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Abstract

Independent mathematical results concerning irreversible systems-ranging from discrete dynamical constraints to
exclusion of positive average growth and boundary stability in formal domains-exhibit a common structural behavior: in
the absence of specific internal mechanisms, the effective state space undergoes monotonic closure. This article presents
a rigorous synthesis demonstrating that these independent results converge to a single structural principle. It is shown
that sustained openness of the accessible state space under irreversible dynamics requires the presence of an internal
persistent operator capable of locally violating closure conditions without contradicting irreversibility. All claims rely ex-
clusively on established mathematical results and explicitly stated assumptions.
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Abstract

Independent mathematical results concerning irreversible systems-ranging from discrete dynamical constraints to exclusion of
positive average growth and boundary stability in formal domains-exhibit a common structural behavior: in the absence of
specific internal mechanisms, the effective state space undergoes monotonic closure. This article presents a rigorous synthesis
demonstrating that these independent results converge to a single structural principle. It is shown that sustained openness of
the accessible state space under irreversible dynamics requires the presence of an internal persistent operator capable of locally
violating closure conditions without contradicting irreversibility. All claims rely exclusively on established mathematical results

and explicitly stated assumptions.
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1. Introduction

I rreversible dynamics arise across multiple domains of math-
ematics and physics. Despite differences in formulation, a
recurring phenomenon is observed: systems lacking specific in-
ternal structure tend to collapse toward reduced sets of accessible
states. Several mathematically independent results exhibit this
behavior. The aim of this work is to verify whether these results
converge to a common structural constraint governing irreversible
systems.

2. Mathematical Framework

Let M denote the effective state space of a system. Depending
on context, M may be finite, countable, or a smooth manifold.
The system evolves under an irreversible dynamics defined either
by a continuous flow ®,: M — M or a discrete update rule
Xn41 = F(x,). Irreversibility implies that trajectories cannot be
globally inverted.

Let I'(t) € M denote the set of states accessible at time ¢ from
admissible initial conditions. Define the accessibility measure
A(t) = |T(t)|, interpreted as cardinality or measure depending on
M.

3. Independent Mathematical Results

We summarize independent results derived in distinct mathemati-
cal settings that constrain irreversible systems.

3.1. Exclusion of Positive Average Growth

Let {x,,} be a positive sequence and define ®(n) = logx,. If
the increments A®(k) decompose into finitely many components
whose average drift is non-positive, then the global average drift
is non-positive. As a consequence, sustained positive growth is
excluded.

3.2. Finite-Orbit Constraint in Discrete Dynamics

For discrete update rules acting on finite state spaces, trajectories
must eventually become periodic. Therefore, the accessible set
I'(¢) is bounded.

3.3. Boundary Stability in Formal Domains

If accessibility is defined only locally on subsets of M, then global
extension is structurally excluded when the accessible domain
is a proper subset of M. Local stability does not imply global
accessibility.

3.4. Dissipative Closure

In irreversible physical systems without compensatory mecha-
nisms, dissipation leads to convergence toward fixed points or
minimal complexity attractors.

3.5. Toy Model lllustrating Closure without Persistent
Operator

We present a minimal toy model demonstrating closure of the
effective state space in the absence of a persistent operator. The
purpose of this model is illustrative: it shows, using elementary
mathematics, how irreversible dynamics alone lead to bounded
accessibility.

Let the state space be a finite set M = {0, 1, ..., N}. Consider
a discrete-time irreversible dynamics defined by the update rule
Xpy1 = F(x,) = max(0, x,, — 1). This map is non-invertible and
strictly contractive toward the absorbing state 0.

For any initial condition x, € M, the trajectory satisfies x,, =
max(0, xo—n). Therefore, after at most x,, steps, the system reaches
the fixed point x = 0 and remains there permanently.

Define the accessible set I'(n) as the set of states reachable at
time n from all admissible initial conditions. Then I'(0) = M,
while T'(n) = {0,1,...,N — n} for n < N and I'(n) = {0} for
n > N. The accessibility measure A(n) = |['(n)| therefore satisfies
A(n+ 1) < A(n) for n < N and stabilizes at A(n) = 1 thereafter.
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This explicit construction exhibits monotonic closure of the
effective state space under irreversible dynamics. No mechanism
exists within the model to restore or expand accessibility once it is
lost.

Any modification capable of preventing this collapse would
require an additional internal process that selectively redirects
trajectories away from the absorbing state, thereby violating the
closure assumption. Such a modification corresponds precisely to
the introduction of a persistent operator as defined in Section 5.

This toy model, while deliberately simple, captures the essential
structural feature common to the independent results discussed
above: in the absence of a persistent operator, irreversible dynam-
ics necessarily produce closure of the accessible state space.

4. Structural Interrelation

Each of the results summarized above implies a common structural
property: the accessibility measure A(t) does not exhibit sustained
growth. Formally, limsup, , _ A(f) < A, for some bound A,. This
constitutes closure of the effective state space.

Closure of accessibility is structurally equivalent to exclusion
of positive average drift for extensive quantities associated with
reachable configurations. Thus, closure represents the geometric
manifestation of zero mean drift.

5. Persistent Operator

Definition. A persistent operator O : M — M isan internal process
that preserves memory of past states, selects among admissible
trajectories, and modifies future accessibility without reversing
the system’s irreversible dynamics.

Proposition. If there exists a sequence of times {¢;} such that
A(tgs1) > A(ty), then at least one component of the system
violates the closure condition. Therefore, persistent openness of
the state space requires the presence of a persistent operator.

6. Boundary Localization

The persistent operator does not act globally on M. Instead, it
operates at the boundary between accessible and inaccessible
domains, mapping boundary states back into the accessible region.
This localization explains how openness can be maintained
without violating irreversibility.

7. Refutation Criteria

This synthesis would be refuted by the demonstration of a non-
living autonomous system that persistently expands its effective
state space under irreversible dynamics without an internal
persistent operator.

8. Conclusion

Mathematically independent results concerning irreversible sys-
tems converge to a single structural constraint: in the absence of
a persistent internal operator, accessible state spaces necessarily
collapse. This work introduces no new physical laws and relies
solely on established mathematical reasoning.
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