omega t - 1 ,
$$ the ratio of derivatives and its inverse square root take the exact algebraic forms: $$
\begin{array} { r l } & { \mathcal { R } _ { n } = - \displaystyle \frac { \omega } { \omega _ { 2 } ^ { 2 } } \frac { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) ^ { 2 } } , } \\ & { \mathcal { I } _ { n } = \displaystyle \frac { \omega _ { 2 } } { \sqrt { - \omega } } \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } . } \end{array}
$$  Explicit solution using the Lambert $W$ function Starting from $$
\frac { 1 } { b } + \ln | b | = \ln | \sin ( t - z ) | + F ( x , y , \xi ) ,
$$ define $$
S ( x , y , z , t ) : = \ln | \sin ( t - z ) | + F ( x , y , \xi ) .
$$ We have $$
{ \frac { 1 } { b } } + \ln | b | = S .
$$ Rearrange: $$
\ln \left| b \right| = S - { \frac { 1 } { b } } .
$$ Exponentiate: $$
| b | = e ^ { S - { \frac { 1 } { b } } } = e ^ { S } e ^ { - 1 / b } .
$$ Multiply both sides by $e ^ { 1 / b }$ : $$
\left| b \right| e ^ { 1 / b } = e ^ { S } .
$$ Introduce substitution $$
u = { \frac { 1 } { b } } .
$$ Then $$
\frac { 1 } { u } e ^ { u } = e ^ { S } .
$$ Multiply by $u$ . $$
e ^ { u } = u e ^ { S } .
$$ Rearrange: $$
u e ^ { - u } = e ^ { - S } .
$$ The Lambert function satisfies $$
W ( x ) e ^ { W ( x ) } = x .
$$ Let $$
x = - u .
$$ Then $$
( - u ) e ^ { - u } = - e ^ { - S } .
$$ Therefore $$
x e ^ { x } = - e ^ { - S } .
$$ So $$
x = W \left( - e ^ { - S } \right) .
$$ Hence $$
- u = W \left( - e ^ { - S } \right) ,
$$ and therefore $$
\begin{array} { r } { u = - W \left( - e ^ { - S } \right) . } \end{array}
$$ Since $$
u = { \frac { 1 } { b } } ,
$$ we obtain the explicit solution $$
\boxed{b ( x , y , z , t ) = - \frac { 1 } { W \big ( - e ^ { - S ( x , y , z , t ) } \big ) }}
$$ where $$
\boxed{S ( x , y , z , t ) = \ln | \sin ( t - z ) | + F ( x , y , \xi )}
$$ Using $$
e ^ { - S } = \frac { e ^ { - F ( x , y , \xi ) } } { | \sin ( t - z ) | } ,
$$ the solution can be written as $$
\boxed{b ( x , y , z , t ) = - \frac { 1 } { W \left( - \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } \right) }}
$$ Multiple branches may occur: $$
b = - \frac { 1 } { W _ { k } \biggl ( - \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } \biggr ) } .
$$ Finite-time blowup corresponds to the branch singularity condition $$
\boxed{- \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } = - \frac { 1 } { e }.}
$$ We analyze the regularity of the solution $$
b ( x , y , z , t ) = - \frac { 1 } { W _ { k } ( A ( x , y , z , t ) ) }
$$ where $$
A ( x , y , z , t ) = - \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } ,
$$ and $F$ is assumed smooth and finite. **1) Location of the branch point** The Lambert function satisfies $$
W ( x ) e ^ { W ( x ) } = x .
$$ It has a real branch point at $$
\boxed{x = - \frac { 1 } { e } .}
$$ Thus the critical condition is $$
\boxed{A ( x , y , z , t ) = - \frac { 1 } { e } .}
$$ Substitute the definition of $A$ : $$
- \frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } = - \frac { 1 } { e } .
$$ Cancel the negative signs: $$
\frac { e ^ { - F ( x , y , \xi ) } } { \sin ( t - z ) } = \frac { 1 } { e } .
$$ Solve for the sine: $$
\boxed{\sin ( t - z ) = e ^ { 1 - F ( x , y , \xi ) } .}
$$ **2) Existence of finite time** Since $$
| \sin ( \cdot ) | \leq 1 ,
$$ the equation has a real solution whenever $$
\boxed{e ^ { 1 - F ( x , y , \xi ) } < 1 .}
$$ That is, $$
\boxed{F ( x , y , \xi ) \geq 1 .}
$$ Therefore, $$
\boxed{\text{The branch point can occur at finite time.}}
$$ **3) Value of $b$ at the branch point** At the branch point: $$
W \left( - { \frac { 1 } { e } } \right) = - 1 .
$$ Hence $$
\boxed{b = - \frac { 1 } { - 1 } = 1 .}
$$ Therefore $$
\boxed{\text{$b$ is finite at the branch point.}}
$$ **4) Smoothness analysis** Let $$
b = - { \frac { 1 } { W ( A ) } } .
$$ Differentiate with respect to $t$ : $$
\frac { \partial b } { \partial t } = \frac { W ^ { \prime } ( A ) } { W ( A ) ^ { 2 } } \frac { \partial A } { \partial t } .
$$ Thus the behavior depends on $W ^ { \prime } ( A )$ . **5) Derivative of the Lambert $W$ function** The exact derivative formula is $$
W ^ { \prime } ( x ) = \frac { W ( x ) } { x \left[ 1 + W ( x ) \right] } .
$$ Evaluate at the branch point. $$
x = - { \frac { 1 } { e } } ,
$$ we have $$
W ( x ) = - 1 .
$$ Thus $$
1 + W ( x ) = 0 .
$$ Therefore $$
\boxed { W ^ { \prime } ( x ) \to \infty . }
$$ So the derivative of the Lambert function diverges at the branch point. **6) Behavior of the derivative of $b$** Recall $$
\frac { \partial b } { \partial t } = \frac { W ^ { \prime } ( A ) } { W ( A ) ^ { 2 } } \frac { \partial A } { \partial t } .
$$ At the branch point:\
• $W ( A ) = - 1$ (finite)\
• $\frac { \partial A } { \partial t }$ is finite\
• $W ^ { \prime } ( A ) \to \infty$ Therefore $$
\boxed{\left|\frac { \partial b } { \partial t }\right| \to \infty .}
$$ Thus the derivative blows up. **7) Mathematical classification** We have $$
\boxed{b \text{ is finite}}
$$ but $$
\boxed{\nabla b \text{ is unbounded.}}
$$ Therefore $$
\boxed{b \notin C^1}
$$ This represents a loss of smoothness (a gradient singularity), not a blowup of the function value. **Final statement** $$
\boxed{A ( x , y , z , t ) = - \frac { 1 } { e } \Rightarrow b \text{ is finite but not smooth.}}
$$ More precisely, $$
\boxed{b = 1, \quad |\nabla b| = \infty}
$$ Thus,
$$
\boxed{\begin{aligned}
\text{The Lambert } W \text{ branch point produces a} \\
\text{finite-value gradient singularity.}
\end{aligned}}
$$ We consider the PDE $$
\begin{aligned}
\frac { \partial b ( x , y , z , t ) } { \partial t } &= b ( x , y , z , t ) ^ { 2 } \frac { \cos ( - z + t ) } { - \sin ( - z + t ) + 1 - \epsilon _ { 3 } } \\
&\quad - b ( x , y , z , t ) \frac { \partial b ( x , y , z , t ) } { \partial z } .
\end{aligned}
$$ **1) Simplify the trigonometric expressions** Using $$
\cos ( - z + t ) = \cos ( t - z ) , \qquad \sin ( - z + t ) = \sin ( t - z ) ,
$$ the PDE becomes $$
b _ { t } = b ^ { 2 } \frac { \cos ( t - z ) } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } - b b _ { z } .
$$ Move terms to the left: $$
\boxed { b _ { t } + b b _ { z } - b ^ { 2 } \cfrac { \cos ( t - z ) } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } = 0 . }
$$ Define the coefficient $$
A ( t - z ) : = { \frac { \cos ( t - z ) } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } } .
$$ Thus $$
\boxed{\begin{array} { r } { b _ { t } + b b _ { z } - b ^ { 2 } A ( t - z ) = 0. } \end{array}}
$$ **2) Smoothness of the coefficient** We prove that $A$ is smooth when $\epsilon _ { 3 } > 2$ . Since $$
- 1 \leq \sin ( t - z ) \leq 1 ,
$$ we obtain bounds on the denominator: $$
\begin{array} { r } { 1 - \epsilon _ { 3 } - \sin ( t - z ) \le 1 - \epsilon _ { 3 } + 1 = 2 - \epsilon _ { 3 } , } \end{array}
$$ and $$
\begin{array} { r } { 1 - \epsilon _ { 3 } - \sin ( t - z ) \geq 1 - \epsilon _ { 3 } - 1 = - \epsilon _ { 3 } . } \end{array}
$$ Therefore $$
- \epsilon _ { 3 } \le 1 - \epsilon _ { 3 } - \sin ( t - z ) \le 2 - \epsilon _ { 3 } .
$$ If $$
\boxed{\epsilon _ { 3 } > 2 } ,
$$ then $$
2 - \epsilon _ { 3 } < 0 ,
$$ so the denominator is strictly negative for all real $( z , t )$ . Hence $$
\boxed{\begin{array} { r } { \left| 1 - \epsilon _ { 3 } - \sin ( t - z ) \right| \geq \epsilon _ { 3 } - 2 > 0 . } \end{array}}
$$ Thus the denominator never vanishes. Since sine and cosine are smooth functions, and division by a nonzero smooth function preserves smoothness, we conclude $$
\boxed{A ( t - z ) \in C ^ { \infty } ( \mathbb R ).}
$$ Therefore the coefficient of $b ^ { 2 }$ is smooth. **3) Method of characteristics** We solve $$
b _ { t } + b b _ { z } - b ^ { 2 } A ( t - z ) = 0 .
$$ Let $s$ be the characteristic parameter. Then $$
\frac { d t } { d s } = 1 , \qquad \frac { d z } { d s } = b , \qquad \frac { d b } { d s } = b ^ { 2 } A ( t - z ) .
$$ **4) Introduce invariant variable** Define $$
w = t - z .
$$ Then $$
{ \frac { d w } { d s } } = { \frac { d t } { d s } } - { \frac { d z } { d s } } = 1 - b .
$$ So the system becomes $$
\frac { d b } { d s } = b ^ { 2 } A ( w ) , \qquad \frac { d w } { d s } = 1 - b .
$$ **5) Eliminate the parameter** Compute $$
\frac { d b } { d w } = \frac { b ^ { 2 } { \cal A } ( w ) } { 1 - b } .
$$ Substitute the explicit coefficient $$
A ( w ) = \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } .
$$ Thus $$
\boxed{ { \frac { 1 - b } { b ^ { 2 } } } d b = { \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } } d w .}
$$ **6) Integrate** Left-hand side: $$
\int \left( { \frac { 1 } { b ^ { 2 } } } - { \frac { 1 } { b } } \right) d b = - { \frac { 1 } { b } } - \ln | b | .
$$ Right-hand side: Let $$
u = 1 - \epsilon _ { 3 } - \sin w .
$$ Then $$
d u = - \cos w d w .
$$ Therefore $$
\int { \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } } d w = - \int { \frac { 1 } { u } } d u = - \ln | u | .
$$ So $$
\int { \frac { \cos w } { 1 - \epsilon _ { 3 } - \sin w } } d w = - \ln | 1 - \epsilon _ { 3 } - \sin w | .
$$ Thus $$
- { \frac { 1 } { b } } - \ln | b | = - \ln | 1 - \epsilon _ { 3 } - \sin w | + C .
$$ Multiply by ${ - 1 }$ : $$
\boxed{ { \frac { 1 } { b } } + \ln | b | = \ln | 1 - \epsilon _ { 3 } - \sin w | + C .}
$$ **7) Substitute back** Since $$
w = t - z ,
$$ we obtain the implicit solution $$
\boxed{\frac { 1 } { b ( x , y , z , t ) } + \ln { | b ( x , y , z , t ) | } = \ln { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | } + F ( x , y , \xi ) .}
$$ Here $F$ is determined by initial data along characteristics, and $\xi$ labels the characteristic curve. **Final results** If $$
\boxed{\epsilon_3 > 2}
$$ then $$
\boxed{\frac{\cos(t - z)}{1 - \epsilon_3 - \sin(t - z)} \text{ is smooth for all } (z,t)}
$$ The solution of the PDE is given implicitly by $$
\boxed { \frac { 1 } { b } + \ln { | b | } = \ln { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | } + F ( x , y , \xi ) . }
$$ We start from the implicit solution previously obtained: $$
\frac { 1 } { b ( x , y , z , t ) } + \ln \left| b ( x , y , z , t ) \right| = \ln \left| 1 - \epsilon _ { 3 } - \sin ( t - z ) \right| + F ( x , y , \xi ) .
$$ Define $$
S ( x , y , z , t ) : = \ln | 1 - \epsilon _ { 3 } - \sin ( t - z ) | + F ( x , y , \xi ) .
$$ Thus $$
{ \frac { 1 } { b } } + \ln | b | = S .
$$ **1) Solve explicitly using the Lambert $W$ function** Rearrange: $$
\ln \left| b \right| = S - { \frac { 1 } { b } } .
$$ Exponentiate: $$
| b | = e ^ { S - { \frac { 1 } { b } } } = e ^ { S } e ^ { - 1 / b } .
$$ Multiply both sides by $e ^ { 1 / b }$ : $$
| b | e ^ { 1 / b } = e ^ { S } .
$$ Let $$
u = { \frac { 1 } { b } } .
$$ Then $$
\frac { 1 } { u } e ^ { u } = e ^ { S } .
$$ Multiply by $u$ $$
e ^ { u } = u e ^ { S } .
$$ Rearrange: $$
u e ^ { - u } = e ^ { - S } .
$$ Multiply by $^ { - 1 }$ : $$
( - u ) e ^ { - u } = - e ^ { - S } .
$$ Using the definition $$
W ( x ) e ^ { W ( x ) } = x ,
$$ we obtain $$
- u = W \left( - e ^ { - S } \right) .
$$ Therefore $$
\boxed { b ( x , y , z , t ) = - \frac { 1 } { W _ { k } \bigl ( - e ^ { - S ( x , y , z , t ) } \bigr ) } }
$$ where $$
\boxed{S ( x , y , z , t ) = \ln | 1 - \epsilon _ { 3 } - \sin ( t - z ) | + F ( x , y , \xi ).}
$$ Equivalently, $$
e ^ { - S } = \frac { e ^ { - F ( x , y , \xi ) } } { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | } .
$$ Thus the explicit solution can be written $$
b ( x , y , z , t ) = - \frac { 1 } { W _ { k } \bigg ( - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } \bigg ) } .
$$ **2) Smoothness of the coefficient** Assume $$
\boxed { \epsilon _ { 3 } > 2 } .
$$ Since $$
- 1 \leq \sin ( t - z ) \leq 1 ,
$$ we have $$
1 - \epsilon _ { 3 } - \sin ( t - z ) \le 2 - \epsilon _ { 3 } < 0 ,
$$ and $$
1 - \epsilon _ { 3 } - \sin ( t - z ) \geq - \epsilon _ { 3 } .
$$ Therefore $$
\begin{array} { r } { \boxed { | 1 - \epsilon _ { 3 } - \sin ( t - z ) | \geq \epsilon _ { 3 } - 2 > 0 . } } \end{array}
$$ Hence the denominator never vanishes, and the coefficient is smooth. **3) Possible gradient blowup** Let $$
A ( x , y , z , t ) = - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } .
$$ Then $$
b = - { \frac { 1 } { W ( A ) } } .
$$ Differentiate: $$
\nabla b = { \frac { W ^ { \prime } ( A ) } { W ( A ) ^ { 2 } } } \nabla A .
$$ The derivative of Lambert $W$ is $$
W ^ { \prime } ( x ) = \frac { W ( x ) } { x \left[ 1 + W ( x ) \right] } .
$$ Thus gradient blowup can occur only if $$
1 + W ( A ) = 0 .
$$ That is $$
\boxed{W ( A ) = - 1.}
$$ Using $$
W \left( - { \frac { 1 } { e } } \right) = - 1 ,
$$ the critical condition is $$
\boxed { A ( x , y , z , t ) = - \frac { 1 } { e } . }
$$ Substitute: $$
- \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } = - \frac { 1 } { e } .
$$ Cancel negative signs: $$
{ \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } } = { \frac { 1 } { e } } .
$$ Solve: $$
\boxed{\sin ( t - z ) = 1 - \epsilon _ { 3 } - e ^ { 1 - F ( x , y , \xi ) } .}
$$ **4) Existence of finite-time gradient blowup** Since $$
- 1 \leq \sin ( \cdot ) \leq 1 ,
$$ a real solution exists if $$
\begin{array} { r } { \boxed { - 1 \le 1 - \epsilon _ { 3 } - e ^ { 1 - F } \le 1 } . } \end{array}
$$ This condition can be satisfied for suitable initial data $F$ . Therefore $$
\boxed{\text{Gradient blowup can occur at finite time.}}
$$ **5) Value of $b$ at the blowup** At the critical point: $$
W ( A ) = - 1 .
$$ Hence $$
\boxed{b = 1}
$$ Thus $$
\boxed{b \text{ remains finite}}
$$ while $$
\boxed{\lvert \nabla b \rvert \to \infty}
$$ **Final conclusion** If $$
\epsilon _ { 3 } > 2 ,
$$ then $$
\boxed{{ { b ( x , y , z , t ) } } = - \frac { 1 } { W _ { k } \bigg ( - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } \bigg ) }}
$$ is a smooth solution until the Lambert $W$ branch condition $$
A = - { \frac { 1 } { e } }
$$ is reached. At that point: $$
\boxed{b \text{ is finite but the gradient blows up.}}
$$  Oscillatory behavior of the Lambert $W$ expression under the substitution $t = G(z)$ Consider the expression $$
\boxed{ b ( x , y , z , t ) = - \frac { 1 } { W _ { k } \left( - \frac { e ^ { - F ( x , y , \xi ) } } { 1 - \epsilon _ { 3 } - \sin ( t - z ) } \right) }
}
$$ We investigate whether this expression can be oscillatory in the spatial variable $z$ when the temporal variable satisfies $$
t = G ( z ) ,
$$ and in particular when $$
\epsilon _ { 3 } > 2 .
$$ Here is the crucial point. That the condition $t = G ( z )$ is necessarily true when $\eta _ { 3 } = 0$ .(see construction of $I _ { n }$ from earlier) We see that if $\eta _ { 3 } \neq 0$ then we can be dividing by zero which is singular and hence $b \equiv 0$ which is not sought for here.(or $b$ complex for $W _ { 0 }$ and $W _ { - 1 }$ real branches) We are looking at non-zero real solutions of the Navier Stokes equations. **Step 1: Reduction to a function of $z$** Substituting $t = G ( z )$ , the function becomes $$
b ( z ) = - \frac { 1 } { W _ { k } \bigg ( - \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } - \sin ( G ( z ) - z ) } \bigg ) } .
$$ Define $$
H ( z ) = - { \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } - \sin ( G ( z ) - z ) } } .
$$ Then $$
b ( z ) = - \frac { 1 } { W _ { k } ( H ( z ) ) } .
$$ Thus the oscillatory behavior of $b ( z )$ is determined by the function $H ( z )$ . **Step 2: Bounds on the denominator when $\epsilon _ { 3 } > 2$** Since the sine function satisfies $$
- 1 \leq \sin ( \theta ) \leq 1 ,
$$ we obtain $$
\begin{array} { r } { 1 - \epsilon _ { 3 } - 1 \le 1 - \epsilon _ { 3 } - \sin ( \theta ) \le 1 - \epsilon _ { 3 } + 1 . } \end{array}
$$ Therefore $$
- \epsilon _ { 3 } \le 1 - \epsilon _ { 3 } - \sin ( \theta ) \le 2 - \epsilon _ { 3 } .
$$ If $$
\epsilon _ { 3 } > 2 ,
$$ then $$
2 - \epsilon _ { 3 } < 0 \quad \mathrm { a n d } \quad - \epsilon _ { 3 } < 0 .
$$ Hence
$$
\boxed{1 - \epsilon_3 - \sin(\theta) \text{ is strictly negative and bounded away from zero.}}
$$ Consequently: 1.  The denominator never vanishes.\ 2.  The denominator remains bounded.\ 3.  No singularity is introduced by the sine term. Thus the condition $\epsilon _ { 3 } > 2$ guarantees regularity but does not prevent oscillations. **Step 3: Oscillatory forcing from the phase difference** Suppose that the phase difference $$
G ( z ) - z
$$ is periodic in $z$ . Then $$
\sin ( G ( z ) - z )
$$ is periodic and bounded. Therefore $$
1 - \epsilon _ { 3 } - \sin ( G ( z ) - z )
$$ is also periodic and bounded. If additionally $$
F ( x , y , \xi ( z ) )
$$ is bounded (or periodic), then the exponential term $$
e ^ { - F ( x , y , \xi ( z ) ) }
$$ is bounded. Hence the function $$
H ( z ) = - \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } - \sin ( G ( z ) - z ) }
$$ is bounded and periodic. **Step 4: Preservation of oscillations under the Lambert W function** The Lambert $W$ function $W _ { k }$ is analytic and continuous on any bounded domain that does not intersect its branch point. Since the denominator is bounded away from zero for $\epsilon _ { 3 } > 2$ , the argument $H ( z )$ remains in a regular domain. Therefore $$
W _ { k } ( H ( z ) )
$$ inherits the oscillatory behavior of $H ( z )$ . Finally, $$
b ( z ) = - \frac { 1 } { W _ { k } ( H ( z ) ) }
$$ is also oscillatory. **Special case: $t = z$** If $$
G ( z ) = z ,
$$ then $$
\begin{array} { r } { \sin ( G ( z ) - z ) = \sin ( 0 ) = 0 , } \end{array}
$$ and the expression reduces to $$
b ( z ) = - \frac { 1 } { W _ { k } \biggl ( - \frac { e ^ { - F ( x , y , \xi ( z ) ) } } { 1 - \epsilon _ { 3 } } \biggr ) } .
$$ In this case, oscillation occurs if and only if $$
F ( x , y , \xi ( z ) )
$$ (or $\xi ( z )$ ) is oscillatory. Therefore, If $$
\epsilon _ { 3 } > 2 ,
$$ then the denominator $$
1 - \epsilon _ { 3 } - \sin ( G ( z ) - z )
$$ is strictly negative and bounded away from zero, ensuring regularity. If additionally $$
G ( z ) - z
$$ is periodic (or oscillatory), then the function $$
b ( z )
$$ is oscillatory in $z$ . Therefore $$
\boxed{\text{The expression can be oscillatory in } z \text{ when } t = G(z), \text{ even if } \epsilon_3 > 2.}
$$ Moreover, $$
\boxed{\epsilon_3 > 2 \text{ guarantees boundedness but does not eliminate oscillations.}}
$$ An important conclusion here is that, $$
u _ { x } = \frac { 1 } { \eta _ { 1 } ( x , t ) + f _ { 1 } ( y , z , t ) } ,
$$ $$
u _ { y } = \frac { 1 } { \eta _ { 2 } ( y , t ) + f _ { 2 } ( x , z , t ) } ,
$$ $$
u _ { z } = \frac { 1 } { \eta _ { 3 } ( z , t ) + \sin ( z ( x , y ) - t ) + 1 - \epsilon _ { 3 } } ,
$$ will be periodic and smooth only if $\epsilon _ { 3 } > 2$ . However the blowup in gradients for $b _ { 3 }$ and hence for one of $u _ { x }$ or $u _ { y }$ is inescapable. In order to prove the continuity equation we begin with the part that is: $$
\frac { \partial u _ { z } } { \partial x } + \frac { \partial u _ { y } } { \partial y }
$$ and note that this is zero. To obtain the full continuity equation, $\nabla \cdot u = 0$ it is ob erved that $\frac { \partial u _ { z } } { \partial z } = 0$ since $Z$ depends only on $x$ and $y$ andd all $\eta _ { j } = 0$ , $j = 1 \ldots 3$ when we take the limits of the n’th compositions, $( I _ { j } ) _ { n } \to 0$ as $n \to \infty$ . In the transformed PDE from the Navier Stokes equations we have checked that in the matrix transformations $M ( \vec { u } )$ and $M ( \vec { b } )$ earlier defined and operated succesively on the Navier Stokes equations that $2 u _ { z } M ( \vec { b } ) \vec { G } _ { 1 } = 2 u _ { z } \Big [ b _ { 1 } \nabla u _ { x } \ .$ $\nabla u _ { z } + b _ { 2 } \nabla u _ { y } \cdot \nabla u _ { z } \mathbf { ] }$ **Singularity Analysis of Lambert W Expression** **1. Function** $$
W \biggl ( \frac { - e ^ { - g ( x , y ) - \xi ( z ) - 1 } } { - \sin ( G ( z ) - z ) + 1 - \epsilon _ { 3 } } \biggr )
$$ Let $\epsilon _ { 3 } = 1$ . Simplify the denominator: $$
- \sin ( G ( z ) - z ) + 1 - 1 = - \sin ( G ( z ) - z )
$$ So the argument becomes: $$
u ( x , y , z ) = { \frac { - e ^ { - g ( x , y ) - \xi ( z ) - 1 } } { - \sin ( G ( z ) - z ) } } = { \frac { e ^ { - g ( x , y ) - \xi ( z ) - 1 } } { \sin ( G ( z ) - z ) } }
$$ **2. Branch singularity condition** For the Lambert W function: $$
u = - { \frac { 1 } { e } }
$$ So set: $$
{ \frac { e ^ { - g - \xi - 1 } } { \sin ( G ( z ) - z ) } } = - { \frac { 1 } { e } }
$$ **3. Solve the condition** Multiply both sides: $$
e ^ { - g - \xi - 1 } = - { \frac { \sin ( G ( z ) - z ) } { e } }
$$ Multiply by $e$ $$
e ^ { - g ( x , y ) - \xi ( z ) } = - \sin ( G ( z ) - z )
$$ **4. Final condition (branch singularity)** $$
\boxed{ e ^ { - g ( x , y ) - \xi ( z ) } = - \sin \big ( G ( z ) - z \big )}
$$ This is the exact condition where derivatives become singular. **5. Feasibility** Left-hand side: $$
e ^ { - g - \xi } > 0
$$ So we must have: $$
- \sin ( G ( z ) - z ) > 0 \Rightarrow \sin ( G ( z ) - z ) < 0
$$ **6. Conclusion** $$
\boxed{\text{Branch singularities DO exist for real variables.}}
$$ They occur when both: - $\sin ( G ( z ) - z ) < 0$\ - $\ e ^ { - g ( x , y ) - \xi ( z ) } = - \sin ( G ( z ) - z )$ **7. Additional singularities** Denominator: $$
\sin ( G ( z ) - z ) = 0
$$ Then: $$
u \to \infty
$$ So: $$
\boxed{\sin ( G ( z ) - z ) = 0 \Rightarrow \mathrm { f u n c t i o n \ b l o w s \ u p } }
$$ **8. Summary** Two types of singularities: 1.  Branch singularities (Lambert W) $$
\boxed{e ^ { - g ( x , y ) - \xi ( z ) } = - \sin ( G ( z ) - z ) , \quad \sin ( G ( z ) - z ) < 0}
$$ Derivatives diverge, function finite. **(B) Pole singularities** $$
\boxed{\sin ( G ( z ) - z ) = 0}
$$ Function diverges. To ensure the mathematical behavior is clearly visible, I have adjusted the coordinate system and label positions. In this version, the Gradient Norm (orange) has been given more vertical space to diverge toward infinity without passing through the legend or any other text. When we swap the signs of $\epsilon _ { 3 } a n d 1$ so that we have $- 1 + \epsilon _ { 3 }$ instead of $1 - \epsilon _ { 3 }$ see Appendix for the analysis which makes $u _ { z }$ smooth for all spatial and time variables. **Mathematical Description** In the context of the 3D Navier-Stokes equations, the criteria for blowup are often expressed through the Beale-Kato-Majda (BKM) condition. A solution remains smooth if: $$
\int _ { 0 } ^ { T ^ { * } } \| \omega ( \cdot , t ) \| _ { L ^ { \infty } } d t < \infty
$$ where ${ \symbf { \omega } } = \nabla \times { \mathbf u }$ is the vorticity. The structure shown above depicts a scenario where: 1.  **Energy Conservation:** The $L ^ { 2 }$ norm (energy) and $L ^ { \infty }$ norm of the velocity stay within a finite range. <figure data-latex-placement="tbp">
<img src="media/aabed8d4bc595e734befa15aea4bc8d375b6c52fec95a9d2e2dba79364771dcd.png" style="height:75.0%" />
<figcaption>Loss of regularity at <span class="math inline"><em>T</em><sup>*</sup></span> . The derivative (orange) diverges as it approaches the singular time, while the velocity amplitude (blue) remains bounded at a finite value.</figcaption>
</figure> 1.  **Enstrophy Blowup:** The $H ^ { 1 }$ norm (enstrophy) or higher Sobolev norms $\| \mathbf { u } \| _ { H ^ { s } }$ diverge. 2.  **Physical Interpretation:** This corresponds to the “shredding” of fluid elements where the velocity is not large, but the shear rates and local rotations become infinitely steep. The following figure illustrates the difference between Type 1 and Type 2 blowup, **Mathematical Context** In the study of 3D Navier-Stokes regularity, we distinguish singularities based on the rate of the $L ^ { \infty }$ norm growth: • Type I Singularity: Characterized by the Leray scaling. If the solution <figure data-latex-placement="tbp">
<img src="media/498bb398b626c8f20770d6633f8fc25a6ed311f67a97c0a371af43d61a2aab93.jpg" style="height:75.0%" />
<figcaption>Comparison of Type I and Type <span class="math inline">II</span> blowup profiles in <span class="math inline">𝕋<sup>3</sup></span> . Type I follows the natural scaling of the Navier-Stokes equations, while Type II represents a “super-scaling” singularity.</figcaption>
</figure> blows up at $T ^ { * }$ , it satisfies: $$
\operatorname* { s u p } _ { t \in [ 0 , T ^ { * } ) } ( T ^ { * } - t ) ^ { 1 / 2 } \| \mathbf { u } ( \cdot , t ) \| _ { L ^ { \infty } } < \infty
$$ These are often associated with potential self-similar blowup solutions. • Type II Singularity: Any blowup that is not Type I. The norm grows faster than the natural scaling: $$
\operatorname* { \lim } _ { t \to T ^ { * } } ( T ^ { * } - t ) ^ { 1 / 2 } \| \mathbf { u } ( \cdot , t ) \| _ { L ^ { \infty } } = \infty
$$ Type II blowup is known to occur in other nonlinear evolution equations (like the energy-critical wave equation) and remains a subject of intense research for Navier-Stokes.  Proof that $b _ { 1 } + b _ { 2 } = 0$ through foliations $y =$ $x + C$ where $C \in \mathbb R$ We are given the velocity components $$
u _ { y } = \frac { 1 } { f _ { 2 } ( x , z , t ) } , \quad u _ { x } = \frac { 1 } { f _ { 1 } ( y , z , t ) } .
$$ We also consider a foliation of the form $$
y = x + C , \quad \forall C \in \mathbb { R } .
$$ We want to prove that if $$
f_2 = -f_1 \text{ along the foliation},
$$ then $$
u _ { y } + u _ { x } = 0 .
$$ **Step 1: Substitute the foliation** Along a leaf $y = x + C$ , we have $$
u _ { x } = \frac { 1 } { f _ { 1 } ( y , z , t ) } = \frac { 1 } { f _ { 1 } ( x + C , z , t ) } ,
$$ and $$
u _ { y } = \frac { 1 } { f _ { 2 } ( x , z , t ) } .
$$ **Step 2: Impose the condition $f _ { 2 } = - f _ { 1 }$** We are given that along the foliation $$
f _ { 2 } ( x , z , t ) = - f _ { 1 } ( y , z , t ) = - f _ { 1 } ( x + C , z , t ) .
$$ Hence, $$
u _ { y } = \frac { 1 } { f _ { 2 } ( x , z , t ) } = \frac { 1 } { - f _ { 1 } ( x + C , z , t ) } = - \frac { 1 } { f _ { 1 } ( x + C , z , t ) } .
$$ **Step 3: Add $u _ { x } + u _ { y }$** $$
u _ { y } + u _ { x } = - \frac { 1 } { f _ { 1 } ( x + C , z , t ) } + \frac { 1 } { f _ { 1 } ( x + C , z , t ) } = 0 .
$$ **Step 4: Conclusion** Therefore, on a foliation $y = x + C$ , if $$
f _ { 2 } ( x , z , t ) = - f _ { 1 } ( y , z , t ) ,
$$ then the sum of the velocities in the $x$ and $y$ directions vanishes: $$
\begin{array} { r } { \boxed { u _ { y } + u _ { x } = 0 } . } \end{array}
$$ This result holds pointwise along each leaf of the foliation. The crucial point is the matching of the arguments along the foliation.  Proof of the Conditions for Vanishing of the Gradient Expression: $2 u_z M(\vec{b}) \vec{G}_1$ Consider the expression $$
\begin{align}
E ( x , y , z , t ) &:= \big ( \nabla ( - 1 / f _ { 2 } ( x , z , t ) ) \cdot \nabla ( 1 / f _ { 3 } ( x , y , t ) ) \big ) b _ { 2 } \notag \\
&\quad {} + b _ { 1 } \big ( \nabla ( 1 / f _ { 1 } ( y , z , t ) ) \cdot \nabla ( 1 / f _ { 3 } ( x , y , t ) ) \big ) ,
\end{align}
$$ where the gradients $\nabla$ act only on the spatial variables $x, y, z$. Also in the original solution $u_y = \frac{1}{\eta_2+f_2(-x,z,t)}$ and $u_x = \frac{1}{\eta_1+f_1(y,z,t)}$. We assume that $f_2$ is odd in $x$ for all $x, z$ and $t$. **Step 1: Expand the gradients** We have, for a scalar function $f ( x , y , z , t )$ , $$
\nabla ( 1 / f ) = - \frac { \nabla f } { f ^ { 2 } } .
$$ Therefore: $$
\begin{aligned}
\nabla\bigl( -\tfrac{1}{f_2(x,z,t)} \bigr) &= \frac{\nabla f_2(x,z,t)}{f_2(x,z,t)^2}, \\
\nabla\bigl( \tfrac{1}{f_1} \bigr) &= - \frac{\nabla f_1}{f_1^2}, \\
\nabla\bigl( \tfrac{1}{f_3} \bigr) &= - \frac{\nabla f_3}{f_3^2}.
\end{aligned}
$$ Substituting into $E$ gives $$
\begin{array} { l } { E = \Big ( \frac { \nabla f _ { 2 } } { f _ { 2 } ^ { 2 } } \cdot \big ( { - \frac { \nabla f _ { 3 } } { f _ { 3 } ^ { 2 } } } \big ) \Big ) b _ { 2 } + b _ { 1 } \Big ( { - \frac { \nabla f _ { 1 } } { f _ { 1 } ^ { 2 } } \cdot \big ( { - \frac { \nabla f _ { 3 } } { f _ { 3 } ^ { 2 } } } \big ) } \Big ) } \\ { = - \frac { b _ { 2 } } { f _ { 2 } ^ { 2 } f _ { 3 } ^ { 2 } } \nabla f _ { 2 } \cdot \nabla f _ { 3 } + \frac { b _ { 1 } } { f _ { 1 } ^ { 2 } f _ { 3 } ^ { 2 } } \nabla f _ { 1 } \cdot \nabla f _ { 3 } } \\ { = \frac { 1 } { f _ { 3 } ^ { 2 } } \Big ( \frac { b _ { 1 } \nabla f _ { 1 } \cdot \nabla f _ { 3 } } { f _ { 1 } ^ { 2 } } - \frac { b _ { 2 } \nabla f _ { 2 } \cdot \nabla f _ { 3 } } { f _ { 2 } ^ { 2 } } \Big ) . } \end{array}
$$ **Step 2: Apply the transformation $y = x + C$** Let $$
F ( x , z , t ) : = f _ { 1 } ( x + C , z , t ) .
$$ Then $$
\begin{array} { r } { f _ { 1 } ( y , z , t ) = F ( x , z , t ) , \qquad \nabla f _ { 1 } ( y , z , t ) = \partial _ { y } f _ { 1 } \hat { y } + \partial _ { z } f _ { 1 } \hat { z } = \nabla F ( x , z , t ) , } \end{array}
$$ and similarly for $f _ { 2 }$ if $f _ { 2 } ( x , z , t ) = f _ { 1 } ( y , z , t )$ . Assume $$
f _ { 2 } ( x , z , t ) = f _ { 1 } ( y , z , t ) = F ( x , z , t ) ,
$$ then $$
\nabla f _ { 2 } = \nabla F , \qquad f _ { 2 } ^ { 2 } = F ^ { 2 } , \qquad f _ { 1 } ^ { 2 } = F ^ { 2 } .
$$ **Step 3: Substitute $f _ { 1 } = f _ { 2 } = F$**\
Under these assumptions, the expression inside the parentheses becomes $$
\frac { b _ { 1 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } - \frac { b _ { 2 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } = \frac { ( b _ { 1 } - b _ { 2 } ) \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } .
$$ Hence $$
E = \frac { 1 } { f _ { 3 } ^ { 2 } } \cdot \frac { ( b _ { 1 } - b _ { 2 } ) \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } .
$$ **Step 4: Determine condition for $E = 0$** For $E$ to vanish identically for all $x , y , z , t$ , we require $$
b _ { 1 } - b _ { 2 } = 0 \quad \Rightarrow \quad b _ { 1 } = b _ { 2 } .
$$ Alternatively, if one wants to allow opposite signs,( $f _ { 2 }$ is not odd in $x$ ) then $$
b _ { 1 } = - b _ { 2 }
$$ requires a corresponding flip in the definition of $f _ { 2 }$ ; i.e., if $f _ { 2 } = - f _ { 1 }$ , then $$
\begin{align}
{ E } &= { \frac { 1 } { f _ { 3 } ^ { 2 } } } \left( { \frac { b _ { 1 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } } - { \frac { b _ { 2 } \nabla ( - F ) \cdot \nabla f _ { 3 } } { F ^ { 2 } } } \right) \notag \\
&= { \frac { 1 } { f _ { 3 } ^ { 2 } } } \left( { \frac { b _ { 1 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } } + { \frac { b _ { 2 } \nabla F \cdot \nabla f _ { 3 } } { F ^ { 2 } } } \right) \notag \\
&= { \frac { ( b _ { 1 } + b _ { 2 } ) \nabla F .\nabla f _{ 3 } } { F ^ { 2 } f _ { 3 } ^ { 2 } } }
\end{align}
$$ Hence in this case, the vanishing condition is $$
b _ { 1 } + b _ { 2 } = 0 \quad \Rightarrow \quad b _ { 1 } = - b _ { 2 } .
$$ **Step 5: Conclusion** Under $y = x + C$ , setting $f _ { 2 } = f _ { 1 }$ requires $$
b _ { 1 } = b _ { 2 }
$$ to make the expression vanish identically. Under $y = x + C$ , setting $f _ { 2 } = - f _ { 1 }$ requires $$
b _ { 1 } = - b _ { 2 }
$$ to make the expression vanish identically. Thus, the choice $f _ { 2 } = - f _ { 1 }$ together with $b _ { 1 } = - b _ { 2 }$ indeed ensures $$
\left( \nabla ( - 1 / f _ { 2 } ) \cdot \nabla ( 1 / f _ { 3 } ) \right) b _ { 2 } + b _ { 1 } ( \nabla ( 1 / f _ { 1 } ) \cdot \nabla ( 1 / f _ { 3 } ) ) = 0
$$ for all $x , y , z , t$ , provided $f _ { 1 }$ and $f _ { 3 }$ are sufficiently smooth and nonzero in their domains. The nonlinear inertial term: $$
\begin{array} { r l } & { u _ { z } \vec { b } \cdot \nabla ( \vec { b } u _ { z } ) = u _ { z } b _ { 3 } ( b _ { 1 } + b _ { 2 } ) + u _ { z } ^ { 2 } b _ { 1 } \frac { \partial b _ { 3 } } { \partial x } + u _ { z } ^ { 2 } b _ { 2 } \frac { \partial b _ { 3 } } { \partial y } } \\ & { \qquad + b _ { 3 } ^ { 2 } \frac { \partial u _ { z } } { \partial z } + u _ { z } b _ { 3 } \frac { \partial b _ { 3 } } { \partial z } \qquad } \end{array}
$$ where the operator $L$ is zero exactly, $$
L = u _ { z } b _ { 3 } ( b _ { 1 } + b _ { 2 } ) + u _ { z } ^ { 2 } b _ { 1 } \frac { \partial b _ { 3 } } { \partial x } + u _ { z } ^ { 2 } b _ { 2 } \frac { \partial b _ { 3 } } { \partial y } \equiv 0
$$ when $b _ { 1 } = b _ { 2 }$ , $f _ { 2 }$ is odd in $x$ and $x = y + C$ is a foliation on $\mathbb { R } ^ { 3 }$ . Note that $u _ { z }$ is a function of $x , y$ and $t$ . So from the begiining of the paper we wrote that: $$
\xi = - \omega _ { 2 } ^ { 2 } z - \omega t - 1
$$ so for $\eta ^ { \prime } s$ to vanish we must have a relationship between $z$ and $t$ here so that $\xi = - 1$ and $W ( - \mathrm { e } ^ { - 1 } ) + 1 = 0$ . So for the derivative of $u _ { z }$ wrt to $z$ we express it as a derivative wrt to $t$ $\begin{array} { r } { \frac { d t } { d z } = - \omega _ { 2 } ^ { 2 } / \omega } \end{array}$ HHere $\omega < 0$ which is physical as the rotation of fluid woud be in the counterclockwise direction. **Interpretation** This cancellation is structural. The numerator becomes an exact antisymmetric pair, while the denominator remains finite away from zeros. Therefore the expression collapses identically to zero under the stated transformation.  Proof that $M(\vec{b}_1) S_1 = 0$ We are given $$
V _ { 1 } = \frac { \partial u _ { z } } { \partial y } + \frac { \partial u _ { y } } { \partial z } , \quad V _ { 2 } = \frac { \partial u _ { z } } { \partial x } + \frac { \partial u _ { x } } { \partial z } .
$$ Assume a plane foliation $$
y = x + C , \quad C \in \mathbb { R } .
$$ **Step 1: Express derivatives along the plane.** Along the plane, any function $f ( x , y , z , t )$ can be written as $f ( x , x + C , z , t )$ Therefore, $$
{ \frac { \partial f } { \partial y } } = { \frac { \partial f } { \partial x } } .
$$ Hence, $$
\frac { \partial u _ { z } } { \partial y } = \frac { \partial u _ { z } } { \partial x } .
$$ **Step 2: Equality of $V _ { 1 }$ and $V _ { 2 }$:** Similarly, along the plane, $$
\frac { \partial u _ { y } } { \partial z } = \frac { \partial u _ { x } } { \partial z } .
$$ Thus, along the plane $y = x + C$ , $$
V _ { 1 } = \frac { \partial u _ { z } } { \partial y } + \frac { \partial u _ { y } } { \partial z } = \frac { \partial u _ { z } } { \partial x } + \frac { \partial u _ { x } } { \partial z } = V _ { 2 } .
$$  Collection of terms with Pressure $P$ and $u_z$ defining $(f_a)_z$ (force in $z$ direction) We have a left over term in the Navier Stokes transformed equation given as: $$
\left( f _ { a } \right) _ { z } = b _ { 3 } P \frac { \partial u _ { z } } { \partial z } - u _ { z } \frac { \partial P b _ { 3 } } { \partial z }
$$ However from the section $\ l ( \ )$ on matrix transformations for the forcing term in the Navier Stokes equations we calculated it as: $$
\left[ M ( \vec { b } ) \left[ M ( \vec { u } ) \vec { f } \right] \right] _ { 3 } = b _ { 2 } \left( u _ { z } f _ { x } + u _ { y } f _ { y } \right) + b _ { 1 } \left( u _ { z } f _ { x } + u _ { x } f _ { z } \right)
$$ where here we have calculated the third component to align with Equation (6) in \[1\]. and noting that due to the continuity equation ∂uz = 0 since partial derivatives of $u _ { x }$ and $u _ { y }$ wrt to $x$ and $y$ respectively are zero by construction, we have this to hold true. Thus we have: $$
( f _ { a } ) _ { 3 } = - u _ { z } \frac { \partial P b _ { 3 } } { \partial z }
$$ and this is precisely, $$
b _ { 1 } u _ { x } f _ { z } = - u _ { z } b _ { 3 } { \frac { \partial P } { \partial z } }
$$ But $b _ { 1 } u _ { x } = u _ { z } b _ { 3 }$ and I arrive at the fundamental fluid dynamics equation for force $f _ { z }$ in the $z$ direction of flow : $$
f _ { z } = - \frac { \partial P } { \partial z }
$$ Here the dimension of the right side are in terms of force per unit time. Here $P = F / L ^ { 2 }$ .  Conclusion This work has developed a structured analytical framework for the study of the three-dimensional incompressible Navier-Stokes equations based on recursive functional compositions, algebraic transformations of nonlinear terms, and explicit characteristic solutions. The analysis demonstrates that a large class of nonlinear transport structures arising within the Navier-Stokes equations can be reduced to tractable scalar evolution equations whose solutions admit closed-form representations in terms of the Lambert $W$ function. A central component of the framework is the recursive construction of composed Lambert $W$ functions and the derivation of compact formulas for their higher order derivatives. These derivatives factor into finite products of algebraic terms of the form $( 1 + W _ { j } )$ , revealing an exact multiplicative structure that governs the growth and regularity of the resulting solutions. The recursive nature of these expressions provides a natural hierarchy of differential relations in which higher-order behavior is determined by explicit algebraic factors rather than uncontrolled nonlinear interactions. Through successive row-operation transformations applied to the Navier-Stokes equations, a sequence of derived vector fields was constructed that preserves the differential structure of the original system. These transformations expose hidden symmetries in the nonlinear inertial terms and produce a hierarchy of transport equations that remain closed under differentiation and multiplication. The resulting system provides a transparent representation of nonlinear interactions among velocity components and clarifies the role of mixed-product terms in the evolution of gradients. A key structural identity established in this analysis is the exact equality between nonlinear gradient production and viscous diffusion mechanisms. In the transformed variables, the nonlinear amplification of gradients is balanced pointwise by the smoothing action of the Laplacian operator, yielding a net divergence field. On periodic domains, this divergence structure integrates to zero, providing a global constraint on the evolution of gradient energy and demonstrating that the dominant nonlinear and diffusive mechanisms remain in precise algebraic balance. Explicit solutions of the reduced scalar transport equations were obtained using the method of characteristics and expressed in closed form through the Lambert $W$ function. These solutions reveal a precise mathematical mechanism governing loss of regularity. In particular, the analysis shows that singular behavior is associated with the branch structure of the Lambert $W$ function rather than unbounded growth of the solution itself. When the argument of the Lambert function approaches its critical branch value, the derivative of the solution diverges while the solution amplitude remains finite. This establishes a clear distinction between boundedness of the velocity field and smoothness of its spatial derivatives. The introduction of shifted trigonometric denominator structures provides an explicit criterion for preventing finite-time singularities. Because the sine function is uniformly bounded, the addition of a sufficiently large positive shift ensures that denominators remain strictly nonzero for all finite times. Under this condition, the coefficients of nonlinear quadratic terms remain smooth and bounded, guaranteeing global regularity of the corresponding velocity component. Conversely, when the effective shift parameter approaches the critical threshold at which the denominator vanishes, gradient amplification may occur and lead to loss of differentiability. Taken together, these results establish a coherent analytical picture in which nonlinear amplification, diffusive smoothing, and algebraic functional structure are linked through explicit formulas. The recursive Lambert $W$ hierarchy provides a tractable representation of nonlinear transport dynamics, while the transformed Navier-Stokes system reveals the exact balance governing gradient evolution. The framework therefore offers a mathematically transparent mechanism for analyzing the formation of non-smooth behavior in nonlinear fluid equations. Future work may extend this approach to broader classes of nonlinear partial differential equations, investigate stability properties of the constructed solutions, and explore the role of recursive functional structures in turbulence modeling and multiscale fow dynamics. In particular, further investigation of branch-point dynamics and gradient growth mechanisms may provide deeper insight into the fundamental relationship between bounded solutions and loss of regularity in high-dimensional nonlinear systems.  Appendix **Step 1: Set $\mathrm { P } = 0$** $$
- 1 + \epsilon _ { 3 } - \sin ( H ) = 0
$$ $$
\sin ( H ) = \epsilon _ { 3 } - 1
$$ **Step 2: Use the sine range** $$
\begin{array} { c } { { - 1 \leq \sin ( H ) \leq 1 } } \\ { { } } \\ { { - 1 \leq \epsilon _ { 3 } - 1 \leq 1 } } \end{array}
$$ **Step 3: Solve the inequality** $$
0 \le \epsilon _ { 3 } \le 2
$$ **Step 4: Interpretation**\
• If $0 \le \epsilon _ { 3 } \le 2$ , then there exists $H$ such that $P = 0$ .\
• If $\epsilon _ { 3 } < 0$ , then $\epsilon _ { 3 } - 1 < - 1$ , so no solution exists. **Conclusion:** $$
P \neq 0 { \mathrm { ~ f o r ~ a l l ~ } } H \quad { \mathrm { o n l y ~ i f } } \quad \epsilon _ { 3 } < 0
$$ $$
\mathrm { C o r r e c t \ s t a t e m e n t : } \ - 2 < \epsilon _ { 3 } < 0 \Rightarrow P \neq 0
$$ Sign of $P$ when $- 2 < \epsilon _ { 3 } < 0$ $$
P = - 1 + \epsilon _ { 3 } - \mathrm { s i n } ( H ) = ( \epsilon _ { 3 } - 1 ) - \mathrm { s i n } ( H )
$$ Bounds: $$
\begin{array} { c } { { - 2 < \epsilon _ { 3 } < 0 \Rightarrow - 3 < \epsilon _ { 3 } - 1 < - 1 } } \\ { { { } } } \\ { { - 1 \leq \sin ( H ) \leq 1 } } \end{array}
$$ Maximum of $P$ : $$
P _ { \mathrm { m a x } } = ( \epsilon _ { 3 } - 1 ) - ( - 1 ) = \epsilon _ { 3 }
$$ Since $\epsilon _ { 3 } < 0$ $$
P _ { \mathrm { m a x } } < 0
$$ Conclusion: $$
P < 0 \mathrm { ~ f o r ~ a l l ~ } H \mathrm { ~ w h e n ~ } - 2 < \epsilon _ { 3 } < 0
$$ 1.  Case: $Q = 1 - \epsilon _ { 3 } - \mathrm { s i n } ( H )$ $$
Q = ( 1 - \epsilon _ { 3 } ) - \sin ( H )
$$ $$
- 1 \leq \sin ( H ) \leq 1
$$ Minimum occurs at $\sin ( H ) = 1$ : $$
Q _ { \operatorname* { \min } } = ( 1 - \epsilon _ { 3 } ) - 1 = - \epsilon _ { 3 }
$$ Require: $$
Q _ { \mathrm { \min } } > 0
$$ $$
- \epsilon _ { 3 } > 0
$$ $$
\boxed{ \epsilon _ { 3 } < 0}
$$  Row Operations Reducing $(\vec{u} \cdot \nabla) \vec{u}$ to $\vec{b} \cdot \nabla \vec{b}$ The analysis developed in the following sections establishes a structured algebraic framework for transforming the nonlinear terms of the three-dimensional Navier-Stokes equations through successive row operations and product-rule identities. The starting point is the convective operator $$
( \vec { u } \cdot \nabla ) \vec { u } ,
$$ which represents the transport of momentum by the velocity field itself. This quadratic nonlinearity is the principal source of complexity in the Navier-Stokes equations and plays a central role in the formation of vorticity, gradient amplification, and energy transfer across spatial scales. Standard treatments of the mathematical structure of the Navier-Stokes equations and their nonlinear transport mechanisms can be found in classical references such as Ladyzhenskaya \[7\], Temam \[8\], and Constantin and Foias \[9\]. The transformations introduced here rely on elementary but powerful operations: multiplication of equations by scalar fields, addition of vector components, and systematic application of the product rule. These operations generate derived vector fields of increasing algebraic order, beginning with $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}, \qquad \vec{a} = u_z \vec{b},
$$ and leading to a hierarchy of transport operators of the form $$
( \vec { u } \cdot \nabla ) \vec { u } \  \ ( \vec { b } \cdot \nabla ) \vec { b } \  \ ( \vec { b } \cdot \nabla ) \vec { a } .
$$ Such constructions are consistent with the general theory of nonlinear evolution equations, where higher-order composite variables are often introduced to reveal hidden conservation or cancellation structures. The use of product identities and differential operator transformations is a standard technique in the analysis of nonlinear partial differential equations; see Evans \[3\]. A central mathematical ingredient in the present formulation is the Laplacian product rule, $$
\Delta ( f g ) = f \Delta g + g \Delta f + 2 \nabla f \cdot \nabla g ,
$$ which governs the interaction between diffusion and nonlinear gradient terms in viscous flows. This identity allows the viscous term $\nu \Delta \vec { u }$ to be expressed in terms of transformed vector fields and gradient coupling terms, revealing an explicit decomposition into diffusion, production, and transport components. Similar decompositions arise in energy and enstrophy balance equations for incompressible flows and are fundamental in the mathematical theory of turbulence and regularity; see Doering and Gibbon \[10\]. The resulting hierarchy leads naturally to a structural balance between nonlinear production terms and viscous diffusion terms. In the present framework, this balance takes the exact algebraic form $$
M ( \vec { b } ) { \bf G } _ { 1 } = u _ { z } \Delta \vec { b } ,
$$ which implies that the residual field becomes a pure divergence. On a periodic domain such as the three-dimensional torus $T ^ { 3 }$ , the divergence theorem then yields $$
\int _ { T ^ { 3 } } \nabla \cdot \left( { \mathrm { p e r i o d i c ~ f i e l d } } \right) d V = 0 ,
$$ a fundamental property used extensively in the analysis of periodic solutions and energy conservation in incompressible fluid dynamics. Periodic boundary formulations of this type are standard in both analytical and computational studies of the Navier-Stokes equations; see Constantin and Foias \[9\] and Temam \[8\]. The transformations presented below therefore provide an algebraically exact mechanism for reorganizing the full Navier-Stokes system into a hierarchical sequence of transport equations in derived variables. Each step preserves the differential structure of the governing equations while exposing cancellation identities and divergence forms that are not immediately apparent in the original formulation. This perspective is closely related to classical balance-law methods and modern structural analyses of nonlinear fluid equations. Let the velocity field be $$
\begin{array} { r } { \vec { u } = ( u _ { x } , u _ { y } , u _ { z } ) , \qquad \nabla = ( \partial _ { x } , \partial _ { y } , \partial _ { z } ) . } \end{array}
$$ **1. Convective terms of the three momentum equations** The inertial part of the Navier-Stokes equations is $$
( \vec { u } \cdot \nabla ) \vec { u } .
$$ Define the vector of convective components: $$
\mathcal{I}(\vec{u}) = \begin{pmatrix} I_x \\ I_y \\ I_z \end{pmatrix} = \begin{pmatrix} u_x \partial_x u_x + u_y \partial_y u_x + u_z \partial_z u_x \\ u_x \partial_x u_y + u_y \partial_y u_y + u_z \partial_z u_y \\ u_x \partial_x u_z + u_y \partial_y u_z + u_z \partial_z u_z \end{pmatrix}.
$$ These represent the three rows on which row operations will be applied. **2. Row operations** Operation A (produces the $k$ component) Multiply the $x$ -equation by $u _ { y }$ , multiply the $y$ -equation by $u _ { x }$ , and add: $$
R _ { k } = u _ { y } I _ { x } + u _ { x } I _ { y } .
$$ Operation $\mathbf { B }$ (produces the $_ i$ component) Multiply the $y$ equation by $u _ { z }$ , multiply the $z$ -equation by $u _ { y }$ , and add: $$
R _ { i } = u _ { z } I _ { y } + u _ { y } I _ { z } .
$$ Operation $\mathbf { C }$ (produces the $j$ component) Multiply the $x$ -equation by $u _ { z }$ , multiply the $z$ -equation by $u _ { x }$ , and add: $$
\begin{array} { r } { R _ { j } = u _ { z } I _ { x } + u _ { x } I _ { z } . } \end{array}
$$ **3. Matrix representation of the row operations** Collecting the operations into vector form gives $$
\begin{pmatrix} R_i \\ R_j \\ R_k \end{pmatrix} = \underbrace{\begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}}_{M(\vec{u})} \begin{pmatrix} I_x \\ I_y \\ I_z \end{pmatrix}.
$$ Thus the complete set of row operations is $$
\vec { R } = M ( \vec { u } ) ( \vec { u } \cdot \nabla ) \vec { u } .
$$ **4. Product rule** Consider the $k$ -component: $$
{ R _ { k } } = u _ { y } ( \vec { u } \cdot \nabla ) u _ { x } + u _ { x } ( \vec { u } \cdot \nabla ) u _ { y } .
$$ Using the product rule, $$
( \vec { u } \cdot \nabla ) ( u _ { x } u _ { y } ) = u _ { y } ( \vec { u } \cdot \nabla ) u _ { x } + u _ { x } ( \vec { u } \cdot \nabla ) u _ { y } .
$$ Therefore, $$
R _ { k } = ( \vec { u } \cdot \nabla ) ( u _ { x } u _ { y } ) .
$$ Similarly, $$
\begin{array} { r l } & { R _ { i } = ( \vec { u } \cdot \nabla ) ( u _ { y } u _ { z } ) , } \\ & { } \\ & { R _ { j } = ( \vec { u } \cdot \nabla ) ( u _ { x } u _ { z } ) . } \end{array}
$$ Hence, $$
\vec{R} = (\vec{u} \cdot \nabla) \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$ **5. Definition of the vector field $\vec { b }$** Define $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$ Then the result of the row operations is $$
\boxed { \vec { R } = ( \vec { u } \cdot \symbf { \nabla } ) \vec { b } }
$$ **6. Second application of the same row operations** Define $$
\vec { J } = ( \vec { u } \cdot \nabla ) \vec { b } .
$$ Apply the same pairwise operations again, but now using the components of $\vec { b }$ . $$
\boxed{( \vec { b } \cdot \nabla ) \vec { b } = M ( \vec { b } ) ( \vec { u } \cdot \nabla ) \vec { b }}
$$ where $$
M(\vec{b}) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix}.
$$ **7. Complete hierarchy** $$
\begin{array} { r } { \boxed { ( \vec { u } \cdot \nabla ) \vec { u } \xrightarrow { M ( \vec { u } ) } ( \vec { u } \cdot \nabla ) \vec { b } \xrightarrow { M ( \vec { b } ) } ( \vec { b } \cdot \nabla ) \vec { b } } } \end{array}
$$ **Construction of $( \vec { b } \cdot \nabla ) \vec { a }$ from $( \vec { b } \cdot \nabla ) \vec { b }$** **Step 1 — Definitions** Let $$
\begin{array} { r } { \vec { u } = ( u _ { x } , u _ { y } , u _ { z } ) , \qquad \nabla = ( \partial _ { x } , \partial _ { y } , \partial _ { z } ) . } \end{array}
$$ Define $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}, \qquad \vec{a} = u_z \vec{b}.
$$ Componentwise: $$
a _ { i } = u _ { z } b _ { i } .
$$ Assume that $\vec { u }$ is sufficiently smooth (for example $C ^ { 1 }$ ) so that all derivatives below are well-defined. **Step 2 — The inertial operator acting on $\vec { b }$** The nonlinear transport operator is $$
( \vec { b } \cdot \nabla ) \vec { b } .
$$ Componentwise: $$
\left( ( \vec { b } \cdot \nabla ) \vec { b } \right) _ { i } = b _ { j } \partial _ { j } b _ { i } .
$$ **Step 3 — Multiply by $u _ { z }$** Multiply the entire vector equation by $u _ { z }$ . $$
u _ { z } ( \vec { b } \cdot \nabla ) \vec { b } .
$$ Componentwise: $$
u _ { z } b _ { j } \partial _ { j } b _ { i } .
$$ **Step 4 — Multiply the $z$ -momentum equation by $\vec { b }$** The $z$ -component inertial term is $$
( \vec { b } \cdot \nabla ) u _ { z } = b _ { j } \partial _ { j } u _ { z } .
$$ Multiply this scalar equation by the vector $\vec { b }$ . $$
\vec { b } ( \vec { b } \cdot \nabla ) u _ { z } .
$$ Componentwise: $$
b _ { i } b _ { j } \partial _ { j } u _ { z } .
$$ **Step 5 — Add the two expressions** Add the results from Steps 3 and 4: $$
u _ { z } b _ { j } \partial _ { j } b _ { i } + b _ { i } b _ { j } \partial _ { j } u _ { z } .
$$ Factor the common term $b _ { j }$ . $$
b _ { j } \left( u _ { z } \partial _ { j } b _ { i } + b _ { i } \partial _ { j } u _ { z } \right) .
$$ **Step 6 — Apply the product rule** For each component: $$
\partial _ { j } ( u _ { z } b _ { i } ) = u _ { z } \partial _ { j } b _ { i } + b _ { i } \partial _ { j } u _ { z } .
$$ Substitute: $$
b _ { j } \partial _ { j } ( u _ { z } b _ { i } ) .
$$ **Step 7 — Recognize the transported vector field** Since $$
a _ { i } = u _ { z } b _ { i } ,
$$ we obtain $$
b _ { j } \partial _ { j } a _ { i } .
$$ Thus the vector identity holds: $$
\boxed{u_z (\vec{b} \cdot \nabla) \vec{b} + \vec{b} (\vec{b} \cdot \nabla) u_z = (\vec{b} \cdot \nabla) \vec{a}}
$$ where $$
\boxed{\vec{a} = u_z \vec{b}}
$$ **Step 8 Fully expanded component form** For completeness: $$
\begin{array} { r l } & { \big ( ( \vec { b } \cdot \nabla ) \vec { a } \big ) _ { i } = b _ { j } \partial _ { j } a _ { i } } \\ & { \quad \quad = b _ { j } \partial _ { j } \big ( u _ { z } b _ { i } \big ) } \\ & { \quad \quad = b _ { j } \big ( u _ { z } \partial _ { j } b _ { i } + b _ { i } \partial _ { j } u _ { z } \big ) } \\ & { \quad \quad = u _ { z } b _ { j } \partial _ { j } b _ { i } + b _ { i } b _ { j } \partial _ { j } u _ { z } . } \end{array}
$$ This matches exactly the sum of $$
u _ { z } ( \vec { b } \cdot \nabla ) \vec { b }
$$ and $$
\vec { b } ( \vec { b } \cdot \nabla ) u _ { z } .
$$ **Final Transformation identity** $$
\boxed{u_z (\vec{b} \cdot \nabla) \vec{b} + \vec{b} (\vec{b} \cdot \nabla) u_z = (\vec{b} \cdot \nabla) (u_z \vec{b})}
$$ or equivalently $$
\boxed{\vec{b} \cdot \nabla \vec{a} \quad \text{with} \quad \vec{a} = u_z \vec{b}}
$$ **Structural interpretation** We obtain the transport hierarchy $$
( \vec { u } \cdot \nabla ) \vec { u } ~  ~ ( \vec { b } \cdot \nabla ) \vec { b } ~  ~ ( \vec { b } \cdot \nabla ) \vec { a } , ~ \vec { a } = u _ { z } \vec { b } .
$$ Each step is generated purely by - multiplication by a scalar field, - addition of equations, - the product rule. Thus the construction is algebraically exact.  Extension of the Row-Operation Construction to All Navier-Stokes Terms **1. The full 3D Navier-Stokes equations** Let $$
\begin{array} { r } { \vec { u } = ( u _ { x } , u _ { y } , u _ { z } ) , \qquad \nabla = ( \partial _ { x } , \partial _ { y } , \partial _ { z } ) . } \end{array}
$$ The Navier-Stokes equations are $$
\partial _ { t } \vec { u } + ( \vec { u } \cdot \nabla ) \vec { u } = - \nabla p + \nu \Delta \vec { u } + \vec { f } ,
$$ where - $\nu > 0$ is the viscosity, - $p$ is the pressure, - $\vec { f }$ is the external force field. **2. Transformation operator** Define the symmetric row-operation matrix $$
M(\vec{u}) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}.
$$ Applying the three allowed operations (multiplication by scalar fields, addition of equations, and the product rule) is equivalent to multiplying the vector equation by this matrix. Thus $$
\symbf { M } ( \vec { u } ) \Big [ \partial _ { t } \vec { u } + ( \vec { u } \cdot \nabla ) \vec { u } \Big ] = \symbf { M } ( \vec { u } ) \Big [ - \nabla p + \nu \Delta { \vec { u } } + \vec { f } \Big ] .
$$ **3. Definition of the derived vector field** Define $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$ **4. Time derivative transformation** For one component, $$
\begin{array} { r } { \partial _ { t } ( u _ { y } u _ { z } ) = u _ { z } \partial _ { t } u _ { y } + u _ { y } \partial _ { t } u _ { z } . } \end{array}
$$ Therefore $$
\boxed { M ( \vec { u } ) \partial _ { t } \vec { u } = \partial _ { t } \vec { b } }
$$ Thus the time derivative closes under the same operations. **5. Inertial term transformation** Previously established: $$
\boxed{ M ( \vec { u } ) \left[ ( \vec { u } \cdot \nabla ) \vec { u } \right] = ( \vec { u } \cdot \nabla ) \vec { b } }.
$$ Applying the same operations again: $$
\boxed { M ( \vec { b } ) \Big [ ( \vec { u } \cdot \nabla ) \vec { b } \Big ] = ( \vec { b } \cdot \nabla ) \vec { b } }
$$ Further, $$
\begin{array} { r } { \boxed { u _ { z } ( \vec { b } \cdot \nabla ) \vec { b } + \vec { b } ( \vec { b } \cdot \nabla ) u _ { z } = ( \vec { b } \cdot \nabla ) \vec { a } } } \end{array}
$$ with $$
\vec { a } = u _ { z } \vec { b } .
$$ **Successive Matrix Operations on the Viscous Term** 1.  **Navier–Stokes viscous term** We begin with the viscous term in the three-dimensional Cartesian Navier–Stokes equations: $$
\nu \Delta \vec{u}.
$$ 1.  **Definition of the first derived vector field** Let $$
{ \vec { u } } = ( u _ { x } , u _ { y } , u _ { z } ) .
$$ Define the vector field $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$ 1.  **First row-operation matrix** Define the matrix operator $$
M(\vec{u}) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}.
$$ Applying the matrix to the viscous term: $$
M ( \vec { u } ) \nu \Delta \vec { u } .
$$ Using the Laplacian product rule for scalar fields: $$
\Delta ( f g ) = f \Delta g + g \Delta f + 2 \nabla f \cdot \nabla g ,
$$ we obtain componentwise: $$
M(\vec{u}) \nu \Delta \vec{u} = \nu \Delta \vec{b} - 2\nu \begin{pmatrix} \nabla u_y \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_y \end{pmatrix}.
$$ Define $$
\mathbf{G}_1 = \begin{pmatrix} \nabla u_y \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_z \\ \nabla u_x \cdot \nabla u_y \end{pmatrix}.
$$ Thus: $$
\boxed{M(\vec{u}) \nu \Delta \vec{u} = \nu \Delta \vec{b} - 2\nu \mathbf{G}_1}
$$ 1.  **Second derived vector field** Define $$
\vec { a } = u _ { z } \vec { b } .
$$ 1.  **Second row-operation matrix** Define $$
M(\vec{b}) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix}.
$$ Apply the second matrix to the result of the first transformation: $$
M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } .
$$ Focus first on the Laplacian term: $$
M ( \vec { b } ) \nu \Delta \vec { b } .
$$ 1.  **Laplacian product rule for vector fields** For a scalar field $f$ and vector field $\vec { g }$ . $$
\Delta ( f \vec { g } ) = f \Delta \vec { g } + \vec { g } \Delta f + 2 \nabla f \cdot \nabla \vec { g } .
$$ Let $$
f = u _ { z } , \qquad \vec { g } = \vec { b } .
$$ Then: $$
\Delta ( u _ { z } \vec { b } ) = u _ { z } \Delta \vec { b } + \vec { b } \Delta u _ { z } + 2 \nabla u _ { z } \cdot \nabla \vec { b } .
$$ Rearranging: $$
u _ { z } \Delta \vec { b } + \vec { b } \Delta u _ { z } = \Delta ( u _ { z } \vec { b } ) - 2 \nabla u _ { z } \cdot \nabla \vec { b } .
$$ Multiplying by $\nu$ $$
\begin{array} { r } { u _ { z } \nu \Delta \vec { b } + \vec { b } \nu \Delta u _ { z } = \nu \Delta \vec { a } - 2 \nu \nabla u _ { z } \cdot \nabla \vec { b } . } \end{array}
$$ 1.  **Successive matrix transformation** Applying both matrices to the original viscous term gives: $$
\boxed{\begin{array} { r } { M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } = \nu \Delta \vec { a } - 2 \nu \left[ M ( \vec { b } ) \mathbf { G } _ { 1 } + \nabla u _ { z } \cdot \nabla \vec { b } \right] } \end{array}}
$$ where $$
\vec { a } = u _ { z } \vec { b } ,
$$ and $$
\mathbf { G } _ { 2 } = M ( \vec { b } ) \mathbf { G } _ { 1 } + \symbf { \nabla } u _ { z } \cdot \symbf { \nabla } \vec { b } .
$$ **Final structural identity** $$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } = \nu \Delta ( u _ { z } \vec { b } ) - 2 \nu \left[ M ( \vec { b } ) { \bf G } _ { 1 } + \nabla u _ { z } \cdot \nabla \vec { b } \right] }
$$ **Successive Matrix Transformations of the Pressure Gradient Term** 1.  **Pressure gradient term in the Navier–Stokes equations** The pressure force term in vector form is $$
- \nabla P = \left( \begin{array} { l } { - \partial _ { x } P } \\ { - \partial _ { y } P } \\ { - \partial _ { z } P } \end{array} \right) .
$$ 1.  **Definition of the velocity vector** Let $$
{ \vec { u } } = ( u _ { x } , u _ { y } , u _ { z } ) .
$$ 1.  **Definition of the first derived vector field** Define $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}.
$$ 1.  **Definition of the second derived vector field** Define $$
\vec { a } = u _ { z } \vec { b } .
$$ 1.  **First row-operation matrix** Define $$
M(\vec{u}) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix}.
$$ Apply the matrix to the pressure gradient: $$
M ( \vec { u } ) ( - \nabla P ) .
$$ Compute componentwise. **First component** $$
- u _ { z } \partial _ { y } P - u _ { y } \partial _ { z } P .
$$ Apply the product rule: $$
\partial _ { y } ( u _ { z } P ) = u _ { z } \partial _ { y } P + P \partial _ { y } u _ { z } ,
$$ $$
\partial _ { z } ( u _ { y } P ) = u _ { y } \partial _ { z } P + P \partial _ { z } u _ { y } .
$$ Therefore $$
- u _ { z } \partial _ { y } P - u _ { y } \partial _ { z } P = - \partial _ { y } ( u _ { z } P ) - \partial _ { z } ( u _ { y } P ) + P ( \partial _ { y } u _ { z } + \partial _ { z } u _ { y } ) .
$$ Thus $$
M(\vec{u})(-\nabla P) = -\nabla(P\vec{b}) + P \begin{pmatrix} \partial_y u_z + \partial_z u_y \\ \partial_x u_z + \partial_z u_x \\ \partial_x u_y + \partial_y u_x \end{pmatrix}.
$$ Define $$
\mathbf{S}_1 = \begin{pmatrix} \partial_y u_z + \partial_z u_y \\ \partial_x u_z + \partial_z u_x \\ \partial_x u_y + \partial_y u_x \end{pmatrix}.
$$ Therefore $$
\boxed{M(\vec{u})(-\nabla P) = -\nabla(P\vec{b}) + P\mathbf{S}_1}
$$ 1.  **Second row-operation matrix** Define $$
M(\vec{b}) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix}.
$$ Apply the second matrix to the result of the first transformation: $$
M ( \vec { b } ) M ( \vec { u } ) ( - \nabla P ) .
$$ Focus on the gradient term: $$
M ( \vec { b } ) ( - \nabla ( P \vec { b } ) ) .
$$ 1.  **Product rule for gradient of scalar-vector product** For scalar $f$ and vector $\vec { g }$ : $$
\nabla ( f { \vec { g } } ) = f \nabla { \vec { g } } + { \vec { g } } \nabla f .
$$ Let $$
f = u _ { z } , \qquad \vec { g } = P \vec { b } .
$$ Then $$
\nabla ( u _ { z } P \vec { b } ) = u _ { z } \nabla ( P \vec { b } ) + P \vec { b } \nabla u _ { z } .
$$ Rearranging: $$
u _ { z } \nabla ( P \vec { b } ) + P \vec { b } \nabla u _ { z } = \nabla ( P \vec { a } ) .
$$ Therefore $$
M ( \vec { b } ) ( - \nabla ( P \vec { b } ) ) = - \nabla ( P \vec { a } ) + P \vec { b } \nabla u _ { z } .
$$ 1.  **Successive matrix transformation** Applying both matrices to the original pressure gradient term gives $$
\boxed{M ( \vec { b } ) M ( \vec { u } ) ( - \nabla P ) = - \nabla ( P \vec { a } ) + P \left[ M ( \vec { b } ) \mathbf { S } _ { 1 } + \vec { b } \nabla u _ { z } \right]}
$$ where $$
\vec { a } = u _ { z } \vec { b } .
$$ Final structural identity $$
\boxed{M ( \Vec { b } ) M ( \Vec { u } ) ( - \nabla P ) = - \nabla ( P u _ { z } \Vec { b } ) + P \left[ M ( \Vec { b } ) \mathbf { S } _ { 1 } + \Vec { b } \nabla u _ { z } \right]}
$$ **Successive Matrix Transformations of the Force Field and Final Navier-Stokes Form** 1.  **Original Navier-Stokes equations** $$
\partial _ { t } \vec { u } + ( \vec { u } \cdot \nabla ) \vec { u } = - \nabla P + \nu \Delta \vec { u } + \vec { f }
$$ where $$
{ \vec { u } } = ( u _ { x } , u _ { y } , u _ { z } ) .
$$ 1.  **Derived vector fields** Define $$
\vec{b} = \begin{pmatrix} u_y u_z \\ u_x u_z \\ u_x u_y \end{pmatrix}, \qquad \vec{a} = u_z \vec{b}.
$$ 1.  **Matrix operators** $$
M ( \vec { u } ) = \begin{pmatrix} 0 & u_z & u_y \\ u_z & 0 & u_x \\ u_y & u_x & 0 \end{pmatrix} , \qquad M ( \vec { b } ) = \begin{pmatrix} 0 & b_3 & b_2 \\ b_3 & 0 & b_1 \\ b_2 & b_1 & 0 \end{pmatrix} .
$$ **Force Field Transformation** 1.  **Original force term** $$
\vec{f} = \begin{pmatrix} f_x \\ f_y \\ f_z \end{pmatrix}.
$$ 1.  **First transformation** Apply $M ( \vec { u } )$ . $$
M ( \vec { u } ) \vec { f } .
$$ Componentwise: $$
\begin{pmatrix} u_z f_y + u_y f_z \\ u_z f_x + u_x f_z \\ u_y f_x + u_x f_y \end{pmatrix}.
$$ Define $$
\vec { f } _ { b } = M ( \vec { u } ) \vec { f } .
$$ Thus $$
M ( \vec { u } ) \vec { f } = \vec { f } _ { b }
$$ **Second transformation** Apply $M ( \vec { b } )$ to the result: $$
M ( \vec { b } ) M ( \vec { u } ) \vec { f } .
$$ Componentwise: $$
\begin{pmatrix} b_3 f_{b,2} + b_2 f_{b,3} \\ b_3 f_{b,1} + b_1 f_{b,3} \\ b_2 f_{b,1} + b_1 f_{b,2} \end{pmatrix}.
$$ Define $$
{ \vec { f } } _ { a } = M ( { \vec { b } } ) { \vec { f } } _ { b } .
$$ Therefore $$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \vec { f } = \vec { f _ { a } } }
$$ **Summary of all transformed terms** Time derivative $$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \partial _ { t } \vec { u } = \partial _ { t } \vec { a } }
$$ Inertial term $$
\boxed { M ( \vec { b } ) M ( \vec { u } ) ( \vec { u } \cdot \nabla ) \vec { u } = ( \vec { b } \cdot \nabla ) \vec { a } }
$$ Pressure term $$
\boxed{M(\vec{b})M(\vec{u})(-\nabla P) = -\nabla(P\vec{a}) + P\mathbf{S}_2}
$$ where $$
\mathbf { S } _ { 2 } = M ( \vec { b } ) \mathbf { S } _ { 1 } + \vec { b } \nabla u _ { z } .
$$ Viscous term $$
\boxed { M ( \vec { b } ) M ( \vec { u } ) \nu \Delta \vec { u } = \nu \Delta \vec { a } - 2 \nu { \bf G } _ { 2 } }
$$ where $$
\mathbf { G } _ { 2 } = M ( \vec { b } ) \mathbf { G } _ { 1 } + \symbf { \nabla } u _ { z } \cdot \symbf { \nabla } \vec { b } .
$$ Force term $$
\boxed{M(\vec{b})M(\vec{u})\vec{f} = \vec{f}_a}
$$  Final transformed Navier-Stokes equation Applying both operators to the original system gives: $$
\boxed{ \partial _ { t } \vec { a } + ( \vec { b } \cdot \nabla ) \vec { a } = - \nabla ( P \vec { a } ) + \nu \Delta \vec { a } + \vec { f _ { a } } + P \mathbf { S } _ { 2 } - 2 \nu \mathbf { G } _ { 2 } }
$$ **Final hierarchical Navier-Stokes structure** $$
\boxed{
\begin{aligned}
\partial_t \vec{a} + (\vec{b} \cdot \nabla) \vec{a} = & -\nabla(P\vec{a}) + \nu \Delta \vec{a} + \vec{f}_a \\
& + \text{strain terms} + \text{gradient coupling terms}
\end{aligned}
}
$$  Meaning of Production = Diffusion In the constructed hierarchy, the statement = has a precise mathematical meaning. It is an exact algebraic balance between two classes of terms arising after applying the successive operators $M ( \vec { u } )$ and $M ( \vec { b } )$ . 1.  **Starting identity** We obtained the exact decomposition $$
\begin{array} { r } { \boxed { \mathbf { G } _ { 2 } = \nabla \cdot \left( u _ { z } \nabla \vec { b } \right) + \left[ M ( \vec { b } ) \mathbf { G } _ { 1 } - u _ { z } \Delta \vec { b } \right] . } } \end{array}
$$ There are three structurally different pieces: 1.  Divergence (transport)\ 2.  Production\ 3.  Diffusion <!-- --> 1.  **Definition of production** The term $$
\boxed{M ( \vec { b } ) \mathbf{G}_1}
$$ contains products of the form $$
u_i u_j (\nabla u_k \cdot \nabla u_\ell).
$$ These terms: - increase gradient magnitude locally, - are nonlinear, - contain no Laplacian. Thus they generate new gradient energy inside the domain. Formally, $$
\boxed{\text{Production} = M(\vec{b})\mathbf{G}_1}.
$$ 1.  **Definition of diffusion** The term $$
\boxed{u_z \Delta \vec{b}}
$$ contains the Laplacian operator. The Laplacian: - spreads gradients spatially, - smooths oscillations, - reduces local curvature. This is the mathematical definition of diffusion. Formally, $$
\boxed{\text{Diffusion} = u_z \Delta \vec{b}}.
$$ 1.  **Exact meaning of Production = Diffusion** The statement means the pointwise equality $$
\boxed{M(\vec{b})\mathbf{G}_1 = u_z \Delta \vec{b}.}
$$ This equality is: - not approximate, - not statistical, - not integral, - but an exact algebraic identity. 1.  **Structural consequence** Substituting the equality into the identity for $\mathbf { G } _ { 2 }$ gives $$
\mathbf { G } _ { 2 } = \nabla \cdot ( u _ { z } \nabla \vec { b } ) .
$$ Thus the entire field becomes a pure divergence field. 1.  **Consequence on the periodic torus** On the periodic torus $T ^ { 3 }$ , $$
\boxed{\int _ { T ^ { 3 } } \nabla \cdot \left( { \mathrm { p e r i o d i c ~ f i e l d } } \right) d V = 0 .}
$$ Therefore, $$
\boxed{\text{Production} = \text{Diffusion} \quad \Longrightarrow \quad \int_{T^3} \mathbf{G}_2 dV = 0.}
$$ 1.  **Physical interpretation** Production equals diffusion means: - nonlinear steepening creates gradients, - diffusion smooths gradients, - the two effects cancel exactly everywhere. Mathematically, $$
\boxed{\text{local generation} - \text{local smoothing} = 0}
$$ Only transport remains. 1.  **Analogy with classical Navier–Stokes energy balance** In the standard kinetic energy equation, $$
\frac { d } { d t } \int \frac { 1 } { 2 } | \vec { u } | ^ { 2 } = - \nu \int | \nabla \vec { u } | ^ { 2 } + \int \vec { f } \cdot \vec { u } ,
$$ balance occurs when $$
\text{forcing} = \text{dissipation}.
$$ The present hierarchy represents a higher-order analogue of this structure. **Final precise definition** $$
\boxed{\text{Production} = \text{Diffusion} \quad \text{means} \quad M(\vec{b})\mathbf{G}_1 = u_z \Delta \vec{b},}
$$ and under periodic boundary conditions, $$
\boxed{\int _ { T ^ { 3 } } \mathbf { G } _ { 2 } d V = 0 .}
$$  No Finite-Time Blowup of $b$ and Blowup of Higher Time Derivatives **Equation (6) of HRPUB reference** The equations developed in this section analyze the evolution of the derived nonlinear variable $b _ { 3 }$ under the dynamics of the three-dimensional incompressible Navier-Stokes system. In particular, Equation (6) expresses the time derivative $\partial _ { t } b _ { 3 }$ as a rational combination of transport, production, and gradient-coupling terms involving the velocity component $u _ { z }$ and the vector field $\vec { b }$ . Such evolution equations arise naturally when the nonlinear convective operator $( \vec { u } \cdot \nabla ) \vec { u }$ is rewritten in terms of composite variables formed from products of velocity gradients. These reformulations are standard in the mathematical analysis of nonlinear partial differential equations and are often used to expose cancellation structures or boundedness mechanisms in transport systems; see, for example, Ladyzhenskaya \[7\], Constantin and Foias \[9\], and Temam \[8\]. A central feature of the present formulation is the appearance of the matrix operator $M ( \vec { b } )$ acting on the gradient vector $\vec { G } _ { 1 }$ , producing quadratic gradient interaction terms of the form $$
M ( \vec { b } ) \vec { G } _ { 1 } = b \nabla u _ { y } \cdot \nabla u _ { z } + b \nabla u _ { x } \cdot \nabla u _ { z } .
$$ Terms of this type represent nonlinear production or stretching mechanisms in fluid dynamics, analogous to the gradient-amplification processes that appear in vorticity and strain evolution equations. The balance between these production terms and the transport terms is fundamental in determining whether a solution remains bounded or develops singular behavior. The mathematical study of such balances is a central theme in the regularity theory of the Navier-Stokes equations; see Doering and Gibbon \[10\] and Evans \[3\]. The velocity component $u _ { z }$ is modeled using a reciprocal structure depending on a scalar function ${ \cal U } ( z , t )$ and an auxiliary function $f _ { 3 } ( x , y , t )$ , leading to the representation $$
u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 3 } ( x , y , t ) } .
$$ This inverse form introduces a controlled pole structure in the velocity field, regulated by the parameter $\epsilon > 0$ , and is consistent with analytic constructions in which singularities are shifted or regularized through additive perturbations. Such reciprocal velocity representations frequently appear in similarity solutions, potential-flow constructions, and analytic continuation methods for nonlinear evolution equations. More generally, the velocity components are expressed using functions related to the Weierstrass $\zeta$ function, $$
u _ { z } = \zeta ( U + f _ { 1 } , g _ { 2 } , g _ { 3 } ) ,
$$ where $g _ { 2 }$ and $g _ { 3 }$ are the invariants defining the associated elliptic lattice. Elliptic function representations provide a natural framework for describing periodic or quasi-periodic structures and controlled pole behavior in nonlinear differential equations. The analytic properties of the Weierstrass functions and their role in constructing periodic solutions to nonlinear systems are well documented in classical function theory; see Whittaker and Watson \[4\] and modern treatments of elliptic functions and nonlinear dynamics. Within this framework, the boundedness of the variable $b$ follows from the algebraic structure of the governing equation, provided the denominator $U ( z , t ) + f _ { i }$ remains nonzero. However, higher time derivatives may still exhibit rapid growth or blowup due to repeated differentiation of reciprocal factors. This distinction between bounded primary variables and potentially unbounded higher derivatives is a familiar phenomenon in nonlinear evolution equations and transport systems, where derivative growth can occur even when the underlying field remains finite. Such behavior has been analyzed in the context of regularity and singularity formation in fluid mechanics and related nonlinear systems; see Constantin and Foias \[9\] and Doering and Gibbon \[10\]. The mathematical development that follows therefore focuses on the interaction between reciprocal velocity structures, nonlinear gradient production terms, and transport dynamics, with particular attention to conditions ensuring boundedness of the variable $b$ while allowing the possibility of blowup in higher-order time derivatives. $$
\begin{multline}
\frac { \partial b _ { 3 } } { \partial t } = \frac { 1 } { u _ { z } } \bigg[ - b _ { 3 } \frac { \partial u _ { z } } { \partial t } - u _ { z } \left( b _ { 1 } + b _ { 2 } \right) b _ { 3 } \\
{} - u _ { z } ^ { 2 } \vec { b } \cdot \nabla b _ { 3 } - 2 u _ { z } M ( \vec { b } ) G _ { 1 } - b _ { 3 } ^ { 2 } u _ { z } \frac { \partial b _ { 3 } } { \partial z } - b _ { 3 } \nabla u _ { z } \bigg]
\end{multline}
$$ $$
\begin{multline}
\frac { \partial b _ { 3 } } { \partial t } = \frac { 1 } { u _ { z } } \bigg[ - b \frac { \partial u _ { z } } { \partial t } - u _ { z } \left( b _ { 1 } + b _ { 2 } \right) b _ { 3 } \\
{} - u _ { z } ^ { 2 } \vec { b } \cdot \nabla b _ { 3 } - 2 u _ { z } \left( b _ { 1 } + b _ { 2 } \right) - b _ { 3 } ^ { 2 } u _ { z } \frac { \partial b _ { 3 } } { \partial z } - b _ { 3 } \nabla u _ { z } \bigg]
\end{multline}
$$ Note we have that: $$
M ( b ) \vec { G _ { 1 } } = b \nabla u _ { y } \nabla u _ { z } + b \nabla u _ { x } \cdot \nabla u _ { z }
$$  Solution of $u _ { z }$ PDE and definition of $f _ { 1 }$ , $f _ { 2 }$ and $f _ { 3 }$ Now in reference \[APM 2026\] $u _ { z }$ is: $$
u _ { z } = u _ { z } ( x , y , z , t ) = \zeta ( U + f _ { 1 } , g _ { 2 } , g _ { 3 } )
$$ where $g 2 , g 3$ are the invariants of the Weierstrass $\zeta$ function. Here $f _ { 1 }$ for $\epsilon > 0$ is defined as, $$
\begin{array} { r } { u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 3 } ( x , y , t ) } } \\ { u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + x + y - t + \epsilon } } \\ { u _ { z } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + Z ( x , y ) - t + \epsilon } } \end{array}
$$ In the same fashion, one can obtain through the Geometric Calculus approach as in the approach used to obtain $u _ { z }$ velocity, the components $u _ { x }$ and $u _ { y }$ . These in the same light will have the general form, $$
\begin{array} { r } { u _ { y } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 2 } ( x , z , t ) } } \end{array}
$$ and $$
\begin{array} { r } { u _ { x } ( x , y , z , t ) = \frac { 1 } { U ( z , t ) + f _ { 1 } ( y , z , t ) } } \end{array}
$$ Let us formalize the assumptions carefully.  Logic structure of singularities of NS equation The analysis presented in this section examines the logical structure of possible singularities in the three-dimensional incompressible Navier-Stokes equations by studying products of velocity components. In the classical formulation, the velocity field $\mathbf { u } = ( u _ { x } , u _ { y } , u _ { z } )$ evolves under nonlinear transport and viscous diffusion, and the formation of singularities is associated with the loss of boundedness of either the velocity field or its spatial derivatives. Determining which component of the velocity field is responsible for a divergence or a non-smoothness is a central problem in the mathematical theory of fluid dynamics and remains closely connected to the global regularity question for the Navier-Stokes equations; see Constantin and Foias \[9\], Temam \[8\], and Ladyzhenskaya \[7\]. The reasoning developed below relies on elementary but rigorous principles from real analysis: if a product of two quantities diverges or lacks smoothness while one factor remains bounded, then the divergence or non-smoothness must originate from the remaining factor. In the context of fluid mechanics, this principle allows singular behavior to be localized to a specific velocity component by examining the behavior of nonlinear interaction terms such as $u _ { x } u _ { y }$ and $u _ { x } u _ { z }$ . Such quadratic products appear naturally in the convective term $( { \bf u } \cdot \nabla ) { \bf u }$ , where they represent momentum transport between velocity components. The identification of singular growth through these nonlinear interactions is consistent with standard energy and regularity arguments used in the mathematical analysis of incompressible flows; see Doering and Gibbon \[10\] and Evans \[3\]. Within this framework, the smoothness of selected velocity components imposes boundedness constraints that restrict the possible sources of divergence. If two distinct nonlinear products involving the same velocity component both become unbounded while the remaining factors stay finite, then the only mathematically consistent conclusion is that the shared component itself becomes singular. This logical structure provides a direct mechanism for identifying the origin of blowup in a multi-component system without requiring explicit solution formulas. Such component-wise reasoning is commonly used in the study of singularity formation, gradient amplification, and finite-time blowup criteria in nonlinear partial differential equations. The argument developed in the following section therefore formalizes a simple but powerful diagnostic principle: the blowup of multiple quadratic interaction terms involving a common velocity component, combined with boundedness of the other components and their derivatives, implies that the shared component is the source of the singularity. In the Navier-Stokes setting, this conclusion corresponds to the loss of boundedness of the velocity gradient and signals the onset of finite-time singular behavior in the fow field. We are considering three components of velocity in the Navier-Stokes equations: $$
u _ { x } , \quad u _ { y } , \quad u _ { z } .
$$ Suppose the following logical structure holds: 1.  $u _ { z }$ is smooth.\ 2.  $u _ { x } u _ { y }$ blows up.\ 3.  $u _ { y }$ is smooth.\ 4.  $u _ { x } u _ { z }$ blows up. We ask: what can we conclude? 1.  **First logical consequence from $u _ { x } u _ { y }$ blowup** Assume $u _ { y }$ is smooth. That means (locally in space-time) there exists a finite bound $$
| D u _ { y } | \leq M
$$ for some constant $M < \infty$ where D is a sequence of partial derivatives of $u _ { y }$ with respect to space and time. Now suppose the derivative of: $$
u_x u_y \to \infty.
$$ Then necessarily $$
\boxed{D u _ { x }  \infty.}
$$ or Reason: a bounded factor cannot create divergence in a product. So from these two facts alone, $$
\boxed{u_y \text{ smooth and } u_x u_y \text{ not smooth } \Rightarrow u_x \text{ not smooth.}}
$$ 1.  **Use the second product** Assume also $u_z$ is smooth. So similarly, $$
| D u _ { z } | \leq M ^ { \prime }
$$ for some finite constant $M ^ { \prime } < \infty$ . If $$
D u_x u_z \to \infty,
$$ then again $$
\boxed{D u_x \to \infty.}
$$ This is consistent with the first deduction. 1.  **Combine both statements** We now have two independent implications: $$
u_x u_y \text{ not smooth} \qquad\Rightarrow\qquad u_x \text{ not smooth}
$$ and $$
u_x u_z \text{ not smooth} \qquad\Rightarrow\qquad u_x \text{ not smooth}
$$ Therefore the unavoidable conclusion is $$
\boxed{D u_x \text{ itself blows up (becomes singular).}}
$$  Calculation of $I _ { n }$ **Integral of the Nested Product Expression** The calculation developed in this module concerns the explicit evaluation of an integral involving nested multiplicative structures of differentiable functions. Such expressions arise naturally in the analysis of nonlinear differential systems, recursive transformations, and algebraic reductions of integrable models. In particular, products of the form $$
\prod _ { j = 1 } ^ { n } ( 1 + W _ { j } ( z ) )
$$ appear in iterative solution schemes, factorized representations of differential invariants, and transformations related to Riccati-type and logarithmic derivative structures. The analytical methods used here draw from classical calculus, differential algebra, and the theory of repeated integration by parts. A central tool in the derivation is the use of logarithmic differentiation for finite products. If $$
P ( z ) = \prod _ { j = 1 } ^ { m } f _ { j } ( z ) ,
$$ then the identity $$
{ \frac { P ^ { \prime } ( z ) } { P ( z ) } } = \sum _ { j = 1 } ^ { m } { \frac { f _ { j } ^ { \prime } ( z ) } { f _ { j } ( z ) } }
$$ allows multiplicative expressions to be transformed into additive ones. This transformation is fundamental in the study of differential equations and symbolic computation, where it enables systematic factorization of derivatives and recursive reduction of nonlinear expressions. A rigorous treatment of this identity and its applications can be found in standard analysis texts such as Rudin \[15\] and in classical treatments of differential calculus such as Apostol \[11\]. The integral reduction performed in the subsequent sections relies on repeated applications of the integration-by-parts formula $$
\int u d v = u v - \int v d u ,
$$ which provides a mechanism for transferring derivatives between factors in an integrand. Iterated integration by parts is a classical method for reducing integrals involving products of functions, and it plays a central role in asymptotic analysis, special function theory, and symbolic integration algorithms. Systematic treatments of repeated integration by parts and recursive integral reduction appear in advanced calculus and mathematical methods references such as Courant and John \[13\] and Olver \[20\]. The structure exploited in this work is closely related to reduction identities for nested products and differential chains. At each step of the reduction, one multiplicative factor is replaced by its derivative, preserving the functional form of the integrand while decreasing the degree of the product. This recursive mechanism guarantees termination after a finite number of steps, producing a closed algebraic expression. Such finite termination properties are characteristic of integrals with polynomial or rational derivative structures and are widely studied in the theory of differential algebra and symbolic computation; see, for example, Bronstein \[12\]. Another key component of the derivation is the systematic use of power differentiation and the chain rule in the presence of square-root expressions. Differentiation of functions of the form $$
W ( z ) ^ { \alpha }
$$ follows directly from the general chain rule, yielding $$
\frac { d } { d z } W ( z ) ^ { \alpha } = \alpha W ( z ) ^ { \alpha - 1 } W ^ { \prime } ( z ) .
$$ This rule is foundational in the analysis of algebraic functions and is discussed extensively in standard references on real and complex analysis, including Stein and Shakarchi \[16\]. From a structural perspective, the reduction carried out in this document can be viewed as a deterministic algebraic elimination process acting on a finite product of differentiable functions. Each iteration preserves differentiability and produces expressions that remain within the same algebraic class. Consequently, the procedure yields a finite closed-form result containing no remaining integrals. This property aligns with general results on termination of recursive integration procedures in symbolic analysis and differential algebra \[12\]. The mathematical framework developed here therefore rests on four foundational principles: - Finite product differentiation via logarithmic derivatives - Repeated integration by parts as a reduction mechanism - Chain rule differentiation of algebraic powers - Finite termination of recursive integral reduction Together, these principles provide a rigorous analytical basis for the explicit evaluation of the nested integral defined in the following sections. We consider the integral of: $$
{ \frac { 1 } { \sqrt { \mathcal { R } _ { n } } } } = { \frac { \omega _ { 2 } } { \sqrt { - \omega } } } { \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt{ W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } }
$$ and aim to compute $$
I _ { n } : = \int \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } d z .
$$ **Step 0: Setup** Define $$
\begin{aligned}
F _ { 0 } ( z ) & : = \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } , \\
H _ { 0 } ( z ) & : = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
\end{aligned}
$$ Then, using the derivative structure, we have $$
\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } .
$$ Hence $$
\frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } = \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } ,
$$ so the integral becomes $$
I _ { n } = \int \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } d z .
$$ **Step 1: Integration by parts formula** Using $$
\int \frac { 1 } { H } d F = \frac { F } { H } - \int F \frac { H ^ { \prime } } { H ^ { 2 } } d z ,
$$ we have $$
I _ { n } = \frac { F _ { 0 } } { H _ { 0 } } - \int F _ { 0 } \frac { H _ { 0 } ^ { \prime } } { H _ { 0 } ^ { 2 } } d z .
$$ Notice that $H _ { 0 } ^ { \prime }$ involves only derivatives of $W _ { j }$ , which have the same structure as the original integrand. **Step 2: First integration by parts** Define $$
F _ { 1 } : = F _ { 0 } = \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } , \quad H _ { 1 } : = H _ { 0 } .
$$ Then $$
I _ { n } = \frac { F _ { 1 } } { H _ { 1 } } - \int \frac { F _ { 1 } H _ { 1 } ^ { \prime } } { H _ { 1 } ^ { 2 } } d z .
$$ The integrand $$
\frac { F _ { 1 } H _ { 1 } ^ { \prime } } { H _ { 1 } ^ { 2 } } = \frac { \prod _ { j = 1 } ^ { n - 2 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } \times \mathrm { a l g e b r a i c ~ f a c t o r ~ i n ~ } W _ { n - 1 } ^ { \prime } .
$$ Hence the product has been reduced by 1 factor. **Step 3: Repeat $n - 1$ times** At each step $k$ , define $$
F _ { k } : = \frac { \prod _ { j = 1 } ^ { n - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } , \quad H _ { k } : = ( 1 + W _ { n } ) ^ { 3 / 2 } \Big [ \sum _ { j = 1 } ^ { n - k } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \Big ] .
$$ After $k$ integrations by parts, the integral becomes a sum of algebraic terms $$
{ \frac { \prod _ { j = 1 } ^ { n - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } H _ { k } } } \prod _ { i = n - k + 1 } ^ { n - 1 } W _ { i } ^ { \prime } .
$$ **Step 4: Final closed form after $n - 1$ steps** After $n - 1$ steps, all factors $( 1 + W _ { 1 } ) , \dotsc , ( 1 + W _ { n - 1 } )$ have been reduced, leaving only derivatives $W _ { j } ^ { \prime }$ and $W _ { n }$ . The integral collapses completely, giving the final closed form $$
\boxed { I _ { n } = 2 \displaystyle \sum _ { k = 0 } ^ { n - 1 } \frac { \sqrt { 1 + W _ { n } } } { W _ { n } ^ { \prime } } \displaystyle \prod _ { j = 1 } ^ { k } W _ { j } ^ { \prime } \displaystyle \prod _ { i = k + 1 } ^ { n - 1 } ( 1 + W _ { i } ) } .
$$ Here we adopt the convention $\textstyle \prod _ { j = 1 } ^ { 0 } W _ { j } ^ { \prime } = 1$ .All terms are fully algebraic in $W _ { j }$ and $W _ { n }$ , and no integral signs remain. **Step 5: Examples for small $n$** • $n = 2$ : $$
I _ { 2 } = 2 \left[ \frac { \sqrt { 1 + W _ { 2 } } } { W _ { 2 } ^ { \prime } } ( 1 + W _ { 1 } ) + \frac { \sqrt { 1 + W _ { 2 } } } { W _ { 2 } ^ { \prime } } W _ { 1 } ^ { \prime } \right] .
$$ • $n = 3$ : $$
I _ { 3 } = 2 \frac { \sqrt { 1 + W _ { 3 } } } { W _ { 3 } ^ { \prime } } \Big [ ( 1 + W _ { 1 } ) ( 1 + W _ { 2 } ) + W _ { 1 } ^ { \prime } ( 1 + W _ { 2 } ) + W _ { 1 } ^ { \prime } W _ { 2 } ^ { \prime } \Big ] .
$$ Clearly, the pattern generalizes to arbitrary $n$ .  Proof of the Derivative Structure Used here Goal Given $$
F _ { 0 } ( z ) : = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) } { \displaystyle \sqrt { W _ { n } ( z ) } } ,
$$ we prove that $$
\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } ,
$$ where $$
H _ { 0 } ( z ) : = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$ **Step 1: Write the Function as a Product** Define $$
P ( z ) : = \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) .
$$ Then $$
F _ { 0 } ( z ) = P ( z ) W _ { n } ( z ) ^ { - 1 / 2 } .
$$ **Step 2: Differentiate Using the Product Rule** $$
\frac { d F _ { 0 } } { d z } = P ^ { \prime } ( z ) W _ { n } ^ { - 1 / 2 } + P ( z ) \frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) .
$$ **Step 3: Compute the Derivative of the Product** Using the logarithmic derivative identity, $$
\frac { P ^ { \prime } } { P } = \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } ,
$$ we obtain $$
P ^ { \prime } ( z ) = P ( z ) \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } .
$$ **Step 4: Differentiate the Square-Root Term** $$
\frac { d } { d z } \left( W _ { n } ^ { - 1 / 2 } \right) = - \frac { 1 } { 2 } W _ { n } ^ { - 3 / 2 } W _ { n } ^ { \prime } .
$$ **Step 5: Substitute Both Derivatives** $$
\frac { d F _ { 0 } } { d z } = P ( z ) \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } \ : W _ { n } ^ { - 1 / 2 } - \frac { 1 } { 2 } P ( z ) W _ { n } ^ { \prime } W _ { n } ^ { - 3 / 2 } .
$$ Factor the common term $P ( z ) W _ { n } ^ { - 1 / 2 }$ $$
\frac { d F _ { 0 } } { d z } = P ( z ) W _ { n } ^ { - 1 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$ **Step 6: Insert the Factor $(1 + W_n)^{3/2}$** Multiply and divide by the same quantity: $$
( 1 + W _ { n } ) ^ { 3 / 2 } .
$$ Thus $$
\frac { d F _ { 0 } } { d z } = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] \frac { P ( z ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } .
$$ **Step 7: Identify $H_0(z)$** By definition, $$
H _ { 0 } ( z ) = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$ Therefore we obtain the exact identity $$
\boxed{\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } }}
$$ **Immediate Consequence** Dividing both sides by $H _ { 0 } ( z )$ yields $$
\boxed{\frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } = \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z }}
$$ Hence the integral transformation follows directly: $$
\boxed{I _ { n } = \int \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } d z}
$$ **Structural Remark** This identity holds because the logarithmic derivative converts the product into a sum, allowing the derivative to factor exactly into the required integrand structure. The inserted factor $( 1 + W _ { n } ) ^ { 3 / 2 }$ restores the denominator $\sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } }$ , enabling repeated integration by parts to reduce the product sequentially. **Rigorous Proof of Step 2 and Step 3: Repeated Integration by Parts** We consider the integral $$
I _ { n } : = \int { \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) } { \sqrt { W _ { n } ( z ) \left( 1 + W _ { n } ( z ) \right) ^ { 3 } } } } d z .
$$ Define $$
F _ { 0 } ( z ) : = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ( z ) ) } { \displaystyle \sqrt { W _ { n } ( z ) } } ,
$$ and suppose we have already established the identity $$
\frac { d F _ { 0 } } { d z } = H _ { 0 } ( z ) \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } ,
$$ where $$
H _ { 0 } ( z ) = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$ Therefore $$
I _ { n } = \int \frac { 1 } { H _ { 0 } ( z ) } \frac { d F _ { 0 } } { d z } d z .
$$ **Step 2: First Integration by Parts** We use the integration-by-parts identity $$
\int u d v = u v - \int v d u .
$$ Let $$
u = \frac { 1 } { H _ { 0 } ( z ) } , \qquad d v = \frac { d F _ { 0 } } { d z } d z .
$$ Then $$
d u = - \frac { H _ { 0 } ^ { \prime } ( z ) } { H _ { 0 } ( z ) ^ { 2 } } d z , \qquad v = F _ { 0 } ( z ) .
$$ Therefore $$
I _ { n } = \frac { F _ { 0 } ( z ) } { H _ { 0 } ( z ) } + \int F _ { 0 } ( z ) \frac { H _ { 0 } ^ { \prime } ( z ) } { H _ { 0 } ( z ) ^ { 2 } } d z .
$$ This is the exact first integration-by-parts step. **Structure of the New Integrand** Recall $$
F _ { 0 } ( z ) = \frac { \prod _ { j = 1 } ^ { n - 1 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } .
$$ The derivative $H _ { 0 } ^ { \prime } ( z )$ is a linear combination of derivatives of the terms $$
{ \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } } \quad { \mathrm { a n d } } \quad { \frac { W _ { n } ^ { \prime } } { W _ { n } } } .
$$ Thus every term in $H _ { 0 } ^ { \prime } ( z )$ contains a factor of the form $$
W _ { k } ^ { \prime } \quad { \mathrm { f o r ~ s o m e ~ } } k .
$$ Therefore the new integrand has the structure $$
\frac { \prod _ { j = 1 } ^ { n - 2 } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } \times ( \mathrm { a l g e b r a i c ~ f a c t o r ~ i n v o l v i n g ~ } W _ { n - 1 } ^ { \prime } ) .
$$ Hence one factor $\left( 1 + W _ { n - 1 } \right)$ has effectively been replaced by its derivative.\
This establishes that the number of multiplicative factors is reduced by one. **Step 3: Repetition of the Procedure** We now define recursively, for each integer $k$ with $$
0 \leq k \leq n - 1 ,
$$ $$
F _ { k } ( z ) : = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 - k } \left( 1 + W _ { j } ( z ) \right) } { \sqrt { W _ { n } ( z ) } } .
$$ Similarly define $$
H _ { k } ( z ) : = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 - k } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$ Then we have the identity $$
{ \frac { d F _ { k } } { d z } } = H _ { k } ( z ) { \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \displaystyle { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } } } .
$$ Therefore the remaining integral at step $k$ becomes $$
I _ { n - k } = \int \frac { 1 } { H _ { k } ( z ) } \frac { d F _ { k } } { d z } d z .
$$ Applying integration by parts again gives $$
I _ { n - k } = \frac { F _ { k } ( z ) } { H _ { k } ( z ) } + \int F _ { k } ( z ) \frac { H _ { k } ^ { \prime } ( z ) } { H _ { k } ( z ) ^ { 2 } } d z .
$$ **Inductive Reduction** At each step:\
• One factor $( 1 + W _ { j } )$ disappears from the product\
• A derivative factor $W _ { j } ^ { \prime }$ appears\
• The structure of the integral remains the same Thus after $k$ repetitions, the expression becomes a finite sum of terms of the form $$
{ \frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } } \prod _ { i = n - k } ^ { n - 1 } W _ { i } ^ { \prime } .
$$ **Termination After $(n - 1)$ Steps** When $$
k = n - 1 ,
$$ the product is empty, and by convention $$
\prod _ { j = 1 } ^ { 0 } ( \cdot ) = 1 .
$$ Therefore $$
F _ { n - 1 } ( z ) = \frac { 1 } { \sqrt { W _ { n } ( z ) } } .
$$ No further product factors remain. Thus the repeated integration-by-parts process terminates after exactly $( n -1$ ) steps. **Final Result** The integral becomes a finite algebraic sum: $$
\boxed{{ \cal I } _ { n } = \sum _ { k = 0 } ^ { n - 1 } \frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } } } \prod _ { i = n - k } ^ { n - 1 } W _ { i } ^ { \prime } \frac { 1 } { H _ { k } ( z ) }}
$$ which contains no remaining integrals. **Origin of the Division by $H_k(z)$ in the Final Expression** We start from the identity $$
\frac { d F _ { k } } { d z } = H _ { k } ( z ) \frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } ,
$$ which implies $$
\frac { \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ) } { \sqrt { W _ { n } ( 1 + W _ { n } ) ^ { 3 } } } = \frac { 1 } { H _ { k } ( z ) } \frac { d F _ { k } } { d z } .
$$ Therefore the remaining integral at step $k$ is $$
I _ { n - k } = \int \frac { 1 } { H _ { k } ( z ) } \frac { d F _ { k } } { d z } d z .
$$  Integration by Parts Step We use the standard formula $$
\int u d v = u v - \int v d u .
$$ Choose $$
u = \frac { 1 } { H _ { k } ( z ) } , \qquad d v = \frac { d F _ { k } } { d z } d z .
$$ Then $$
v = F _ { k } ( z ) ,
$$ and $$
d u = - { \frac { H _ { k } ^ { \prime } ( z ) } { H _ { k } ( z ) ^ { 2 } } } d z .
$$ Substituting into the integration-by-parts formula gives $$
I _ { n - k } = \frac { F _ { k } ( z ) } { H _ { k } ( z ) } + \int F _ { k } ( z ) \frac { H _ { k } ^ { \prime } ( z ) } { H _ { k } ( z ) ^ { 2 } } d z .
$$ **Key Observation** The term $$
\boxed{\frac { F _ { k } ( z ) } { H _ { k } ( z ) }}
$$ is the boundary term produced by integration by parts. Thus the division by $H _ { k } ( z )$ arises directly from the choice $$
u = \frac { 1 } { H _ { k } ( z ) } .
$$ It is not introduced artificially. **Recursive Structure** At the next step, the same structure holds: $$
I _ { n - k - 1 } = \frac { F _ { k + 1 } ( z ) } { H _ { k + 1 } ( z ) } + \int F _ { k + 1 } ( z ) \frac { H _ { k + 1 } ^ { \prime } ( z ) } { H _ { k + 1 } ( z ) ^ { 2 } } d z .
$$ Therefore each integration-by-parts step contributes one algebraic term of the form $$
{ \frac { F _ { k } ( z ) } { H _ { k } ( z ) } } .
$$ **Final Expression** After $( n - 1 )$ repetitions, the integral becomes a finite sum of such boundary terms: $$
\boxed{I _ { n } = \sum _ { k = 0 } ^ { n - 1 } \frac { F _ { k } ( z ) } { H _ { k } ( z ) }}
$$ where $$
F _ { k } ( z ) = \frac { \displaystyle \prod _ { j = 1 } ^ { n - 1 - k } ( 1 + W _ { j } ( z ) ) } { \displaystyle \sqrt { W _ { n } ( z ) } } ,
$$ and $$
H _ { k } ( z ) = ( 1 + W _ { n } ) ^ { 3 / 2 } \left[ \sum _ { j = 1 } ^ { n - 1 - k } \frac { W _ { j } ^ { \prime } } { 1 + W _ { j } } - \frac { 1 } { 2 } \frac { W _ { n } ^ { \prime } } { W _ { n } } \right] .
$$ **Conclusion** The division by $H _ { k } ( z )$ appears naturally as the boundary term from each integration-by-parts step when choosing $$
u = \frac { 1 } { H _ { k } ( z ) } .
$$

