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Abstract
This paper develops a structured analytical framework for the three-dimensional incompressible Navier-Stokes equations based on

recursive compositions of the Lambert W function and successive algebraic transformations of the nonlinear inertial terms. A hierarchy

of derived vector fields is constructed using systematic row-operation transformations involving multiplication by scalar fields, addition of
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1. Introduction
The three-dimensional incompressible Navier–Stokes equations
remain one of the central problems in mathematical fluid mechanics
and nonlinear partial differential equations. These equations
describe the motion of viscous fluids and are fundamental to
both theoretical analysis and practical applications in physics,
engineering, and geophysical flows. Despite their classical form,
established in the nineteenth century, the global regularity and
smoothness of solutions in three spatial dimensions continues to be
an open mathematical problem of fundamental importance.

The Navier–Stokes system in Cartesian coordinates is written as

𝜕𝑡u + (u ⋅ ∇)u = −∇𝑝 + 𝜈Δu + f,

where u = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧) denotes the velocity field, 𝑝 is the pressure,
𝜈 > 0 is the kinematic viscosity, and f represents an external force
field. The nonlinear inertial term (u ⋅ ∇)u is responsible for the

complex dynamical behavior of fluid flows and plays a central role
in the development of possible singularities.

The present work develops an explicit algebraic and differential
framework for constructing structured solutions of the Navier–
Stokes equations using successive nonlinear transformations and
recursive compositions of the Lambert𝑊 function. The Lambert𝑊
function is defined implicitly by

𝑊(𝑥)𝑒𝑊(𝑥) = 𝑥,

and possesses a branch point at 𝑥 = −1/𝑒 that plays a critical role
in the regularity structure of the solutions constructed here. In
particular, the derivative of the Lambert 𝑊 function introduces
multiplicative factors of the form (1+𝑊) in denominator structures,
which naturally generate hierarchical product relations in higher-
order compositions.
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A central component of the analysis is the recursive definition of
a sequence of Lambert𝑊 compositions

𝑊1 = LambertW(−𝑒𝜉), 𝑊 𝑗 = LambertW(𝑊 𝑗−1), 𝑗 ≥ 2,

where the transformed coordinate

𝜉 = −𝜔2𝑧 − 𝜔𝑡 − 1

provides a characteristic representation linking spatial and temporal
derivatives. Iteration of the chain rule yields compact expressions
for higher order derivatives that factor into finite products of the
form

𝑛
∏
𝑗=1

(1 +𝑊 𝑗),

revealing an exact algebraic structure governing the evolution of the
composed solutions.

These recursive relations lead naturally to the definition of
an acceleration ratio measuring the relative scaling of temporal
and mixed derivatives in the composition hierarchy. The inverse
square root of this ratio defines an integrand that generates the
velocity potential through successive integration steps. Repeated
integration by parts produces a finite sequence of boundary terms,
each arising from a canonical algebraic division that reflects the
intrinsic structure of the recursive derivative chain. One may ask
why we need to consider a recursive chain. It is necessary to see how
nth compositions of the proven solution in terms of the LambertW
function satisfy Eqs (9-11) and hence reduces to the solution given by
Eq(13) in this paper. We require to move the singularities for at least
two velocity components in the Navier-Stokes flow out to infinity
by taking the nth compositions of base solution with the W function
and taking the limit as 𝑛 → ∞. We proceed one velocity component
at a time proving no finite time blowup but we trip up with the last
or third component and cannot make it have no finite time blowup.
For the first two components we have a fixed point problem and
Eq(13) can be shown to be solved (say for 𝑢𝑧 and 𝑢𝑦) as 𝑛 → ∞ since
the fixed point approaches zero in each case by construction. (see
the end of chapter 10 in [7], where the zeros of the nth compositions
approach infinity leading to no finite time blowup. ) Next it is
necessary to rewrite the Navier Stokes equation in parallel with a
scalar construction, here the vector structure of the Navier-Stokes
equations is transformed using symmetric matrix operators that
combine multiplication by scalar fields, addition of equations, and
repeated application of the product rule. These transformations
generate a sequence of derived vector fields,

b = (𝑢𝑦𝑢𝑧, 𝑢𝑥𝑢𝑧, 𝑢𝑥𝑢𝑦), a = 𝑢𝑧b,

producing a hierarchical transport system in which each level
preserves the algebraic closure of the differential operators. The
resulting transformed equations retain the original Navier–Stokes
structure while revealing hidden symmetries and conservation
relationships among nonlinear terms.

A key structural identity obtained in this framework is the
exact balance between nonlinear production and viscous diffusion
mechanisms. In the derived system this balance appears as a
pointwise equality between gradient generation terms and Laplacian
smoothing terms, implying that the net effect of these processes
reduces to a pure transport divergence field. On periodic domains,
this divergence structure integrates to zero, providing a global
constraint on the evolution of gradient energy.

The analysis further develops explicit closed-form solutions of
reduced scalar transport equations arising within the transformed

hierarchy. These solutions can be written in terms of the Lambert
𝑊 function as

𝑏(𝑥, 𝑦, 𝑧, 𝑡) = − 1
𝑊 𝑘(𝐴(𝑥, 𝑦, 𝑧, 𝑡))

,

where the argument function 𝐴(𝑥, 𝑦, 𝑧, 𝑡) depends on the initial data
and the characteristic variables of the system. The branch point of
the Lambert𝑊 function determines the critical condition for loss of
regularity.

An important feature of these solutions is the distinction between
boundedness of the velocity field and blowup of its spatial derivatives.
The velocity component may remain finite while the gradient
becomes unbounded when the argument of the Lambert function
reaches its branch value. This phenomenon demonstrates the
possibility of gradient singularity formation without divergence of
the underlying solution amplitude, providing a precise mechanism
for the onset of non-smooth behavior in nonlinear evolution
equations.

To ensure regularity of the base velocity components, the analysis
introduces controlled shifts in trigonometric denominator structures
of the form

1
𝜂 + sin(𝑍 − 𝑡) + 1 − 𝜖 .

The boundedness of the sine function yields an explicit necessary
and sufficient condition for the existence or absence of finite-time
singularities. When the effective shift parameter lies outside a critical
interval, the denominator remains strictly nonzero for all finite
times, guaranteeing smooth periodic behavior of the corresponding
velocity component.(we can do this only if one or two solution
components are proven to be in 𝐶∞) For the start the intended
road-map in this paper is to determine pointwise if a no-finite time
blowup in the 𝑧 component of velocity 𝑢𝑧, for example, will lead to
a no-finite time blowup in the corresponding velocities 𝑢𝑥 and 𝑢𝑦
as determined by the Navier Stokes flow. The idea is to start with
a particular flow in any given direction. The methods of approach
to solve such a problem is given in [1] where row operations were
used together with a way to split the Navier Stokes equations into
a scalar and vector system of PDEs. As a result the PDE obtained
in the analysis led to a solution only in one direction of flow, in
that case it was 𝑢𝑧. However as generalized in this paper a vector
𝑏 emerges which allows us to obtain information of the remaining
velocity components. It was the hope of the author that if say one
component of velocity did not blowup in finite time then ⃗𝑢would not
as well. This has been the focus of a few references as in [2], [6] and
more recently [7] where the corresponding author has concluded
that there may be at least one component of velocity that does not
blow up pointwise by showing that it’s general solution has nth
order compositions of itself with a specific form of the LambertW
function which approaches a fixed point and this fixed point solution
is smooth and solves the only in 𝑢𝑧 PDE. Having a given direction of
velocity smooth does not imply that the other two will necessarily be
smooth. If say 𝑢𝑧 is smooth then the third component of ⃗𝑏 as shown
in this paper is 𝑢𝑥𝑢𝑦 and we must prove that this product is either
smooth or non-smooth. This very recently has been determined by
solving the missing link in the approach used in [1] which is solving
Equation (6) for ⃗𝑏 there, once 𝑢𝑧 is solved as outlined in that paper.
In the present work the form of the PDE in Eq(6) of [1] is shown
to be a general first-order transport equation in the vector ⃗𝑏 which
does not have a non trivial fixed point solution that is smooth since
as will be shown there is a 𝑏2 term in the PDE. For the transport
equation

𝜕𝑡𝑏 + 𝑏 𝜕𝑧𝑏 = 𝑏2,

Moschandreou
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no sequence of nontrivial 𝑛th-order compositions of a non-smooth
solution can converge, as 𝑛 → ∞, to a nontrivial smooth solution of
the same equation.The only smooth limit obtainable through infinite
composition is the trivial solution

𝑏(𝑧, 𝑡) = 0.

The framework developed in this paper combines explicit analytic
solutions, recursive functional compositions, and exact algebraic
identities to construct a structured hierarchy of Navier-Stokes trans-
formations. The results provide new insight into the relationship
between nonlinear amplification, diffusive smoothing, and the
formation of gradient singularities in fluid dynamics.

The analysis presented in this module develops a structured
framework for computing higher-order derivative ratios associated
with iterated LambertW compositions. Such compositions arise nat-
urally in nonlinear transport problems, implicit inversion formulas,
and similarity transformations in partial differential equations. In
particular, the LambertW function provides an exact analytic inverse
to functions of the form

𝑥 = 𝑊𝑒𝑊 ,

and its differential properties enable closed-form expressions for
nonlinear growth and decay processes. A comprehensive treatment
of the analytic structure and differentiation rules for the LambertW
function can be found in Corless et al. [3].

The recursive definition

𝑊1 = LambertW(−𝑒𝜉), 𝑊 𝑗 = LambertW(𝑊 𝑗−1),

generates a hierarchy of nested nonlinear responses. Differentiation
of these compositions requires repeated application of the chain rule,
which in multivariable calculus provides the fundamental mech-
anism for propagating derivatives through composite mappings.
Rigorous formulations of the chain rule and higher-order derivative
structures are standard results in advanced calculus and functional
analysis; see, for example, Evans [4].

A key mathematical feature of the present construction is the
emergence of multiplicative product structures of the form

𝑛
∏
𝑗=1

(1 +𝑊 𝑗).

Such products frequently appear in the analysis of iterated functional
relations, continued compositions, and nonlinear recurrence systems.
Their differentiation leads naturally to logarithmic derivative repre-
sentations and telescoping cancellations, which simplify otherwise
complex expressions into compact closed forms. These algebraic
identities are closely related to classical product expansions studied
in analytic function theory and special functions; see Whittaker and
Watson [5].

The derivative ratios introduced later in this module,

ℛ𝑛 =
(𝜕𝑡𝑊𝑛)3

(𝜕𝑡𝑧𝑊𝑛)2
, (1)

serve as dimensionally consistent measures of temporal acceleration
relative to mixed spatial–temporal curvature. Quantities of this
type appear in similarity scaling arguments, transport models, and
nonlinear wave or flow systems where derivative balances determine
stability or growth rates. In fluid mechanics and transport theory,
ratios of temporal and spatial derivatives often characterize effective
acceleration or propagation rates in evolving velocity potentials or
scalar transport fields. Background treatments of such derivative

structures in partial differential equations and continuummechanics
are given in Evans [4] and related mathematical physics references.

The inverse square-root transformation

ℐ𝑛 =
1

√ℛ𝑛

is motivated by the standard relationship between velocity potentials
and characteristic time scales in nonlinear evolution equations.
Square-root scaling laws arise naturally in energy balances, similar-
ity reductions, and integral representations of transport equations.
Such structures are widely used in the analysis of nonlinear flows,
diffusion processes, and wave propagation phenomena.

Overall, the derivations that follow rely on four fundamental
mathematical principles:

1. Exact differentiation formulas for the LambertW function.

2. Recursive application of the chain rule to nested compositions.

3. Product and logarithmic derivative identities.

4. Algebraic simplification through telescoping products.

2. The generalized ratio ℛ𝑛
Closed-form expressions for the temporal, spatial, and mixed
derivatives of iterated LambertW compositions, culminating in
explicit formulas for the generalized ratio ℛ𝑛 and its associated
integrand ℐ𝑛 are now considered. See Appendix A: For an 𝑛𝑡ℎ
order composition𝑊𝑛, the ratio of the temporal and mixed partial
derivatives is defined as:

ℛ𝑛 =
(𝜕𝑡𝑊𝑛)3

(𝜕𝑡𝑧𝑊𝑛)2
= − 𝜔

𝜔22

𝑊𝑛(1 +𝑊𝑛)3

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)2

(2)

The integrand for the velocity potential 𝑉𝑧 is the inverse square root:

ℐ𝑛 =
1

√ℛ𝑛
= 𝜔2

√−𝜔

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
(3)

There the ℐ𝑛 expression is calculated for any 𝑛.
Note that for the LambertW form of the solution shown in this paper
the argument of the LambertW function must be dimensionless. As
a result the generalized ratio ℛ𝑛 has dimensions of [𝐿]2/[𝑇] since
it can be expressed as a dimensional ratio of powers of LambertW
functions mutliplied by− 𝜔

𝜔2
2
(using chain rule as to be proved). Here

𝜔 has units of rad/𝑠 and 𝜔22 has units of 1/[𝐿]2. Hence it is scaled as
viscosity.

3. Calculation of ∫ℐ𝑛 𝑑𝑧
Integral of the Nested Product Expression
The calculation developed in this module concerns the explicit
evaluation of an integral involving nested multiplicative structures
of differentiable functions. Such expressions arise naturally in the
analysis of nonlinear differential systems, recursive transformations,
and algebraic reductions of integrable models. In particular, products
of the form 𝑛

∏
𝑗=1

(1 +𝑊 𝑗(𝑧))

appear in iterative solution schemes, factorized representations of
differential invariants, and transformations related to Riccati-type
and logarithmic derivative structures. The analytical methods used
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here draw from classical calculus, differential algebra, and the theory
of repeated integration by parts.

A central tool in the derivation is the use of logarithmic differen-
tiation for finite products. If

𝑃(𝑧) =
𝑚
∏
𝑗=1

𝑓𝑗(𝑧),

then the identity
𝑃′(𝑧)
𝑃(𝑧)

=
𝑚
∑
𝑗=1

𝑓′𝑗 (𝑧)
𝑓𝑗(𝑧)

allows multiplicative expressions to be transformed into additive
ones. This transformation is fundamental in the study of differential
equations and symbolic computation, where it enables systematic
factorization of derivatives and recursive reduction of nonlinear
expressions. A rigorous treatment of this identity and its applications
can be found in standard analysis texts such as Rudin [17] and in
classical treatments of differential calculus such as Apostol [13].

The integral reduction performed in the subsequent sections relies
on repeated applications of the integration-by-parts formula

∫𝑢𝑑𝑣 = 𝑢𝑣 −∫𝑣𝑑𝑢,

which provides a mechanism for transferring derivatives between
factors in an integrand. Iterated integration by parts is a classical
method for reducing integrals involving products of functions, and
it plays a central role in asymptotic analysis, special function theory,
and symbolic integration algorithms. Systematic treatments of
repeated integration by parts and recursive integral reduction appear
in advanced calculus and mathematical methods references such as
Courant and John [15] and Olver [22].

The structure exploited in this work is closely related to reduction
identities for nested products and differential chains. At each
step of the reduction, one multiplicative factor is replaced by its
derivative, preserving the functional form of the integrand while
decreasing the degree of the product. This recursive mechanism
guarantees termination after a finite number of steps, producing
a closed algebraic expression. Such finite termination properties
are characteristic of integrals with polynomial or rational derivative
structures and are widely studied in the theory of differential algebra
and symbolic computation; see, for example, Bronstein [14].

Another key component of the derivation is the systematic use
of power differentiation and the chain rule in the presence of
square-root expressions. Differentiation of functions of the form

𝑊(𝑧)𝛼

follows directly from the general chain rule, yielding

𝑑
𝑑𝑧𝑊(𝑧)𝛼 = 𝛼𝑊(𝑧)𝛼−1𝑊 ′(𝑧).

This rule is foundational in the analysis of algebraic functions and
is discussed extensively in standard references on real and complex
analysis, including Stein and Shakarchi [18].

From a structural perspective, the reduction carried out in this
document can be viewed as a deterministic algebraic elimination
process acting on a finite product of differentiable functions. Each
iteration preserves differentiability and produces expressions that
remain within the same algebraic class. Consequently, the procedure
yields a finite closed-form result containing no remaining integrals.
This property aligns with general results on termination of recursive

integration procedures in symbolic analysis and differential algebra
[14].

The mathematical framework developed here therefore rests on
four foundational principles:

• Finite product differentiation via logarithmic derivatives

• Repeated integration by parts as a reduction mechanism

• Chain rule differentiation of algebraic powers

• Finite termination of recursive integral reduction

Together, these principles provide a rigorous analytical basis for
the explicit evaluation of the nested integral defined in the following
sections.

We consider the integral of:

1
√ℛ𝑛

= 𝜔2

√−𝜔

𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3

and aim to compute

𝐼𝑛 ∶= ∫
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
𝑑𝑧.

See Appendix B for the full steps of the calculation of 𝐼𝑛. The
next step is to take the limit of 𝐼𝑛 as 𝑛 → ∞ In the recent paper
[2], the solution of the velocity 𝑢𝑧 was given by Equations (5-7)
in that reference. The physical motivation for choosing the 𝑛𝑡ℎ
composition of the LambertW form as used up to now is to achieve
smooth solutions for the velocity. In other words we are interested
in real valued, no finite time blowup physical solutions to the Navier
Stokes equations. The derivative ratio introduced in Eq.(1) comes
from solving the following PDE which is an auxiliary equation for
the Navier Stokes flow,

(
𝜕2𝑢𝑧
𝜕𝑧𝜕𝑡 )

2

= 1
ℛ(𝑥, 𝑦, 𝑧, 𝑡) (

𝜕𝑢𝑧
𝜕𝑡 )

3

This gives us the solutions in terms of the Elliptic functions
used in this paper that is the WeierstrassP and consequently the
WeierstrassZeta function. The solutions obtained in this work rely
on the invariants of the WeierstrassZeta that is 𝑔2 and 𝑔3 to be both
equal to zero. For further analysis see [2].
In the work in [2] 𝜅 is used and in this paper it is the same but
have renamed it ℛ and ℛ𝑛 for the nth compositions of LambertW
solution. The quantity ℛ and hence ℛ𝑛 are refinement geometry
parameters measuring the transverse concentration of vorticity
relative to its local direction. This is the physical meaning associated
with the recursive approach for ℛ𝑛 and hence the nth composition
of LambertW functions used in this work. In particular, let

𝜔(x, 𝑡) = ∇ × 𝑢(x, 𝑡), 𝜉(x, 𝑡) = 𝜔(x, 𝑡)
|𝜔(x, 𝑡)|

denote the vorticity and vorticity direction field wherever 𝜔 ≠ 0.
We define the transverse gradient operator

∇⟂ ∶= (𝐼 − 𝜉 ⊗ 𝜉)∇,

which projects spatial derivatives onto the plane orthogonal to the
local vorticity direction.

Moschandreou
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1. Fundamental Dimensions
Velocity:

[𝑢] = 𝐿
𝑇 .

Vorticity:

𝜔 = ∇ × 𝑢 ⇒ [𝜔] = 1
𝑇 .

Transverse gradient of vorticity:

[∇⟂𝜔] =
1
𝐿𝑇 .

2. Definition of Refinement Geometry
Definition 1 (Refinement Geometry ℛ).

ℛ𝑔𝑒𝑜𝑚(x, 𝑡) ∼
|∇⟂𝜔(x, 𝑡)|2

|𝜔(x, 𝑡)|2
.

3. Dimensional analysis
Numerator:

|∇⟂𝜔|2 =
1

𝐿2𝑇2 .

Denominator:

|𝜔|2 = 1
𝑇2 .

Therefore:

[ℛ𝑔𝑒𝑜𝑚] =
1
𝐿2 .

Hence the refinement scale:

ℛ = 1
ℛ𝑔𝑒𝑜𝑚

has dimension:
[ℛ] = 𝐿2.

4. Geometric Interpretation
Let 𝑟⟂(x, 𝑡) denote the local transverse filament radius.

Then:

|∇⟂𝜔| ∼
|𝜔|
𝑟⟂
.

Substituting into the definition:

ℛ𝑔𝑒𝑜𝑚 ∼
(|𝜔|/𝑟⟂)2

|𝜔|2 = 1
𝑟2⟂
.

Thus:
ℛ(x, 𝑡) ∼ 𝑟⟂(x, 𝑡)2.

This relation is dimensionally exact.

5. Time Dependence and Interpretation
The quantity ℛ is purely geometric and carries no intrinsic time
dimension:

[ℛ] = 𝐿2.

Time dependence enters only through evolution:

ℛ = ℛ(x, 𝑡).

The natural local dynamical timescale is:

𝜏(x, 𝑡) ∼ 1
|𝜔(x, 𝑡)|

.

6. Refinement Rate (Optional Dynamic Quantity)
If a quantity with units 𝐿2/𝑇 is desired, define:

ℛ𝑟𝑎𝑡𝑒 = |𝜔|ℛ.

Then:

[ℛ𝑟𝑎𝑡𝑒] =
𝐿2
𝑇 .

This introduces a dynamical coupling between geometry and time.

7. Final Summary

[ℛ] = 𝐿2, ℛ(x, 𝑡) ∼ 𝑟⟂(x, 𝑡)2.

Time enters only through ℛ(x, 𝑡) and 𝜔(x, 𝑡), not through units.

If a time-weighted refinement measure is required:

ℛ𝑟𝑎𝑡𝑒 = |𝜔|ℛ.

In [2] in particular Equations (5-7) there, which have been derived
from the Navier Stokes equations in the 𝑧 direction of flow (𝑢𝑧) the
derivatives used in the definition of the auxiliary problem defined
previously in Eq.(1) have been simplified. The interesting approach
here is that using the auxilary problem with these equations, leads
to a LambertW solution as given by Eq(65) in the same reference
[2]. And since we can show that nth compositions of the LambertW
solution satisfies this PDE for each 𝑛 then we base the final solution
on Eq.(1) and it’s solution which is based on,

(
𝜕2𝑉𝑧
𝜕𝑧𝜕𝑡 )

2

= 1
ℛ(𝑥, 𝑦, 𝑧, 𝑡) (

𝜕𝑉𝑧
𝜕𝑡 )

3
(4)

and the solution of this PDE gives a general form in terms of the
WeierstrassP function. It is:

uz(𝑥, 𝑦, 𝑧, 𝑡) = 2
2
3 (∫℘(∫ 2

2
3√3

6√ℛ(𝑥, 𝑦, 𝑧, 𝑡) 2
2
3

𝑑𝑧

+ 𝑓1(𝑥, 𝑦, 𝑡); 𝑔2, 𝑔3)𝑑𝑡) + 𝑓2(𝑥, 𝑦, 𝑧)

where℘ is the WeierstrassP function with invariants 𝑔2 and 𝑔3.
We can see here that this involves the integral wrt to 𝑡 which will
culminate in the WeierstrassZeta function. In the analysis prior
to this we have solved for this integral and in particular 𝐼𝑛 which
involves the 𝑛𝑡ℎ compositions of the LambertW function. Now we
show that the limit approaches zero as 𝑛 → ∞.

4. Proof that 𝐼𝑛 → 0 as 𝑛 → ∞
The analysis presented in this module concerns the asymptotic
behavior of a recursively defined sequence of functions generated by
repeated application of the Lambert W function and the evaluation
of a finite algebraic expression constructed from their derivatives.
In particular, the sequence

𝑊1 = LambertW(−𝑒𝜉), 𝑊 𝑗 = LambertW(𝑊 𝑗−1), 𝑗 ≥ 2,

defines an iterated functional system whose limiting behavior
determines the asymptotics of the quantity

𝐼𝑛 = 2
𝑛−1
∑
𝑘=0

√1 +𝑊𝑛
𝑊 ′
𝑛

𝑘
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏
𝑖=𝑘+1

(1 +𝑊 𝑖).
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The mathematical justification of the limit

lim
𝑛→∞

𝐼𝑛 = 0

relies on three foundational components of modern analysis:

• asymptotic expansions near algebraic branch points,

• convergence of iterated analytic functions,

• decay estimates for recursive derivative chains.

These topics lie at the intersection of asymptotic analysis, nonlin-
ear functional iteration, and analytic function theory.

Lambert w function and Branch Point Structure
The Lambert W function is defined implicitly by the equation

𝑊(𝑧)𝑒𝑊(𝑧) = 𝑧,

and plays a central role in many areas of applied mathematics,
including combinatorics, delay differential equations, and nonlinear
dynamics. A comprehensive treatment of the function, including its
analytic continuation and branch structure, is given by Corless et al.
[3].

A key feature of the Lambert W function is the existence of a
square-root branch point at

𝑧 = −1𝑒 .

Near this point, the principal branch admits the asymptotic expan-
sion

𝑊(𝑧) = −1 + √2(𝑒𝑧 + 1) + 𝑂(𝑒𝑧 + 1), 𝑧 → −1𝑒 .

Such square-root behavior is characteristic of algebraic branch
points in analytic function theory and follows from general results on
Puiseux series expansions for implicitly defined functions. Standard
treatments of these expansions can be found in classical references
on complex analysis such as Whittaker and Watson [5] and modern
texts on analytic functions such as Henrici [21].

Iteration of Analytic Functions
The recursive definition

𝑊 𝑗 = LambertW(𝑊 𝑗−1)

generates an iterated functional sequence. Under mild regularity
conditions, repeated application of an analytic mapping near a
fixed point produces convergence to that fixed point provided the
derivativemagnitude is less than one. This principle is a consequence
of the contraction mapping theorem and forms the basis of many
iterative methods in analysis.

Rigorous treatments of functional iteration and convergence to
fixed points appear in standard analysis and dynamical systems
literature, including the works of Banach and modern presentations
such as Devaney [19]. In the present setting, the fixed point is

𝑊 = 0,

and the sequence satisfies

lim
𝑗→∞

𝑊 𝑗 = 0,

a property that determines the asymptotic behavior of the product
terms appearing in the definition of 𝐼𝑛.

Recursive Derivative Chains
The derivative sequence

𝑊 ′
𝑗 =

𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝑊 ′
𝑗−1

forms a multiplicative chain. Such recursive derivative relations
arise naturally when differentiating iterated functions and are closely
related to the chain rule in differential calculus. In general, if

𝑥𝑛+1 = 𝑓(𝑥𝑛),

then differentiation yields

𝑥′𝑛+1 = 𝑓′(𝑥𝑛)𝑥′𝑛.

This structure implies that derivative magnitudes evolve multi-
plicatively along the iteration. Under convergence of the underlying
sequence to a stable fixed point, the derivative sequence typically
decays to zero. Detailed discussions of derivative chains and sta-
bility of iterated mappings can be found in standard references on
nonlinear analysis such as Ortega and Rheinboldt [23].

Asymptotic Estimates and Limit evaluation
The proof that

𝐼𝑛 → 0

relies on bounding the magnitude of each summand

𝑇𝑘 =
√1 +𝑊𝑛
𝑊 ′
𝑛

𝑘
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏
𝑖=𝑘+1

(1 +𝑊 𝑖).

The argument uses classical techniques of asymptotic comparison
and limit evaluation. In particular:

• the sequence𝑊 𝑗 converges to zero,

• the derivative sequence𝑊 ′
𝑗 decays to zero,

• the multiplicative factors 1 +𝑊 𝑗 converge to one.

These properties allow the expression to be controlled using
elementary limit theorems and comparison estimates. Such methods
form the foundation of asymptotic analysis and are treated sys-
tematically in standard references such as Olver [22] and Hardy
[20].

Structural Interpretation
From a structural viewpoint, the quantity 𝐼𝑛 represents a finite
algebraic sum generated by repeated differentiation and product
reduction. The convergence result

lim
𝑛→∞

𝐼𝑛 = 0

is therefore a consequence of the combined effects of:

• convergence of the iterated Lambert W sequence,

• decay of the associated derivative chain,

• stability of multiplicative factors approaching unity.
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This type of asymptotic vanishing behavior is typical for recursive
systems whose derivatives shrink geometrically near stable fixed
points, a phenomenon widely studied in nonlinear analysis and
iterative dynamics.

We consider the sequence

𝐼𝑛 = 2
𝑛−1
∑
𝑘=0

√1 +𝑊𝑛
𝑊 ′

𝑛

𝑘
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏
𝑖=𝑘+1

(1 +𝑊 𝑖),

with the convention ∏0
𝑗=1𝑊

′
𝑗 = 1, where 𝑊 𝑗 are defined

recursively by

𝑊1 = LambertW(−𝑒𝜉), 𝑊 𝑗 = LambertW(𝑊 𝑗−1), 𝑗 ≥ 2,

and the derivative chain is

𝑊 ′
1 = − 𝑊1

1 +𝑊1
, 𝑊 ′

𝑗 =
𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝑊 ′
𝑗−1.

We study the limit at the branch point 𝜉 = −1, for which
𝑊1 = −1.

Behavior of𝑊 𝑗 near the branch point
The Lambert W function near its branch point 𝑧 = −1/𝑒 satisfies

𝑊(𝑧) ∼ −1 + √2(𝑒𝑧 + 1), 𝑧 → −1/𝑒.

Thus for 𝑗 > 1,
𝑊 𝑗 = LambertW(𝑊 𝑗−1),

and since𝑊1 = −1, the sequence satisfies

lim
𝑗→∞

𝑊 𝑗 = 0.

Behavior of the derivatives𝑊 ′
𝑗

We have
𝑊 ′
1 = − 𝑊1

1 +𝑊1
,

which diverges at the branch point. For 𝑗 ≥ 2,

𝑊 ′
𝑗 =

𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝑊 ′
𝑗−1.

Since𝑊 𝑗 → 0 as 𝑗 → ∞, we find

lim
𝑗→∞

𝑊 ′
𝑗 = 0.

Decay of the derivatives in iterated Lambert𝑊
Define the sequence

𝑊 𝑗 ∶= 𝑊(𝑊 𝑗−1), 𝑗 ≥ 2,

where𝑊 is the principal branch of the Lambert𝑊 function.

Derivative recursion
The derivative satisfies

𝑊 ′(𝑧) = 𝑊(𝑧)
𝑧(1 +𝑊(𝑧))

.

Thus,

𝑊 ′
𝑗 =

𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝑊 ′
𝑗−1.

Define

𝐴𝑗 ∶=
𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
.

Then

𝑊 ′
𝑗 = (

𝑗
∏
𝑘=2

𝐴𝑘)𝑊 ′
1 .

Asymptotic expansion near zero
For small 𝑥,

𝑊(𝑥) = 𝑥 − 𝑥2 + 𝑂(𝑥3).

Hence
𝑊 𝑗 = 𝑊 𝑗−1 −𝑊 2

𝑗−1 + 𝑂(𝑊 3
𝑗−1),

which implies

𝑊 𝑗

𝑊 𝑗−1
= 1 −𝑊 𝑗−1 + 𝑂(𝑊 2

𝑗−1).

Also,
1

1 +𝑊 𝑗
= 1 −𝑊 𝑗 + 𝑂(𝑊 2

𝑗 ).

Therefore,

𝐴𝑗 = (1 −𝑊 𝑗−1)(1 −𝑊 𝑗) + 𝑂(𝑊 2
𝑗−1),

so
𝐴𝑗 = 1 −𝑊 𝑗−1 −𝑊 𝑗 + 𝑂(𝑊 2

𝑗−1).

Asymptotic behavior of𝑊 𝑗
It is known that

𝑊 𝑗 ∼
1
𝑗 .

Thus,

𝐴𝑗 ∼ 1 − 2
𝑗 .

Product estimate
Consider

𝑗
∏
𝑘=2

𝐴𝑘.

Taking logarithms:

𝑗
∑
𝑘=2

log𝐴𝑘 ∼
𝑗
∑
𝑘=2

log (1 − 2
𝑘) .

Using log(1 − 𝑥) ∼ −𝑥:

𝑗
∑
𝑘=2

log (1 − 2
𝑘) ∼ −2

𝑗
∑
𝑘=2

1
𝑘 ∼ −2 log 𝑗.

Thus,
𝑗
∏
𝑘=2

𝐴𝑘 ∼ 𝑗−2.

Conclusion
Since

𝑊 ′
𝑗 = (

𝑗
∏
𝑘=2

𝐴𝑘)𝑊 ′
1 ,

we conclude
𝑊 ′
𝑗 → 0 as 𝑗 → ∞.

Asymptotic behavior of the mixed product expression
Consider the quantity

𝐴𝑛 =
√1 +𝑊𝑛
𝑊 ′

𝑛

𝑘(𝑛)
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖),

where the index 𝑘(𝑛) depends on 𝑛 and satisfies

𝑘(𝑛) → ∞, 𝑘(𝑛) ≤ 𝑛.

Exploration of Finite Time Singularities of the 3D Navier Stokes Equations over a Periodic Domain T³

GJSFR-F Vol. 26 Issue 1 · 2026 7



Step 1: Fundamental asymptotics of the iterated Lambert
𝑊 sequence
For the iterated sequence defined by

𝑊 𝑗+1 = 𝑊(𝑊 𝑗),

it is known that
𝑊 𝑗 → 0,

and the asymptotic behavior is

𝑊 𝑗 ∼
1
𝑗

and

𝑊 ′
𝑗 ∼

𝐶
𝑗2

for some finite constant 𝐶 ≠ 0.
Furthermore,

1 +𝑊 𝑗 ∼ 1 + 1
𝑗 .

Also,

√1 +𝑊𝑛 → 1, 1
𝑊 ′

𝑛
∼ 𝑛2

𝐶 .

Step 2: Product of derivatives up to 𝑘(𝑛)
We compute

𝑘(𝑛)
∏
𝑗=1

𝑊 ′
𝑗 ∼ 𝐶𝑘(𝑛)

𝑘(𝑛)
∏
𝑗=1

1
𝑗2 .

Thus,
𝑘(𝑛)
∏
𝑗=1

𝑊 ′
𝑗 ∼

𝐶𝑘(𝑛)

(𝑘(𝑛)!)2
.

Step 3: Remaining product of (1 +𝑊 𝑖)
Consider

log
𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖) =

𝑛−1
∑

𝑖=𝑘(𝑛)+1
log(1 +𝑊 𝑖).

Using the expansion

log(1 + 𝑥) ∼ 𝑥,

we obtain
𝑛−1
∑

𝑖=𝑘(𝑛)+1

1
𝑖 ∼ log( 𝑛

𝑘(𝑛))
.

Therefore,
𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖) ∼ 𝐶1

𝑛
𝑘(𝑛)

.

Step 4: Assemble the full asymptotic
Combining all factors,

𝐴𝑛 ∼ (1) (𝑛
2

𝐶 ) ( 𝐶𝑘(𝑛)

(𝑘(𝑛)!)2 ) (
𝑛

𝑘(𝑛))
.

Hence,

𝐴𝑛 ∼
𝑛3

𝑘(𝑛)
𝐶𝑘(𝑛)

(𝑘(𝑛)!)2
.

Step 5: Key regimes
4.0.0.1. Case 1: 𝑘(𝑛) = 𝑛
Then

𝐴𝑛 ∼
𝑛2 𝐶𝑛

(𝑛!)2
→ 0.

4.0.0.2. Case 2: 𝑘(𝑛) = 𝛼𝑛 with 0 < 𝛼 < 1
Using Stirling’s formula,

(𝑘!)2 ∼ (𝑘𝑒 )
2𝑘
,

so
𝐴𝑛 → 0.

4.0.0.3. Case 3: 𝑘(𝑛) = log𝑛
Then

(𝑘!)2 ∼ (log𝑛)2 log𝑛,

which dominates any polynomial in 𝑛. Therefore,

𝐴𝑛 → 0.

Final conclusion
If

𝑘(𝑛) → ∞ as 𝑛 → ∞,

then regardless of the growth rate (linear, fractional, or logarithmic),

√1 +𝑊𝑛
𝑊 ′

𝑛

𝑘(𝑛)
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖) ⟶ 0.

Structural reason
The decisive term is

1
(𝑘(𝑛)!)2

,

which decays faster than any power of 𝑛.

Convergence of the series∑∞
𝑛=1 𝐴𝑛

Define

𝐴𝑛 =
√1 +𝑊𝑛
𝑊 ′

𝑛

𝑘(𝑛)
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖),

where the sequence 𝑘(𝑛) satisfies

1 ≤ 𝑘(𝑛) ≤ 𝑛, 𝑘(𝑛) → ∞ as 𝑛 → ∞.

Theorem 1. Assume the iterated Lambert sequence satisfies

𝑊𝑛 ∼
1
𝑛 , 𝑊 ′

𝑛 ∼ 𝐶
𝑛2 ,

for some constant 𝐶 > 0. Then the series

∞
∑
𝑛=1

𝐴𝑛

converges absolutely whenever 𝑘(𝑛) → ∞.
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Proof. Step 1: Uniform bounds.
Since𝑊𝑛 → 0, there exists 𝑁0 such that for all 𝑛 ≥ 𝑁0,

0 < 𝑊𝑛 ≤
2
𝑛 ,

𝐶
2𝑛2 ≤ 𝑊 ′

𝑛 ≤ 2𝐶
𝑛2 .

Therefore,

√1 +𝑊𝑛
𝑊 ′

𝑛
≤
√1 + 2

𝑛
𝐶
2𝑛2

≤ 𝐶1𝑛2

for some constant 𝐶1 > 0.

Step 2: Bound for the derivative product.
For sufficiently large 𝑗,

𝑊 ′
𝑗 ≤

𝐶2
𝑗2 .

Thus,
𝑘(𝑛)
∏
𝑗=1

𝑊 ′
𝑗 ≤ 𝐶3

𝑘(𝑛)
∏
𝑗=1

1
𝑗2 =

𝐶3
(𝑘(𝑛)!)2

.

Step 3: Bound for the (1 +𝑊 𝑖) product.
Since

1 +𝑊 𝑖 ≤ 1 + 2
𝑖 ,

we have
𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖) ≤

𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 + 2

𝑖 ) .

Taking logarithms,

log
𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 + 2

𝑖 ) =
𝑛−1
∑

𝑖=𝑘(𝑛)+1
log (1 + 2

𝑖 ) .

Using log(1 + 𝑥) ≤ 𝑥 for 𝑥 > −1,

≤
𝑛−1
∑

𝑖=𝑘(𝑛)+1

2
𝑖 ≤ 2 log( 𝑛

𝑘(𝑛))
.

Exponentiating,

𝑛−1
∏

𝑖=𝑘(𝑛)+1
(1 +𝑊 𝑖) ≤ 𝐶4 (

𝑛
𝑘(𝑛))

2
.

Step 4: Combine estimates.
Multiplying the bounds,

𝐴𝑛 ≤ 𝐶1𝑛2 ⋅
𝐶3

(𝑘(𝑛)!)2
⋅ 𝐶4 (

𝑛
𝑘(𝑛))

2
.

Hence,

𝐴𝑛 ≤ 𝐶5
𝑛4

𝑘(𝑛)2
1

(𝑘(𝑛)!)2
.

Since 𝑘(𝑛) ≥ 1,

𝐴𝑛 ≤ 𝐶6
𝑛4

(𝑘(𝑛)!)2
.

Step 5: Comparison with a convergent series.
Because 𝑘(𝑛) → ∞, there exists 𝑁1 such that for 𝑛 ≥ 𝑁1,

𝑘(𝑛) ≥ log𝑛.

Therefore,
(𝑘(𝑛)!)2 ≥ ((log𝑛)!)2.

Thus,

𝐴𝑛 ≤ 𝐶6
𝑛4

((log𝑛)!)2
.

Using Stirling’s formula,

((log𝑛)!)2 ∼ (log𝑛)2 log𝑛,

which grows faster than any power of 𝑛.
Hence,

∞
∑
𝑛=1

𝑛4

((log𝑛)!)2

converges.
By the comparison test,

∞
∑
𝑛=1

𝐴𝑛 converges absolutely.

lim
𝑛→∞

𝐼𝑛 = 0.

Conclusion
We have shown that

lim
𝑛→∞

𝐼𝑛 = 0 at the branch point 𝜉 = −1.

5. Row Operations Reducing ( ⃗𝑢 ⋅ ∇)𝑢⃗ to ⃗𝑏 ⋅ ∇ ⃗𝑏
The analysis developed in the following sections establishes a
structured algebraic framework for transforming the nonlinear
terms of the three-dimensional Navier–Stokes equations through
successive row operations and product-rule identities. The starting
point is the convective operator

( ⃗𝑢 ⋅ ∇)𝑢⃗,

which represents the transport of momentum by the velocity
field itself. This quadratic nonlinearity is the principal source of
complexity in the Navier–Stokes equations and plays a central
role in the formation of vorticity, gradient amplification, and
energy transfer across spatial scales. Standard treatments of the
mathematical structure of the Navier–Stokes equations and their
nonlinear transport mechanisms can be found in classical references
such as Ladyzhenskaya [9], Temam [10], and Constantin and
Foias [11].

The transformations introduced here rely on elementary but
powerful operations: multiplication of equations by scalar fields,
addition of vector components, and systematic application of the
product rule. These operations generate derived vector fields of
increasing algebraic order, beginning with

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) , ⃗𝑎 = 𝑢𝑧 ⃗𝑏,

and leading to a hierarchy of transport operators of the form

( ⃗𝑢 ⋅ ∇)𝑢⃗ → ( ⃗𝑏 ⋅ ∇) ⃗𝑏 → ( ⃗𝑏 ⋅ ∇) ⃗𝑎.

Such constructions are consistent with the general theory of non-
linear evolution equations, where higher-order composite variables
are often introduced to reveal hidden conservation or cancellation
structures. The use of product identities and differential operator
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transformations is a standard technique in the analysis of nonlinear
partial differential equations; see Evans [4].

A central mathematical ingredient in the present formulation is
the Laplacian product rule,

Δ(𝑓𝑔) = 𝑓 Δ𝑔 + 𝑔Δ𝑓 + 2∇𝑓 ⋅ ∇𝑔,

which governs the interaction between diffusion and nonlinear
gradient terms in viscous flows. This identity allows the viscous
term 𝜈Δ ⃗𝑢 to be expressed in terms of transformed vector fields
and gradient coupling terms, revealing an explicit decomposition
into diffusion, production, and transport components. Similar
decompositions arise in energy and enstrophy balance equations
for incompressible flows and are fundamental in the mathematical
theory of turbulence and regularity; see Doering and Gibbon [12].

The resulting hierarchy leads naturally to a structural balance
between nonlinear production terms and viscous diffusion terms. In
the present framework, this balance takes the exact algebraic form

𝑀( ⃗𝑏)G1 = 𝑢𝑧 Δ ⃗𝑏,

which implies that the residual field becomes a pure divergence.
On a periodic domain such as the three-dimensional torus 𝑇3, the
divergence theorem then yields

∫
𝑇3
∇ ⋅ (periodic field) 𝑑𝑉 = 0,

a fundamental property used extensively in the analysis of periodic
solutions and energy conservation in incompressible fluid dynamics.
Periodic boundary formulations of this type are standard in both
analytical and computational studies of the Navier–Stokes equations;
see Constantin and Foias [11] and Temam [10].

The transformations presented below therefore provide an alge-
braically exact mechanism for reorganizing the full Navier–Stokes
system into a hierarchical sequence of transport equations in derived
variables. Each step preserves the differential structure of the govern-
ing equations while exposing cancellation identities and divergence
forms that are not immediately apparent in the original formulation.
This perspective is closely related to classical balance-law methods
and modern structural analyses of nonlinear fluid equations.

Let the velocity field be

⃗𝑢 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧), ∇ = (𝜕𝑥, 𝜕𝑦, 𝜕𝑧).

1. Convective terms of the three momentum
equations
The inertial part of the Navier–Stokes equations is

(𝑢⃗ ⋅ ∇)𝑢⃗.

Define the vector of convective components:

ℐ( ⃗𝑢) = (
𝐼𝑥
𝐼𝑦
𝐼𝑧
) =

⎛
⎜
⎜
⎝

𝑢𝑥𝜕𝑥𝑢𝑥 + 𝑢𝑦𝜕𝑦𝑢𝑥 + 𝑢𝑧𝜕𝑧𝑢𝑥

𝑢𝑥𝜕𝑥𝑢𝑦 + 𝑢𝑦𝜕𝑦𝑢𝑦 + 𝑢𝑧𝜕𝑧𝑢𝑦

𝑢𝑥𝜕𝑥𝑢𝑧 + 𝑢𝑦𝜕𝑦𝑢𝑧 + 𝑢𝑧𝜕𝑧𝑢𝑧

⎞
⎟
⎟
⎠

.

These represent the three rows on which row operations will be
applied.

2. Row operations
5.0.0.1. Operation A (produces the 𝑘-component)

Multiply the 𝑥-equation by 𝑢𝑦, multiply the 𝑦-equation by 𝑢𝑥, and
add:

𝑅𝑘 = 𝑢𝑦𝐼𝑥 + 𝑢𝑥𝐼𝑦.

5.0.0.2. Operation B (produces the 𝑖-component)

Multiply the 𝑦-equation by 𝑢𝑧, multiply the 𝑧-equation by 𝑢𝑦, and
add:

𝑅𝑖 = 𝑢𝑧𝐼𝑦 + 𝑢𝑦𝐼𝑧.

5.0.0.3. Operation C (produces the 𝑗-component)

Multiply the 𝑥-equation by 𝑢𝑧, multiply the 𝑧-equation by 𝑢𝑥, and
add:

𝑅𝑗 = 𝑢𝑧𝐼𝑥 + 𝑢𝑥𝐼𝑧.

3. Matrix representation of the row operations
Collecting the operations into vector form gives

(
𝑅𝑖
𝑅𝑗
𝑅𝑘
) = (

0 𝑢𝑧 𝑢𝑦
𝑢𝑧 0 𝑢𝑥
𝑢𝑦 𝑢𝑥 0

)
⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟

𝑀( ⃗ᴂ )

(
𝐼𝑥
𝐼𝑦
𝐼𝑧
) .

Thus the complete set of row operations is

𝑅⃗ = 𝑀(𝑢⃗) (𝑢⃗ ⋅ ∇)𝑢⃗.

4. Product rule
Consider the 𝑘-component:

𝑅𝑘 = 𝑢𝑦( ⃗𝑢 ⋅ ∇)𝑢𝑥 + 𝑢𝑥( ⃗𝑢 ⋅ ∇)𝑢𝑦.

Using the product rule,

(𝑢⃗ ⋅ ∇)(𝑢𝑥𝑢𝑦) = 𝑢𝑦( ⃗𝑢 ⋅ ∇)𝑢𝑥 + 𝑢𝑥( ⃗𝑢 ⋅ ∇)𝑢𝑦.

Therefore,

𝑅𝑘 = (𝑢⃗ ⋅ ∇)(𝑢𝑥𝑢𝑦).

Similarly,

𝑅𝑖 = (𝑢⃗ ⋅ ∇)(𝑢𝑦𝑢𝑧),

𝑅𝑗 = (𝑢⃗ ⋅ ∇)(𝑢𝑥𝑢𝑧).

Hence,

𝑅⃗ = (𝑢⃗ ⋅ ∇) (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) .

5. Definition of the vector field ⃗𝑏
Define

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) .

Then the result of the row operations is

𝑅⃗ = (𝑢⃗ ⋅ ∇) ⃗𝑏

Moschandreou
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6. Second application of the same row operations
Define

⃗𝐽 = (𝑢⃗ ⋅ ∇) ⃗𝑏.

Apply the same pairwise operations again, but now using the
components of ⃗𝑏:

( ⃗𝑏 ⋅ ∇) ⃗𝑏 = 𝑀( ⃗𝑏) (𝑢⃗ ⋅ ∇) ⃗𝑏

where

𝑀( ⃗𝑏) = (
0 𝑏𝑧 𝑏𝑦
𝑏𝑧 0 𝑏𝑥
𝑏𝑦 𝑏𝑥 0

) .

7. Complete hierarchy

( ⃗𝑢 ⋅ ∇)𝑢⃗
𝑀( ⃗ᴂ )
−−−−→ (𝑢⃗ ⋅ ∇) ⃗𝑏

𝑀(𝑏⃗)
−−−−→ ( ⃗𝑏 ⋅ ∇) ⃗𝑏

Construction of ( ⃗𝑏 ⋅ ∇) ⃗𝑎 from ( ⃗𝑏 ⋅ ∇) ⃗𝑏
Definitions
Let

⃗𝑢 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧), ∇ = (𝜕𝑥, 𝜕𝑦, 𝜕𝑧).

Define

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) , ⃗𝑎 = 𝑢𝑧 ⃗𝑏.

Componentwise:
𝑎𝑖 = 𝑢𝑧 𝑏𝑖.

Assume that ⃗𝑢 is sufficiently smooth (for example 𝐶1) so that all
derivatives below are well-defined.

The inertial operator acting on ⃗𝑏
The nonlinear transport operator is

( ⃗𝑏 ⋅ ∇) ⃗𝑏.

Componentwise:

(( ⃗𝑏 ⋅ ∇) ⃗𝑏)𝑖 = 𝑏𝑗 𝜕𝑗𝑏𝑖.

Multiply by 𝑢𝑧
Multiply the entire vector equation by 𝑢𝑧:

𝑢𝑧( ⃗𝑏 ⋅ ∇) ⃗𝑏.

Componentwise:
𝑢𝑧 𝑏𝑗 𝜕𝑗𝑏𝑖.

Multiply the 𝑧-momentum equation by ⃗𝑏
The 𝑧-component inertial term is

( ⃗𝑏 ⋅ ∇)𝑢𝑧 = 𝑏𝑗 𝜕𝑗𝑢𝑧.

Multiply this scalar equation by the vector ⃗𝑏:

⃗𝑏 ( ⃗𝑏 ⋅ ∇)𝑢𝑧.

Componentwise:
𝑏𝑖 𝑏𝑗 𝜕𝑗𝑢𝑧.

Add the two expressions
Add the results from Steps 3 and 4:

𝑢𝑧 𝑏𝑗 𝜕𝑗𝑏𝑖 + 𝑏𝑖 𝑏𝑗 𝜕𝑗𝑢𝑧.

Factor the common term 𝑏𝑗 :

𝑏𝑗 (𝑢𝑧 𝜕𝑗𝑏𝑖 + 𝑏𝑖 𝜕𝑗𝑢𝑧) .

Apply the product rule
For each component:

𝜕𝑗(𝑢𝑧 𝑏𝑖) = 𝑢𝑧 𝜕𝑗𝑏𝑖 + 𝑏𝑖 𝜕𝑗𝑢𝑧.

Substitute:
𝑏𝑗𝜕𝑗(𝑢𝑧 𝑏𝑖).

Recognize the transported vector field
Since

𝑎𝑖 = 𝑢𝑧 𝑏𝑖,
we obtain

𝑏𝑗 𝜕𝑗𝑎𝑖.
Thus the vector identity holds:

𝑢𝑧( ⃗𝑏 ⋅ ∇) ⃗𝑏 + ⃗𝑏 ( ⃗𝑏 ⋅ ∇)𝑢𝑧 = ( ⃗𝑏 ⋅ ∇) ⃗𝑎

where

⃗𝑎 = 𝑢𝑧 ⃗𝑏.

Fully expanded component form
For completeness:

(( ⃗𝑏 ⋅ ∇) ⃗𝑎)𝑖 = 𝑏𝑗 𝜕𝑗𝑎𝑖

= 𝑏𝑗 𝜕𝑗(𝑢𝑧 𝑏𝑖)

= 𝑏𝑗 (𝑢𝑧 𝜕𝑗𝑏𝑖 + 𝑏𝑖 𝜕𝑗𝑢𝑧)

= 𝑢𝑧 𝑏𝑗 𝜕𝑗𝑏𝑖 + 𝑏𝑖 𝑏𝑗 𝜕𝑗𝑢𝑧.

This matches exactly the sum of

𝑢𝑧( ⃗𝑏 ⋅ ∇) ⃗𝑏
and

⃗𝑏( ⃗𝑏 ⋅ ∇)𝑢𝑧.

Final Transformation identity

𝑢𝑧( ⃗𝑏 ⋅ ∇) ⃗𝑏 + ⃗𝑏( ⃗𝑏 ⋅ ∇)𝑢𝑧 = ( ⃗𝑏 ⋅ ∇)(𝑢𝑧 ⃗𝑏)

or equivalently

⃗𝑏 ⋅ ∇ ⃗𝑎 with ⃗𝑎 = 𝑢𝑧 ⃗𝑏.

Structural interpretation
We obtain the transport hierarchy

( ⃗𝑢 ⋅ ∇)𝑢⃗ → ( ⃗𝑏 ⋅ ∇) ⃗𝑏 → ( ⃗𝑏 ⋅ ∇) ⃗𝑎, ⃗𝑎 = 𝑢𝑧 ⃗𝑏.
Each step is generated purely by

• multiplication by a scalar field,

• addition of equations,

• the product rule.

Thus the construction is algebraically exact.
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6. Extension of the Row-Operation Construction
to All Navier–Stokes Terms

1. The full 3D Navier–Stokes equations
Let

⃗𝑢 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧), ∇ = (𝜕𝑥, 𝜕𝑦, 𝜕𝑧).

The Navier-Stokes equations are

𝜕𝑡 ⃗𝑢 + (𝑢⃗ ⋅ ∇)𝑢⃗ = −∇𝑝 + 𝜈Δ𝑢⃗ + ⃗𝑓,

where

• 𝜈 > 0 is the viscosity,

• 𝑝 is the pressure,

• ⃗𝑓 is the external force field.

2. Transformation operator
Define the symmetric row-operation matrix

𝑀( ⃗𝑢) = (
0 𝑢𝑧 𝑢𝑦
𝑢𝑧 0 𝑢𝑥
𝑢𝑦 𝑢𝑥 0

) .

Applying the three allowed operations (multiplication by scalar
fields, addition of equations, and the product rule) is equivalent to
multiplying the vector equation by this matrix.

Thus

𝑀( ⃗𝑢)[𝜕𝑡𝑢⃗ + (𝑢⃗ ⋅ ∇)𝑢⃗] = 𝑀(𝑢⃗)[ − ∇𝑝 + 𝜈Δ𝑢⃗ + ⃗𝑓].

3. Definition of the derived vector field
Define

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) .

4. Time derivative transformation
For one component,

𝜕𝑡(𝑢𝑦𝑢𝑧) = 𝑢𝑧𝜕𝑡𝑢𝑦 + 𝑢𝑦𝜕𝑡𝑢𝑧.

Therefore

𝑀( ⃗𝑢) 𝜕𝑡 ⃗𝑢 = 𝜕𝑡 ⃗𝑏

Thus the time derivative closes under the same operations.

Inertial term transformation
Previously established:

𝑀( ⃗𝑢)[( ⃗𝑢 ⋅ ∇)𝑢⃗] = (𝑢⃗ ⋅ ∇) ⃗𝑏

Applying the same operations again:

𝑀( ⃗𝑏)[( ⃗𝑢 ⋅ ∇) ⃗𝑏] = ( ⃗𝑏 ⋅ ∇) ⃗𝑏

Further,

𝑢𝑧( ⃗𝑏 ⋅ ∇) ⃗𝑏 + ⃗𝑏( ⃗𝑏 ⋅ ∇)𝑢𝑧 = ( ⃗𝑏 ⋅ ∇) ⃗𝑎

with
⃗𝑎 = 𝑢𝑧 ⃗𝑏.

Successive Matrix Operations on the Viscous Term
1. Navier–Stokes viscous term
We begin with the viscous term in the three-dimensional Cartesian
Navier–Stokes equations:

𝜈Δ ⃗𝑢.

2. Definition of the first derived vector field
Let

⃗𝑢 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧).
Define the vector field

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) .

3. First row-operation matrix
Define the matrix operator

𝑀( ⃗𝑢) = (
0 𝑢𝑧 𝑢𝑦
𝑢𝑧 0 𝑢𝑥
𝑢𝑦 𝑢𝑥 0

) .

Applying the matrix to the viscous term:

𝑀( ⃗𝑢) 𝜈Δ𝑢⃗.
Using the Laplacian product rule for scalar fields:

Δ(𝑓𝑔) = 𝑓 Δ𝑔 + 𝑔Δ𝑓 + 2∇𝑓 ⋅ ∇𝑔,
we obtain componentwise:

𝑀( ⃗𝑢) 𝜈Δ𝑢⃗ = 𝜈Δ ⃗𝑏 − 2𝜈 (
∇𝑢𝑦 ⋅ ∇𝑢𝑧
∇𝑢𝑥 ⋅ ∇𝑢𝑧
∇𝑢𝑥 ⋅ ∇𝑢𝑦

) .

Define

G1 = (
∇𝑢𝑦 ⋅ ∇𝑢𝑧
∇𝑢𝑥 ⋅ ∇𝑢𝑧
∇𝑢𝑥 ⋅ ∇𝑢𝑦

) .

Thus:

𝑀( ⃗𝑢) 𝜈Δ𝑢⃗ = 𝜈Δ ⃗𝑏 − 2𝜈G1

4. Second derived vector field
Define

⃗𝑎 = 𝑢𝑧 ⃗𝑏.

5. Second row-operation matrix
Define

𝑀( ⃗𝑏) = (
0 𝑏3 𝑏2
𝑏3 0 𝑏1
𝑏2 𝑏1 0

) .

Apply the second matrix to the result of the first transformation:

𝑀( ⃗𝑏)𝑀(𝑢⃗) 𝜈Δ𝑢⃗.
Focus first on the Laplacian term:

𝑀( ⃗𝑏) 𝜈Δ ⃗𝑏.
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6. Laplacian product rule for vector fields

For a scalar field 𝑓 and vector field ⃗𝑔:

Δ(𝑓 ⃗𝑔) = 𝑓 Δ ⃗𝑔 + ⃗𝑔 Δ𝑓 + 2∇𝑓 ⋅ ∇ ⃗𝑔.

Let

𝑓 = 𝑢𝑧, ⃗𝑔 = ⃗𝑏.

Then:

Δ(𝑢𝑧 ⃗𝑏) = 𝑢𝑧 Δ ⃗𝑏 + ⃗𝑏 Δ𝑢𝑧 + 2∇𝑢𝑧 ⋅ ∇ ⃗𝑏.

Rearranging:

𝑢𝑧 Δ ⃗𝑏 + ⃗𝑏 Δ𝑢𝑧 = Δ(𝑢𝑧 ⃗𝑏) − 2∇𝑢𝑧 ⋅ ∇ ⃗𝑏.

Multiplying by 𝜈:

𝑢𝑧 𝜈Δ ⃗𝑏 + ⃗𝑏 𝜈Δ𝑢𝑧 = 𝜈Δ ⃗𝑎 − 2𝜈∇𝑢𝑧 ⋅ ∇ ⃗𝑏.

7. Successive matrix transformation
Applying both matrices to the original viscous term gives:

𝑀( ⃗𝑏)𝑀(𝑢⃗) 𝜈Δ𝑢⃗ = 𝜈Δ ⃗𝑎 − 2𝜈 [𝑀( ⃗𝑏)G1 + ∇𝑢𝑧 ⋅ ∇ ⃗𝑏]

where

⃗𝑎 = 𝑢𝑧 ⃗𝑏,

and

G2 = 𝑀( ⃗𝑏)G1 + ∇𝑢𝑧 ⋅ ∇ ⃗𝑏.

Final structural identity

𝑀( ⃗𝑏)𝑀(𝑢⃗) 𝜈Δ𝑢⃗ = 𝜈Δ(𝑢𝑧 ⃗𝑏) − 2𝜈 [𝑀( ⃗𝑏)G1 + ∇𝑢𝑧 ⋅ ∇ ⃗𝑏]

Successive Matrix Transformations of the Pressure
Gradient Term
1. Pressure gradient term in the Navier–Stokes equations
The pressure force term in vector form is

−∇𝑃 = (
−𝜕𝑥𝑃
−𝜕𝑦𝑃
−𝜕𝑧𝑃

) .

2. Definition of the velocity vector
Let

⃗𝑢 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧).

3. Definition of the first derived vector field
Define

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) .

4. Definition of the second derived vector field
Define

⃗𝑎 = 𝑢𝑧 ⃗𝑏.

5. First row-operation matrix
Define

𝑀( ⃗𝑢) = (
0 𝑢𝑧 𝑢𝑦
𝑢𝑧 0 𝑢𝑥
𝑢𝑦 𝑢𝑥 0

) .

Apply the matrix to the pressure gradient:

𝑀( ⃗𝑢)(−∇𝑃).

Compute componentwise.

First component
−𝑢𝑧 𝜕𝑦𝑃 − 𝑢𝑦 𝜕𝑧𝑃.

Apply the product rule:

𝜕𝑦(𝑢𝑧𝑃) = 𝑢𝑧 𝜕𝑦𝑃 + 𝑃 𝜕𝑦𝑢𝑧,

𝜕𝑧(𝑢𝑦𝑃) = 𝑢𝑦 𝜕𝑧𝑃 + 𝑃 𝜕𝑧𝑢𝑦.

Therefore

−𝑢𝑧 𝜕𝑦𝑃 − 𝑢𝑦 𝜕𝑧𝑃 = −𝜕𝑦(𝑢𝑧𝑃) − 𝜕𝑧(𝑢𝑦𝑃) + 𝑃(𝜕𝑦𝑢𝑧 + 𝜕𝑧𝑢𝑦).

Thus

𝑀( ⃗𝑢)(−∇𝑃) = −∇(𝑃 ⃗𝑏) + 𝑃 (
𝜕𝑦𝑢𝑧 + 𝜕𝑧𝑢𝑦
𝜕𝑥𝑢𝑧 + 𝜕𝑧𝑢𝑥
𝜕𝑥𝑢𝑦 + 𝜕𝑦𝑢𝑥

) .

Define

S1 = (
𝜕𝑦𝑢𝑧 + 𝜕𝑧𝑢𝑦
𝜕𝑥𝑢𝑧 + 𝜕𝑧𝑢𝑥
𝜕𝑥𝑢𝑦 + 𝜕𝑦𝑢𝑥

) .

Therefore

𝑀(𝑢⃗)(−∇𝑃) = −∇(𝑃 ⃗𝑏) + 𝑃S1

6. Second row-operation matrix
Define

𝑀( ⃗𝑏) = (
0 𝑏3 𝑏2
𝑏3 0 𝑏1
𝑏2 𝑏1 0

) .

Apply the second matrix to the result of the first transformation:

𝑀( ⃗𝑏)𝑀( ⃗𝑢)(−∇𝑃).

Focus on the gradient term:

𝑀( ⃗𝑏)(−∇(𝑃 ⃗𝑏)).

7. Product rule for gradient of scalar-vector product

For scalar 𝑓 and vector ⃗𝑔:

∇(𝑓 ⃗𝑔) = 𝑓∇ ⃗𝑔 + ⃗𝑔∇𝑓.

Let

𝑓 = 𝑢𝑧, ⃗𝑔 = 𝑃 ⃗𝑏.

Then
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∇(𝑢𝑧𝑃 ⃗𝑏) = 𝑢𝑧∇(𝑃 ⃗𝑏) + 𝑃 ⃗𝑏∇𝑢𝑧.

Rearranging:

𝑢𝑧∇(𝑃 ⃗𝑏) + 𝑃 ⃗𝑏∇𝑢𝑧 = ∇(𝑃 ⃗𝑎).

Therefore

𝑀( ⃗𝑏)(−∇(𝑃 ⃗𝑏)) = −∇(𝑃 ⃗𝑎) + 𝑃 ⃗𝑏∇𝑢𝑧.

8. Successive matrix transformation
Applying both matrices to the original pressure gradient term gives

𝑀( ⃗𝑏)𝑀( ⃗𝑢)(−∇𝑃) = −∇(𝑃 ⃗𝑎) + 𝑃 [𝑀( ⃗𝑏)S1 + ⃗𝑏∇𝑢𝑧]

where

⃗𝑎 = 𝑢𝑧 ⃗𝑏.

Final structural identity

𝑀( ⃗𝑏)𝑀( ⃗𝑢)(−∇𝑃) = −∇(𝑃𝑢𝑧 ⃗𝑏) + 𝑃 [𝑀( ⃗𝑏)S1 + ⃗𝑏∇𝑢𝑧]

Successive Matrix Transformations of the Force
Field and Final Navier–Stokes Form
1. Original Navier–Stokes equations

𝜕𝑡 ⃗𝑢 + (𝑢⃗ ⋅ ∇)𝑢⃗ = −∇𝑃 + 𝜈Δ𝑢⃗ + ⃗𝑓

where

⃗𝑢 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧).

2. Derived vector fields
Define

⃗𝑏 = (
𝑢𝑦𝑢𝑧
𝑢𝑥𝑢𝑧
𝑢𝑥𝑢𝑦

) , ⃗𝑎 = 𝑢𝑧 ⃗𝑏.

3. Matrix operators

𝑀( ⃗𝑢) = (
0 𝑢𝑧 𝑢𝑦
𝑢𝑧 0 𝑢𝑥
𝑢𝑦 𝑢𝑥 0

) , 𝑀( ⃗𝑏) = (
0 𝑏3 𝑏2
𝑏3 0 𝑏1
𝑏2 𝑏1 0

) .

4. Force Field Transformation
Original force term

⃗𝑓 = (
𝑓𝑥
𝑓𝑦
𝑓𝑧
) .

5. First transformation

Apply𝑀( ⃗𝑢):

𝑀( ⃗𝑢) ⃗𝑓.

Componentwise:

(
𝑢𝑧𝑓𝑦 + 𝑢𝑦𝑓𝑧
𝑢𝑧𝑓𝑥 + 𝑢𝑥𝑓𝑧
𝑢𝑦𝑓𝑥 + 𝑢𝑥𝑓𝑦

) .

Define

⃗𝑓𝑏 = 𝑀(𝑢⃗) ⃗𝑓.

Thus

𝑀( ⃗𝑢) ⃗𝑓 = ⃗𝑓𝑏

6. Second transformation

Apply𝑀( ⃗𝑏) to the result:

𝑀( ⃗𝑏)𝑀( ⃗𝑢) ⃗𝑓.

Componentwise:

(
𝑏3𝑓𝑏,2 + 𝑏2𝑓𝑏,3
𝑏3𝑓𝑏,1 + 𝑏1𝑓𝑏,3
𝑏2𝑓𝑏,1 + 𝑏1𝑓𝑏,2

) .

Define

⃗𝑓𝑎 = 𝑀( ⃗𝑏) ⃗𝑓𝑏.

Therefore

𝑀( ⃗𝑏)𝑀( ⃗𝑢) ⃗𝑓 = ⃗𝑓𝑎

Summary of all transformed terms
Time derivative

𝑀( ⃗𝑏)𝑀( ⃗𝑢)𝜕𝑡 ⃗𝑢 = 𝜕𝑡 ⃗𝑎

Inertial term

𝑀( ⃗𝑏)𝑀( ⃗𝑢)( ⃗𝑢 ⋅ ∇)𝑢⃗ = ( ⃗𝑏 ⋅ ∇) ⃗𝑎

Pressure term

𝑀( ⃗𝑏)𝑀( ⃗𝑢)(−∇𝑃) = −∇(𝑃 ⃗𝑎) + 𝑃S2

where

S2 = 𝑀( ⃗𝑏)S1 + ⃗𝑏∇𝑢𝑧.

Viscous term

𝑀( ⃗𝑏)𝑀( ⃗𝑢)𝜈Δ ⃗𝑢 = 𝜈Δ ⃗𝑎 − 2𝜈G2

where

G2 = 𝑀( ⃗𝑏)G1 + ∇𝑢𝑧 ⋅ ∇ ⃗𝑏.

Force term

𝑀( ⃗𝑏)𝑀( ⃗𝑢) ⃗𝑓 = ⃗𝑓𝑎

7. Final transformed Navier–Stokes equation
Applying both operators to the original system gives:

𝜕𝑡 ⃗𝑎 + ( ⃗𝑏 ⋅ ∇) ⃗𝑎 = −∇(𝑃 ⃗𝑎) + 𝜈Δ ⃗𝑎 + ⃗𝑓𝑎 + 𝑃S2 − 2𝜈G2
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Final hierarchical Navier–Stokes structure

𝜕𝑡 ⃗𝑎 + ( ⃗𝑏 ⋅ ∇) ⃗𝑎 = −∇(𝑃 ⃗𝑎) + 𝜈Δ ⃗𝑎 + ⃗𝑓𝑎
+ strain terms

+ gradient coupling terms

8. Meaning of Production = Diffusion
In the constructed hierarchy, the statement

Production = Diffusion

has a precise mathematical meaning. It is an exact algebraic balance
between two classes of terms arising after applying the successive
operators𝑀( ⃗𝑢) and𝑀( ⃗𝑏)

1) Starting identity
We obtained the exact decomposition

G2 = ∇ ⋅(𝑢𝑧∇ ⃗𝑏) + [𝑀( ⃗𝑏)G1 − 𝑢𝑧 Δ ⃗𝑏].

There are three structurally different pieces:

1. Divergence (transport)

2. Production

3. Diffusion

2) Definition of production
The term

𝑀( ⃗𝑏)G1

contains products of the form

𝑢𝑖𝑢𝑗(∇𝑢𝑘 ⋅ ∇𝑢ℓ).

These terms:

• increase gradient magnitude locally,

• are nonlinear,

• contain no Laplacian.

Thus they generate new gradient energy inside the domain.
Formally,

Production = 𝑀( ⃗𝑏)G1.

3) Definition of diffusion
The term

𝑢𝑧 Δ ⃗𝑏

contains the Laplacian operator.
The Laplacian:

• spreads gradients spatially,

• smooths oscillations,

• reduces local curvature.

This is the mathematical definition of diffusion.
Formally,

Diffusion = 𝑢𝑧 Δ ⃗𝑏.

4) Exact meaning of Production = Diffusion
The statement means the pointwise equality

𝑀( ⃗𝑏)G1 = 𝑢𝑧 Δ ⃗𝑏.

This equality is:

• not approximate,

• not statistical,

• not integral,

• but an exact algebraic identity.

5) Structural consequence
Substituting the equality into the identity for G2 gives

G2 = ∇ ⋅(𝑢𝑧∇ ⃗𝑏).

Thus the entire field becomes a pure divergence field.

6) Consequence on the periodic torus

On the periodic torus 𝑇3

∫
𝑇3
∇ ⋅ (periodic field) 𝑑𝑉 = 0.

Therefore,

Production = Diffusion ⟹ ∫
𝑇3
G2 𝑑𝑉 = 0.

7) Physical interpretation
Production equals diffusion means:

• nonlinear steepening creates gradients,

• diffusion smooths gradients,

• the two effects cancel exactly everywhere.

Mathematically,

local generation − local smoothing = 0.

Only transport remains.

8) Analogy with classical Navier–Stokes energy balance
In the standard kinetic energy equation,

𝑑
𝑑𝑡 ∫

1
2 | ⃗𝑢|

2 = −𝜈∫ |∇ ⃗𝑢|2 +∫ ⃗𝑓 ⋅ 𝑢⃗,

balance occurs when

forcing = dissipation.

The present hierarchy represents a higher-order analogue of this
structure.
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Final precise definition

Production = Diffusion means 𝑀( ⃗𝑏)G1 = 𝑢𝑧 Δ ⃗𝑏,

and under periodic boundary conditions,

∫
𝑇3
G2 𝑑𝑉 = 0.

A crucial note here is that the nonlinear inertial (advective) term is
introducing the blowup mechanism as seen in the following section.
If production is not equal to diffusion then the calculations show
that if,

𝑏3 = − 1

𝑊(− esin(−𝑧+𝑡+𝜖)+ln(2)−2

1+sin(−𝑧+𝑡+𝜖)+𝜖3
)

where this will in fact be shown later to be a solution and 𝑏3 = 𝑢𝑥𝑢𝑦
then 𝜈∇𝑏3 will approach zero when 𝜈 = 𝜖3. Taking the limit of this
term approaches zero for 𝜈 ≠ 0 In fact the second derivative of 𝑏3
wrt to 𝑧 for example is,

𝐷2
𝑧𝑏3 =

−1 + 𝜖3

𝜖3𝑊(− 2 e−3

𝜖3
)
2
+ 𝜖3𝑊(− 2 e−3

𝜖3
)

at the branch point of the LambertW function where 𝑧 = 𝑧∗ =
𝑡 + 𝜋/2. See appendix C. The only danger is at the branch point
not elsewhere. But there we have 𝜈𝐷2

𝑧𝑏3 → 0 for 𝜈 ≠ 0 For the
𝜖3 to cancel (𝜖3/𝜖3) in the product of expression in 𝐺2, 𝜖3 must be
non-zero. So for periodic domain 𝑇3 the definition of Production
equals Diffusion or not equal leads to only the singularity coming
from the nonlinear inertial terms of the transport equation(Eq.(6) in
[1]. Since there I added the expression ⃗𝑎∇ ⃗𝑎 I have to check when
the integral of a divergence is zero. It happens that it is true when
Production either equals or not equals the diffusion term in the
transformed Navier Stokes equations. Moreover we will see that
𝑀( ⃗𝑏)G1 = 0 so that both terms in 𝐺2 are independently vanishing
at the branch point of LambertW function.(shown further below
and in Appendix C) Finally we note that in the real-valued setting,
the derivative of 𝑏3 wrt to 𝑧 when

𝑡 − 𝑧 = −𝜋2 is interpreted as a one-sided limit.

9. The existence of a LambertW solution of the
governing equations of Fluid Mechanics

It is claimed that Lambert𝑊 profiles are invariant manifolds of finite
codimension in the Navier–Stokes flow and there is closure under
all interaction operators ℐ𝑖𝑗 . To formalize this, define the interaction
operators

ℐ𝑖𝑗(𝑢) ∶= 𝑢𝑖 𝜕𝑖𝑢𝑗 .

The nonlinear structure of the Navier-Stokes equations may then be
viewed as the superposition of the actions of ℐ𝑖𝑗 over all component
pairs. This viewpoint naturally leads to the consideration of velocity
profiles that are closed under all interaction channels, meaning that
no new singular structures are generated when any ℐ𝑖𝑗 acts on the
profile.

We therefore consider the set

𝒮 ∶= ⋂
𝑖,𝑗∈{𝑥,𝑦,𝑧}

ker(singular growth induced by ℐ𝑖𝑗),

whose elements are velocity fields invariant, in a structural sense,
under the full nonlinear interaction geometry. Being in 𝒮 imposes
severe rigidity: such profiles must be stable under multiplication,
differentiation, and implicit inversion, while remaining compatible
with Navier–Stokes scaling and incompressibility.

A main theorem which leads to the LambertW -℘ closure
solutions is as follows,

Theorem 2 (MAIN) Existence of 𝑊 function solutions to the 3D
Navier Stokes problem that are given by Eq.13). Assuming the Poisson
equation,

𝑢2𝑖 ∇2𝑃(x, 𝑡) = 𝑆(x, 𝑡) (5)

and the following PDE holds,

(
𝜕2𝑉𝑧
𝜕𝑧𝜕𝑡 )

2

= 1
𝜅(𝑥, 𝑦, 𝑧, 𝑡) (

𝜕𝑉𝑧
𝜕𝑡 )

3
(6)

where 𝑢𝑖 = 𝑉𝑧 + 𝐶, 𝐶 is a shift related to 𝜅 ∶ (ℝ3, 𝑅+) → ℝ where 𝑉𝑧
is at least in 𝐶0(x, 𝑡) with the pressure 𝑃 in 𝐶2(x, 𝑡), then,

𝜅(𝑥, 𝑦, 𝑧, 𝑡) = 22/3 3
36𝐶3

[ 𝜕𝜕𝑧℘
−1( 𝜕𝜕𝑡 𝑊(−𝑒Ξ−1))]

−2
. (7)

where 𝐶3 ∈ ℝ+ and℘ is the WeierstrassP function,℘−1 is it’s inverse
and𝑊 is the LambertW function defined on an affine spatio-temporal
space Ξ = 𝑥 − 𝑦 + 2𝑧 − 𝑡 + 𝐶6, with 𝐶6 = 𝑂(𝛿). The expression for
𝛿 is connected to 𝜅 as 𝛿 = − 1

√𝜅1
, where 𝜅1 is the derivative of 𝜅 in a

preferred direction, say 𝑧 in this case. It can be proven that at the branch
point of the LambertW function, 𝜅1 > 0. In principle both 𝜅 and 𝛿 are
functions in general, where the derivative of 𝜅 wrt to 𝑧 (𝜅1) approaches
0− when we look at large values in the i’th direction(say 𝑧 direction),
in particular for 𝑉𝑧 in the 𝑧 direction. (Recall 𝜅 = ℛ𝑛 from Eq.(1)
from the main Introduction; This approaches zero for the LambertW
solution given by Eq.(13) as −𝑧 − 𝑡 → −∞. As shown further in this
paper 𝑧 will be chosen arbitrarily large in the positive direction for
large positive initial data(similar approach for large negative initial
data where −𝑧 − 𝑡 → +∞ ) Then the solution problem can be defined
by Eqs.(9-11) which can be shown to reduce to Eq.(13). Moreover the
solutions given by 𝑢𝑖 or 𝑉𝑧 are periodic in both space and time by means
of the Lambert to Weierstrass mapping.

Now to establish the grounds for these assertions made in the
main theorem we are required to review the work in the proofs of
the connection of the form of the Navier Stokes equations to the
PDEs in [6] and [7] and references therein. Since the work in these
references were valid in the 𝐿𝑝 spaces for 𝑝 ∈ [2, 3) a note here
is required. The Poisson equation was used to relate the velocities
to the pressure terms. In order to remain in these spaces for 𝑝 (in
particular it was found that 𝑝 > 3/2 is necessary) the following PDE
was required in the definition of the Poisson equation,

𝑢2𝑖 ∇2𝑃(x, 𝑡) = 𝑆(x, 𝑡) (8)

Here 𝑢𝑖 are the components of the Navier Stokes flow with 𝑃
representing the pressure and 𝑆 some arbitrary function used in
the solution approach. To be specific the solution in the previous
references made use of this PDE(Poisson equation). In [1], [6] and
[7] a geometric calculus approach was used to rewrite the Navier
Stokes equations in a general 𝑢𝑖 direction for 𝑖 = 1…3. The PDEs
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defining the 𝑢𝑖 were possible to develop mainly due to the Poisson
equation. Thus we use the 𝜕𝑃

𝜕𝑥𝑖
term in the governing PDE developed

by Geometric Calculus approach. The transition to the PDE in
Eqs.(9-11) is a result of adding to the original Navier Stokes equations
after applying row operations [1], [6] and [7] a pivot function a∇ ⋅ a
which is used as a place holder in obtaining the solution of the Navier
Stokes equations. See Eq.(6) in[1] where this pivot function has been
added. In the subsequent parts of the paper there the pivot function
is used in the following sense: If we have two operators 𝐿1 = 𝐿2
and 𝐿1 = 𝐿3 then necessarily 𝐿2 = 𝐿3 so that the appearance of 𝐿1
is not seen anymore. It is in this way that the PDE problem for the
Navier Stokes equations was set up. As mentioned the following
PDE captures the dynamics of the original Navier Stokes equations,
which now are written for the 𝑢𝑖 direction.

The 3D incompressible unsteady Navier-Stokes Equations (NSEs) in
Cartesian coordinates may be listed for the velocity field,

𝜌 ( 𝜕
𝜕𝑡∗ + 𝑢∗𝑗∇∗𝑗) 𝑢∗𝑖 − 𝜇∇2

∗𝑢∗𝑖 + ∇∗𝑖𝑃∗ = 𝜌𝐹∗𝑖

where 𝜌 is constant density, 𝜇 is dynamic viscosity , F∗ = 𝐹∗𝑖e𝑖 are
the body forces on the fluid. In some cases, it may be elected to
reparametrize the components of the velocity vector, and pressure
to u = (𝑢)𝑖e𝑖, P = (𝑃)𝑖e𝑖, coordinates x𝑖 and time 𝑡 according to the
following form utilizing the non-dimensional quantity 𝛿(𝛿 ≤ 0) :

𝑢∗𝑖 =
1
𝛿𝑢𝑖 , 𝑃

∗
𝑖 = 1

𝛿2 𝑃𝑖 , 𝑥
∗
𝑖 = 𝛿𝑥𝑖 , 𝑡∗ = 𝛿2𝑡

The Navier-Stokes equations above in ∗ variables are proven to be
equivalent to the following PDE [1] and [6] and [7] in non-star
variables for the 𝑢𝑖 component and 𝑥𝑖, 𝑡 variables, (Here 𝑢𝑖 =
𝑉𝑧+√𝜅1 (for example 𝜅1 is a derivative of 𝜅 in a preferred direction
in space or time):

𝑃 = 𝑃1 + (
𝜕𝑉𝑧
𝜕𝑡 )

2
𝑃2 + 𝛿𝑆(x, 𝑡) (

𝜕𝑉𝑧
𝜕𝑡 )

2
(9)

where 𝑆 = (𝑉𝑧 +√𝜅1)2 ∇2𝑃,

𝑃1 =
2𝛿 ( 𝜕𝑉𝑧

𝜕𝑡
) (√𝜅1Vz + Vz2

2
+ 𝜅1

2
) 𝜌 ( 𝜕3𝑉𝑧

𝜕𝑡𝜕𝑧2
)

3

+
( 𝜕𝑉𝑧

𝜕𝑡
)
2
𝜇 (𝛿 − 1) ( 𝜕3𝑉𝑧

𝜕𝑥2𝜕𝑧
)

3

+
( 𝜕𝑉𝑧

𝜕𝑡
)
2
𝜇 (𝛿 − 1) ( 𝜕3𝑉𝑧

𝜕𝑦2𝜕𝑧
)

3

+
( 𝜕𝑉𝑧

𝜕𝑡
)
2
𝜇 (𝛿 − 1) ( 𝜕

3𝑉𝑧
𝜕𝑧3

)

3

+
2𝛿 (√𝜅1Vz +

Vz2

2
+ 𝜅1

2
) 𝜌 ( 𝜕

2𝑉𝑧
𝜕𝑡𝜕𝑧

)
2

3

+
2𝜌
3 [

(−𝛿 + 1) ( 𝜕𝑉𝑧
𝜕𝑡
)
2

2

+ (Vz +√𝜅1) (
𝜕𝑉𝑧
𝜕𝑡 ) (

𝜕𝑉𝑧
𝜕𝑧 ) 𝛿

− 𝛿Φ (𝑡)
2 ] (

𝜕2𝑉𝑧
𝜕𝑡𝜕𝑧)

(10)

𝑃2 ∶= (23 + (𝜌 − 2
3) 𝛿) (Vz +

√𝜅1) (
𝜕2𝑉𝑧
𝜕𝑧2 )

−
2 (Vz +√𝜅1) (𝛿 − 1) ( 𝜕

2𝑉𝑧
𝜕𝑥2

)

3

−
2 (Vz +√𝜅1) (𝛿 − 1) ( 𝜕

2𝑉𝑧
𝜕𝑦2

)

3

+
(−𝛿 + 1) ( 𝜕

2𝑉𝑧
𝜕𝑥𝜕𝑧

)

3

+
(−𝛿 + 1) ( 𝜕

2𝑉𝑧
𝜕𝑦𝜕𝑧

)

3

+
(1 + (3𝜌 − 1) 𝛿) ( 𝜕𝑉𝑧

𝜕𝑧
)
2

3

− 𝛿
3 +

1
3

(11)

where 𝑆 is defined in Eq(1). Note the Laplacian for the pressure is
written as an integral over an epsilon ball along each of the infinitely
many branches of LambertW function appearing in the WeierstrassP
function.(The real branch is of interest here) There are precisely
three Laplacians in Eqs.(9-11), one is for the pressure and the other
two are in terms of the velocity 𝑉𝑧. The work of Rumer and Fet
was used in ([8] and [2]) to write the Laplacians as integrals over
epsilon balls. In [7] there, 𝑥,𝑦 components 𝑉𝑥, 𝑉𝑦 vanish on a suitable
manifold as shown in [2] also (where the space 𝐽𝑦𝑖 was defined
with a calculation showing that an operator involving all three
velocity components and their derivatives, 𝒳, is precisely zero on
this space and we see it to be true on the boundary of an embedded
ball in 𝕋3 = [0, 1]3. It is important to define 𝛿 which is used in
two ways in this paper. The first is that we assume alignment of
two vector fields in general and then separately non-alignment.The
expression for 𝛿 is that it is the negative reciprocal of 𝜅1(𝑥, 𝑦, 𝑧, 𝑡) (𝜅1
is the derivative 𝜅′) and the following eigen-type problem holds true:

(
𝜕2𝑉𝑧
𝜕𝑧𝜕𝑡 )

2

= 1
𝜅(𝑥, 𝑦, 𝑧, 𝑡) (

𝜕𝑉𝑧
𝜕𝑡 )

3
(12)

The solution of this PDE gives a general form in terms of the
WeierstrassP function. It is:

Vz(𝑥, 𝑦, 𝑧, 𝑡) = 2
2
3 (∫℘(∫ 2

2
3√3

6√𝜅(𝑥,𝑦,𝑧,𝑡)2
2
3

𝑑𝑧 + 𝑓1(𝑥, 𝑦, 𝑡) ; 𝑔2, 𝑔3)𝑑𝑡)

+𝑓2(𝑥, 𝑦, 𝑧)

In the PDE given by Eqs.(9-11) the expression ( 𝜕
2𝑉𝑧
𝜕𝑧𝜕𝑡

) appears at a

few places. Substituting in the Eqs.(9-11) introduces 1
𝜅
at these places

and thenmultiplying by 𝜅 throughout aligns 𝛿with 𝜅 so that we have
the PDE which gives the LambertW solution. It is a straightforward
bookkeeping approach to see that this results as in Eq.(13) in the
later section where we have defined the representative governing
equations. Attention must be given to the 𝑃1 operator expression
in Eq.(10). Here the first term and sixth term expressions(the sixth
part contains also Φ(𝑡) which is set to zero due to expanding Tori)
in the sum of 6 parts in Eq.(10), call the sum of the two parts of the
six, the operator 𝑄𝑠 which vanishes due to the existence of a 𝐶∞

pressure Laplacian. The Laplacian of the pressure is in a reciprocal
relationship to the velocity 𝑢2𝑧. What remains in Eqs.(9-11) will lead
to Eq.13 which solves as a LambertW solution [7].
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A unique representation for the PNS system
Consider the function representing the 𝑦3 component of the Navier
Stokes equations (𝑣3 = 𝑢𝑧 = 𝑢∗𝑧𝛿,𝑥 = 𝛿𝑦1, 𝑦 = 𝛿𝑦2, 𝑧 = 𝛿𝑦3,
𝑡 = 𝛿2𝑠),𝛿 ∈ ℝ(< 0)

𝑣3 = 𝑣3(𝑦1, 𝑦2, 𝑦3, 𝑠)

and the PDE

−
𝜕𝑣3
𝜕𝑠 𝐴𝜇(𝛿 − 1) − 2

3𝜇
2(𝛿 − 1)

𝜕𝑣3
𝜕𝑠 𝐵

+ 𝜌𝑣3
𝜕2𝑣3
𝜕𝑦23

+ 𝜌 (
𝜕𝑣3
𝜕𝑦3

)
2

+ 1
3

𝜕2𝑣3
𝜕𝑦1𝜕𝑦3

= 0

(13)

where 𝜌 is the density and 𝜇 is the dynamic viscosity of the fluid.
There was a relabeling of 𝑉𝑧 to 𝑣3. The function 𝛿 is defined to be
−1/√𝜅1(𝑦1, 𝑦2, 𝑦3, 𝑠) and is related to the WeierstrassP function as
described previously in this work [2]. Also the pressure part of the
PDE is resolved in this reference where it is claimed that 𝑃 at the
branch point of the LambertW function is of the order the reciprocal
of 𝑢2𝑧. (See Section: 2.1.4. ”Exact Solution of the Extended PDE via
the Weierstrass Ansatz for General Spatio-Temporal Pressure” in [2].
It can be shown that the base solution(𝑛 = 1) is (use Maple 2026):
𝑢𝑧 = 𝐿𝑎𝑚𝑏𝑒𝑟𝑡𝑊(−𝑒𝑥𝑝(−𝐺(𝑥, 𝑦, 𝑧, 𝑡) − 1)) + 1.

10. Difference between
𝑢𝑧 = LambertW(−exp(−𝐺(𝑥, 𝑦, 𝑧, 𝑡) − 1))
and constant 𝑘(𝑛)multipliers

To determine the difference, we need to look at how a constant
multiplier 𝑘 = (1 + 2𝑛) changes the logarithmic derivative (or the
”sensitivity”) of the base of the chain.

If you replace the base 𝑥 = −𝑒𝜉 with 𝑥𝑎𝑙𝑡 = −(1 + 2𝑛)𝑒𝜉, you are
essentially changing the initial condition of the recursive derivative
chain.

1. The Derivative at the First Level
In the current derivation, we have:

𝑥 = −𝑒𝜉 ⟹ 𝜕𝑥
𝜕𝑧 = 𝜔2𝑒𝜉 = −𝜔2𝑥

This leads to the elegant cancellation in 𝜕𝑧𝑊1 =
𝑊1

𝑥(1+𝑊1)
𝜕𝑥
𝜕𝑧

=

−𝜔2
𝑊1

1+𝑊1
.

If we use 𝑥𝑎𝑙𝑡 = −𝑘𝑒𝜉 (where 𝑘 = 1 + 2𝑛):

𝜕𝑥𝑎𝑙𝑡
𝜕𝑧 = 𝜔2𝑘𝑒𝜉 = −𝜔2𝑥𝑎𝑙𝑡

Crucially, the ratio 1
𝑥
𝜕𝑥
𝜕𝑧

remains exactly −𝜔2.

Because the LambertW derivative 𝑊
𝑥(1+𝑊)

always contains that

1/𝑥 factor, the constant 𝑘 in the numerator of the partial derivative
and the constant 𝑘 in the denominator (𝑥) cancel out completely in
the first step.

2. The Chain Effect
Since the first derivative 𝜕𝑧𝑊1 remains functionally the same

(expressed in terms of 𝑊1), the recursive steps for 𝑊 𝑗 follow the
same algebraic path. The final ”Compact Product” formula would
look identical in structure:

𝜕𝑧𝑊𝑛 = −𝜔2
𝑊𝑛

∏𝑛
𝑗=1(1 +𝑊 𝑗)

3. The Functional Difference
While the formula for the derivative remains the same, the

numerical values and singularities shift significantly:
The Branch Point Shift: In the original case, the branch point

(singularity) occurs where −𝑒𝜉 = −1/𝑒, or 𝜉 = −1.
The Multiplied Case: With 𝑘 = (1 + 2𝑛), the singularity occurs

when −(1 + 2𝑛)𝑒𝜉 = −1/𝑒. This moves the critical value of 𝜉 to:

𝜉𝑐𝑟𝑖𝑡 = −1 − ln(1 + 2𝑛)

Magnitude: Since 1 + 2𝑛 is a large number, it forces 𝑊1 deeper
into the principal branch (approaching 0) or further into the lower
branches.

Summary
There is no difference in the derivation logic or the final formula.

The structure of the LambertW derivative is ”scale-invariant” with
respect to a constant multiplier in the argument’s exponent.

However, in the context of my fluid dynamics research, this 𝑘
factor would act as a damping or scaling coefficient. It changes
”where” and ”how fast” the blowup occurs in coordinate space, but
it does not change the recursive ”Product Law” I derived for the
gradients.

11. No Finite-Time Blowup of 𝑏 and Blowup of
Higher Time Derivatives

The equations developed in this section analyze the evolution of
the derived nonlinear variable 𝑏3 under the dynamics of the three-
dimensional incompressible Navier–Stokes system. In particular,
Equation(6) in [1] expresses the time derivative 𝜕𝑡𝑏3 as a rational
combination of transport, production, and gradient-coupling terms
involving the velocity component 𝑢𝑧 and the vector field ⃗𝑏. Such
evolution equations arise naturally when the nonlinear convective
operator ( ⃗𝑢 ⋅∇)𝑢⃗ is rewritten in terms of composite variables formed
from products of velocity gradients. These reformulations are
standard in themathematical analysis of nonlinear partial differential
equations and are often used to expose cancellation structures or
boundedness mechanisms in transport systems; see, for example,
Ladyzhenskaya [9], Constantin and Foias [11], and Temam [10].

A central feature of the present formulation is the appearance
of the matrix operator 𝑀( ⃗𝑏) acting on the gradient vector ⃗𝐺1,
producing quadratic gradient interaction terms of the form

𝑀( ⃗𝑏) ⃗𝐺1 = 𝑏2∇𝑢𝑦 ⋅ ∇𝑢𝑧 + 𝑏1∇𝑢𝑥 ⋅ ∇𝑢𝑧.

Terms of this type represent nonlinear production or stretch-
ing mechanisms in fluid dynamics, analogous to the gradient-
amplification processes that appear in vorticity and strain evolution
equations. The balance between these production terms and the
transport terms is fundamental in determining whether a solution
remains bounded or develops singular behavior. The mathematical
study of such balances is a central theme in the regularity theory
of the Navier–Stokes equations; see Doering and Gibbon [12] and
Evans [4].
The interesting approach by using the vector 𝑎 where 𝑎 = 𝑏𝑢𝑧 is
that it can be proven that 𝑏 is regular in space and time, that is
𝑏 ∈ 𝐶1. To see the proof of this see Appendix D.
Also I have suppressed the term ∇𝑢𝑧 ⋅ ∇𝑏 term given in −2𝜈𝐺2
expression by integrating by parts and using the periodicity of 𝕋3 to
give the 𝐷2

𝑧𝑏3 term I found previously that vanishes by multiplying
by a nonzero 𝜈 and taking the limit. See Appendix E for the
calculation of ∇𝑢𝑧 ⋅ ∇𝑏. I have also shown in this paper that you
do not need to integrate ∇𝑢𝑧 ⋅ ∇𝑏 by parts necessarily. A direct
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approach is to construct(as done) a smooth 𝑢𝑧 function and prove
(as done in this paper) 𝑏 ∈ 𝐶1. This way ∇𝑢𝑧 ⋅ ∇𝑏 ∈ 𝐶0.
The velocity component 𝑢𝑧 is modeled using a reciprocal structure
depending on a scalar function 𝑈(𝑧, 𝑡) and an auxiliary function
𝑓3(𝑥, 𝑦, 𝑡; 𝜖), leading to the representation

𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) =
1

𝑈(𝑧, 𝑡) + 𝑓3(𝑥, 𝑦, 𝑡; 𝜖)
.

This inverse form introduces a controlled pole structure in the
velocity field, regulated by the parameter 𝜖 > 0, and is consistent
with analytic constructions in which singularities are shifted or
regularized through additive perturbations. Such reciprocal velocity
representations frequently appear in similarity solutions, potential-
flow constructions, and analytic continuation methods for nonlinear
evolution equations.

More generally, the velocity components are expressed using
functions related to the Weierstrass 𝜁 function,

𝑢𝑧 = 𝜁(𝑈 + 𝑓3, 𝑔2, 𝑔3),

where 𝑔2 and 𝑔3 are the invariants defining the associated elliptic lat-
tice. Elliptic-function representations provide a natural framework
for describing periodic or quasi-periodic structures and controlled
pole behavior in nonlinear differential equations. The analytic
properties of the Weierstrass functions and their role in constructing
periodic solutions to nonlinear systems are well documented in
classical function theory; see Whittaker and Watson [5] and modern
treatments of elliptic functions and nonlinear dynamics.

Within this framework, the boundedness of the variable 𝑏 follows
from the algebraic structure of the governing equation, provided
the denominator 𝑈(𝑧, 𝑡) + 𝑓𝑖 remains nonzero. However, higher
time derivatives may still exhibit rapid growth or blowup due
to repeated differentiation of reciprocal factors. This distinction
between bounded primary variables and potentially unbounded
higher derivatives is a familiar phenomenon in nonlinear evolution
equations and transport systems, where derivative growth can occur
even when the underlying field remains finite. Such behavior has
been analyzed in the context of regularity and singularity formation
in fluid mechanics and related nonlinear systems; see Constantin
and Foias [11] and Doering and Gibbon [12].

The mathematical development that follows therefore focuses on
the interaction between reciprocal velocity structures, nonlinear
gradient production terms, and transport dynamics, with particular
attention to conditions ensuring boundedness of the variable 𝑏while
allowing the possibility of blowup in higher-order time derivatives.
Wewrite the following in terms of third component 𝑏3 corresponding
to the 𝑧 component of velocity direction in the Navier Stokes
equations of Eq(6) in [1] (the appearance of 𝑏23 term exists), in 𝜕𝑏

𝜕𝑡
,

𝜕𝑏3
𝜕𝑡

= 1
ᵆ𝑧
[ − 𝑏3

𝜕ᵆ𝑧
𝜕𝑡

− ( 𝜕ᵆ𝑧
𝜕𝑥

𝑏1 +
𝜕ᵆ𝑧
𝜕𝑦

𝑏2) 𝑏3 − 𝑢2𝑧 ⃗𝑏 ⋅ ∇𝑏3

−2𝑢𝑧𝑀( ⃗𝑏)𝐺1 − 𝑏23
𝜕ᵆ𝑧
𝜕𝑧

− 𝑢𝑧𝑏3
𝜕𝑏3
𝜕𝑧

− 𝑏3∇𝑢𝑧]
(14)

𝜕𝑏3
𝜕𝑡

= 1
ᵆ𝑧
[ − 𝑏3

𝜕ᵆ𝑧
𝜕𝑡

− ( 𝜕ᵆ𝑧
𝜕𝑥

𝑏1 +
𝜕ᵆ𝑧
𝜕𝑦

𝑏2) 𝑏3 − 𝑢2𝑧 ⃗𝑏 ⋅ ∇𝑏3

−2𝑢𝑧(𝑏2∇𝑢𝑦 ⋅ ∇𝑢𝑧 + 𝑏1∇𝑢𝑥 ⋅ ∇𝑢𝑧) − 𝑏23
𝜕ᵆ𝑧
𝜕𝑧

− 𝑢𝑧𝑏3
𝜕𝑏3
𝜕𝑧

− 𝑏3∇𝑢𝑧]

(15)
Note we have that:

𝑀(𝑏) ⃗𝐺1 = 𝑏2∇𝑢𝑦 ⋅ ∇𝑢𝑧 + 𝑏1∇𝑢𝑥 ⋅ ∇𝑢𝑧 (16)

12. Solution of 𝑢𝑧 PDE and definition of 𝑓1, 𝑓2 and
𝑓3

Now in reference [2] 𝑢𝑧 is:

𝑢𝑧 = 𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) = 𝜁(𝑈 + 𝑓3, 𝑔2, 𝑔3) (17)

where 𝑔2, 𝑔3 are the invariants of the Weierstrass 𝜁 function and we
take them to be zero.
Here 𝑓3 for 𝜖3 > 0 is defined as,

𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) =
1

𝑈(𝑧,𝑡)+𝑓3(𝑥,𝑦,𝑡;𝜖)
𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) =

1
𝑈(𝑧,𝑡)+sin(𝑧(𝑥,𝑦)−𝑡)+1−𝜖

(18)

In the same fashion, one can obtain through the Geometric
Calculus approach as in the approach used to obtain 𝑢𝑧 velocity,
the components 𝑢𝑥 and 𝑢𝑦. These in the same light will have the
general form,

𝑢𝑦(𝑥, 𝑦, 𝑧, 𝑡) =
1

𝑈(𝑦,𝑡)+𝑓2(𝑥,𝑧,𝑡)
(19)

and
𝑢𝑥(𝑥, 𝑦, 𝑧, 𝑡) =

1
𝑈(𝑥,𝑡)+𝑓1(𝑦,𝑧,𝑡)

(20)

Let us formalize the assumptions carefully.

13. Logic structure of singularities of NS Analysis
of equation

The analysis presented in this section examines the logical structure
of possible singularities in the three-dimensional incompressible
Navier-Stokes equations by studying products of velocity compo-
nents. In the classical formulation, the velocity field u = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧)
evolves under nonlinear transport and viscous diffusion, and the
formation of singularities is associated with the loss of boundedness
of either the velocity field or its spatial derivatives. Determining
which component of the velocity field is responsible for a divergence
or a non-smoothness is a central problem in the mathematical
theory of fluid dynamics and remains closely connected to the global
regularity question for the Navier–Stokes equations; see Constantin
and Foias [11], Temam [10], and Ladyzhenskaya [9].

The reasoning developed below relies on elementary but rigorous
principles from real analysis: if a product of two quantities diverges
or lacks smoothness while one factor remains bounded, then the
divergence or non-smoothness must originate from the remaining
factor. In the context of fluid mechanics, this principle allows
singular behavior to be localized to a specific velocity component
by examining the behavior of nonlinear interaction terms such as
𝑢𝑥𝑢𝑦 and 𝑢𝑥𝑢𝑧. Such quadratic products appear naturally in the
convective term (u⋅∇)u,where they represent momentum transport
between velocity components. The identification of singular growth
through these nonlinear interactions is consistent with standard
energy and regularity arguments used in the mathematical analysis
of incompressible flows; see Doering and Gibbon [12] and Evans [4].

Within this framework, the smoothness of selected velocity
components imposes boundedness constraints that restrict the
possible sources of divergence. If two distinct nonlinear products
involving the same velocity component both become unbounded
while the remaining factors stay finite, then the only mathematically
consistent conclusion is that the shared component itself becomes
singular. This logical structure provides a direct mechanism for
identifying the origin of blowup in a multi-component system
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without requiring explicit solution formulas. Such component-wise
reasoning is commonly used in the study of singularity formation,
gradient amplification, and finite-time blowup criteria in nonlinear
partial differential equations.

The argument developed in the following section therefore
formalizes a simple but powerful diagnostic principle: the blowup of
multiple quadratic interaction terms involving a common velocity
component, combined with boundedness of the other components
and their derivatives, implies that the shared component is the source
of the singularity. In the Navier-Stokes setting, this conclusion
corresponds to the loss of boundedness of the velocity gradient and
signals the onset of finite-time singular behavior in the flow field. We
are considering three components of velocity in the Navier-Stokes
equations:

𝑢𝑥, 𝑢𝑦, 𝑢𝑧.

Suppose the following logical structure holds:

1. 𝑢𝑧 is smooth.

2. 𝑢𝑥𝑢𝑦 blows up.

3. 𝑢𝑦 is smooth.

4. 𝑢𝑥𝑢𝑧 blows up.

We ask: what can we conclude?

1) First logical consequence from 𝑢𝑥𝑢𝑦 blowup
Assume

𝑢𝑦 is smooth.

That means (locally in space-time) there exists a finite bound

|𝐷𝑢𝑦| ≤ 𝑀

for some constant 𝑀 < ∞ where D is a sequence of partial
derivatives of 𝑢𝑦 with respect to space and time.

Now suppose the derivative of:

𝑢𝑥𝑢𝑦 →∞.

Then necessarily
𝐷𝑢𝑥 →∞.

or Reason: a bounded factor cannot create divergence in a product.
So from these two facts alone,

𝑢𝑦 smooth and 𝑢𝑥𝑢𝑦 not smooth ⇒ 𝑢𝑥 not smooth.

2) Use the second product
Assume also

𝑢𝑧 is smooth.

So similarly,
|𝐷𝑢𝑧| ≤ 𝑀′

for some finite constant𝑀′ < ∞.
If

𝐷𝑢𝑥𝑢𝑧 →∞,

then again
𝐷𝑢𝑥 →∞.

This is consistent with the first deduction.

3) Combine both statements
We now have two independent implications:

𝑢𝑥𝑢𝑦 not smooth ⇒ 𝑢𝑥 not smooth

and

𝑢𝑥𝑢𝑧 not smooth ⇒ 𝑢𝑥 not smooth.

Therefore the unavoidable conclusion is

𝐷𝑢𝑥 itself blows up (becomes singular).

14. Analysis of 1/(sin(𝑍 − 𝑡) + 1 − 𝜖) and
1/(sin(𝑍 − 𝑡) + 1)

We consider the functions

𝑓1(𝑍, 𝑡) =
1

sin(𝑍 − 𝑡) + 1 − 𝜖 , 𝜖 > 2,

and
𝑓2(𝑍, 𝑡) =

1
sin(𝑍 − 𝑡) + 1 .

Denominator bounds
For the second function, the denominator is

sin(𝑍 − 𝑡) + 1.

Since −1 ≤ sin(𝑥) ≤ 1, we have

0 ≤ sin(𝑍 − 𝑡) + 1 ≤ 2.

Check for zeros
The denominator of 𝑓2 can vanish if

sin(𝑍 − 𝑡) + 1 = 0 ⟹ sin(𝑍 − 𝑡) = −1.

This occurs at

𝑍 − 𝑡 = 3𝜋
2 + 2𝑘𝜋, 𝑘 ∈ ℤ.

Finite-time blowup
Since the denominator can vanish at finite 𝑡, the function

𝑓2(𝑍, 𝑡) =
1

sin(𝑍 − 𝑡) + 1

has finite-time blowup at those points.

Comparison with 𝜖 > 2
For the function

𝑓1(𝑍, 𝑡) =
1

sin(𝑍 − 𝑡) + 1 − 𝜖 , 𝜖 > 2,

the denominator satisfies

sin(𝑍 − 𝑡) + 1 − 𝜖 ≤ 1 + 1 − 𝜖 = 2 − 𝜖 < 0,

so it does not vanish for any finite 𝑡.

Conclusion
• 1/(sin(𝑍 − 𝑡) + 1 − 𝜖) with 𝜖 > 2 has no finite-time blowup.

• 1/(sin(𝑍 − 𝑡) + 1) has finite-time blowup whenever
sin(𝑍 − 𝑡) = −1, i.e., at

𝑍 − 𝑡 = 3𝜋
2 + 2𝑘𝜋, 𝑘 ∈ ℤ.
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15. Analysis of the Function 𝑓(𝑍, 𝑡) =
1

𝜂 + sin(𝑍 − 𝑡) + 1 − 𝜖
We analyze the function

𝑓(𝑍, 𝑡) = 1
𝜂 + sin(𝑍 − 𝑡) + 1 − 𝜖 .

We determine precisely when there is finite-time blowup and
when there is none.

Blowup condition
Finite-time blowup occurs if the denominator equals zero:

𝜂 + sin(𝑍 − 𝑡) + 1 − 𝜖 = 0.

Rearranging gives

sin(𝑍 − 𝑡) = 𝜖 − 𝜂 − 1.

Use the boundedness of sine
We use the fundamental bound

−1 ≤ sin(𝑥) ≤ 1.

Therefore a real solution exists if and only if

𝜖 − 𝜂 − 1 ∈ [−1, 1].

This gives the inequality

−1 ≤ 𝜖 − 𝜂 − 1 ≤ 1.

Solve the inequality
Add 1 to all parts:

0 ≤ 𝜖 − 𝜂 ≤ 2.

This is the necessary and sufficient condition for finite-time
blowup.

16. Final classification of finite time blowup
Finite-time blowup occurs if and only if

0 ≤ 𝜖 − 𝜂 ≤ 2

because then there exists a time 𝑡 such that

sin(𝑍 − 𝑡) = 𝜖 − 𝜂 − 1.

No finite-time blowup occurs if and only if

𝜖 − 𝜂 < 0 or 𝜖 − 𝜂 > 2

because then
𝜖 − 𝜂 − 1 ∉ [−1, 1],

so the denominator never vanishes.

Useful special cases
Case 1 Original blowup case

𝜂 = 0, 𝜖 = 0

Then
𝑓 = 1

sin(𝑍 − 𝑡) + 1 .

Blowup occurs.

Case 2 Small positive regularization
If

𝜂 > 𝜖

then
𝜖 − 𝜂 < 0

and therefore
No finite-time blowup

and the function is bounded:

sin(𝑍 − 𝑡) + 1 + 𝜂 − 𝜖 ≥ 𝜂 − 𝜖 > 0.

Case 3 Large negative shift
If

𝜖 − 𝜂 > 2

then
sin(𝑍 − 𝑡) = 𝜖 − 𝜂 − 1 > 1,

which is impossible, so again:

No finite-time blowup

Interpretation
The effective shift in the denominator is

𝜂 − 𝜖 .

• If the net shift is positive enough (𝜂 > 𝜖), the denominator
stays away from zero and the function remains smooth.

• If the net shift falls in the interval

0 ≤ 𝜖 − 𝜂 ≤ 2,

then the denominator can hit zero and finite-time blowup
occurs.

This provides a complete and exact criterion for the form

1
𝜂 + sin(𝑍 − 𝑡) + 1 − 𝜖 .

From the general solution of each 𝑢𝑖 component of the 3D Navier
Stokes equations for 𝑖 = 1…3, for 𝑖 = 3 first:

𝑢𝑧 =
1

𝜂3 + sin(𝑧 − 𝑡) + 1 − 𝜖 (21)

where 𝑢𝑧 is derived from the WeierstrassZeta function with zero
invariants and 𝜂3 is in terms of 𝐼𝑛(from section ). The logic followed
here is that since 𝐼𝑛 → 0 as 𝑛 → ∞ then we choose a range of 𝜖
values such that 𝑢𝑧 is smooth in fact sinusoidal. Then we attempt
to determine if 𝑏3 = 𝑢𝑥𝑢𝑦 is smooth or has a finite time blowup.
Now from the general solutions obtained for 𝑢𝑥 and 𝑢𝑦 based on the
geometric calculus approach,(as was obtained for 𝑢𝑧, the following
occurs:

𝑏3(𝑥, 𝑦, 𝑧, 𝑡) =
1

(𝜂1 + f1(𝑦, 𝑧, 𝑡)) (𝜂2 + f2(𝑥, 𝑧, 𝑡))
(22)

On a foliation of planes 𝑦 = 𝑥+𝐶we set f1(𝑦, 𝑧, 𝑡) = f1(𝑥 + 𝐶, 𝑧, 𝑡) =
f2(𝑥, 𝑧, 𝑡)

3 and 𝜂1 → 0 and 𝜂2 → 0 giving,

𝑏3(𝑥, 𝑦, 𝑧, 𝑡) =
1

𝑓2(𝑥, 𝑧, 𝑡)4
(23)
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Substituting into Equation 6 of reference [1] we obtain,

−
4 ( 𝜕

𝜕𝑡
𝑓2(𝑥, 𝑧, 𝑡))

𝑓2(𝑥, 𝑧, 𝑡)5

= cos(−𝑧 + 𝑡 + 𝜖)
𝑓2(𝑥, 𝑧, 𝑡)8 (𝜂3 − sin(−𝑧 + 𝑡 + 𝜖) + 1 − 𝜖)

−
4 ( 𝜕

𝜕𝑧
𝑓2(𝑥, 𝑧, 𝑡))

𝑓2(𝑥, 𝑧, 𝑡)9

(24)

Here we let 𝜂3 → 0 and 𝜖 → 1(blowup regime).

General Transport Structure of 𝑏3, 𝑢𝑦 inputs:How
PDE re-enters a square term
Consider a sufficiently smooth function:

𝑢𝑦 = (1 − sin(𝑥 + 𝑧 − 𝑡) + 𝜖)−1,

and
𝑢𝑥 = 𝐺(𝑦, 𝑧, 𝑡).

Define
𝑆1 ∶= 1 − sin(𝑥 + 𝑧 − 𝑡) + 𝜖.

Then
𝑢𝑦 = 𝑆−11 .

Also define

𝑢𝑧 = (1 − sin(𝑥 − 𝑦 − 𝑡) + 𝜖)−1.

Let
𝑆2 ∶= 1 − sin(𝑥 − 𝑦 − 𝑡) + 𝜖,

so that
𝑢𝑧 = 𝑆−12 .

We now compute
𝜕𝑡(𝑢𝑦𝑢𝑥),

and analyze the nonlinear transport condition

𝜕𝑡(𝑢𝑥𝑢𝑦) + 𝑢𝑥𝑢𝑦 𝜕𝑧(𝑢𝑥𝑢𝑦) = 𝜕𝑧(𝑢𝑧) (𝑢𝑥𝑢𝑦)2.

The goal is to determine a nontrivial surface relation among

𝑥, 𝑦, 𝑧, 𝑡

which preserves the identity without forcing terms to vanish
individually.

Step 1: Compute 𝑢𝑥𝑢𝑦
Since

𝑢𝑥 = 𝐺(𝑦, 𝑧, 𝑡), 𝑢𝑦 = 𝑆−11 ,

we obtain

𝑢𝑥𝑢𝑦 =
𝐺(𝑦, 𝑧, 𝑡)

𝑆1
.

Step 2: Compute 𝜕𝑡(𝑢𝑥𝑢𝑦)

Using the product rule:

𝜕𝑡(𝑢𝑥𝑢𝑦) = 𝐺𝑡𝑆−11 + 𝐺𝜕𝑡(𝑆−11 ).

Now
𝑆1 = 1 − sin(𝑥 + 𝑧 − 𝑡) + 𝜖.

Hence
𝜕𝑡𝑆1 = − cos(𝑥 + 𝑧 − 𝑡)𝜕𝑡(𝑥 + 𝑧 − 𝑡).

Treating 𝑥, 𝑦, 𝑧 as independent coordinates,

𝜕𝑡(𝑥 + 𝑧 − 𝑡) = −1.

Thus
𝜕𝑡𝑆1 = cos(𝑥 + 𝑧 − 𝑡).

Therefore

𝜕𝑡(𝑆−11 ) = − cos(𝑥 + 𝑧 − 𝑡)
𝑆21

.

Hence

𝜕𝑡(𝑢𝑥𝑢𝑦) =
𝐺𝑡
𝑆1

− 𝐺 cos(𝑥 + 𝑧 − 𝑡)
𝑆21

.

Step 3: Compute 𝜕𝑧(𝑢𝑥𝑢𝑦)

Again using the product rule:

𝜕𝑧(𝑢𝑥𝑢𝑦) = 𝐺𝑧𝑆−11 + 𝐺𝜕𝑧(𝑆−11 ).

Now
𝜕𝑧𝑆1 = − cos(𝑥 + 𝑧 − 𝑡).

Thus

𝜕𝑧(𝑆−11 ) = cos(𝑥 + 𝑧 − 𝑡)
𝑆21

.

Hence

𝜕𝑧(𝑢𝑥𝑢𝑦) =
𝐺𝑧
𝑆1

+ 𝐺 cos(𝑥 + 𝑧 − 𝑡)
𝑆21

.

Therefore

𝑢𝑥𝑢𝑦 𝜕𝑧(𝑢𝑥𝑢𝑦) =
𝐺
𝑆1

(
𝐺𝑧
𝑆1

+ 𝐺 cos(𝑥 + 𝑧 − 𝑡)
𝑆21

) .

So

𝑢𝑥𝑢𝑦 𝜕𝑧(𝑢𝑥𝑢𝑦) =
𝐺𝐺𝑧
𝑆21

+ 𝐺2 cos(𝑥 + 𝑧 − 𝑡)
𝑆31

.

Step 4: Compute 𝜕𝑧(𝑢𝑧)

Recall

𝑢𝑧 = 𝑆−12 , 𝑆2 = 1 − sin(𝑥 − 𝑦 − 𝑡) + 𝜖.

Observe carefully that
𝑆2

contains no 𝑧-dependence.
Therefore

𝜕𝑧(𝑢𝑧) = 0.

Thus the right-hand side becomes

𝜕𝑧(𝑢𝑧)(𝑢𝑥𝑢𝑦)2 = 0.

Hence the equation reduces to

𝜕𝑡(𝑢𝑥𝑢𝑦) + 𝑢𝑥𝑢𝑦 𝜕𝑧(𝑢𝑥𝑢𝑦) = 0.

We now prove this reduction explicitly.
Substituting the previously computed formulas gives

𝐺𝑡
𝑆1

− 𝐺 cos(𝑥 + 𝑧 − 𝑡)
𝑆21

+ 𝐺𝐺𝑧
𝑆21

+ 𝐺2 cos(𝑥 + 𝑧 − 𝑡)
𝑆31

= 0.
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Multiply the equation by 𝑆31:

𝐺𝑡𝑆21 − 𝐺𝑆1 cos(𝑥 + 𝑧 − 𝑡) + 𝐺𝐺𝑧𝑆1 + 𝐺2 cos(𝑥 + 𝑧 − 𝑡) = 0.

Group the cosine terms:

𝐺𝑡𝑆21 + 𝐺𝐺𝑧𝑆1 + (𝐺2 − 𝐺𝑆1) cos(𝑥 + 𝑧 − 𝑡) = 0.

Factor 𝐺:

𝐺𝑡𝑆21 + 𝐺𝐺𝑧𝑆1 + 𝐺(𝐺 − 𝑆1) cos(𝑥 + 𝑧 − 𝑡) = 0.

This proves that the original nonlinear PDE reduces to the
nonlinear conservation-type equation above. Setting 𝒥(𝑦) = 𝑥+𝑧−𝑡
defines a surface where the PDE is in variables 𝑦, 𝑧, 𝑡.

17. General Finite time blowup after gradient
blowup

𝑆1 ∶= 1 − sin(𝑥 + 𝑧 − 𝑡 + 𝜖) + 𝜖,

and consider

𝐺𝑡𝑆21 + 𝐺𝐺𝑧𝑆1 + 𝐺(𝐺 − 𝑆1) cos(𝑥 + 𝑧 − 𝑡 + 𝜖) = 0.

We prove that this equation admits:

1. finite-time gradient blowup,

2. followed by finite-time amplitude blowup.

The mechanism is a nonlinear Riccati-type compression generated
by the transport term.

Step 1: Rewrite the PDE

Divide by 𝑆21 ≠ 0:

𝐺𝑡 +
𝐺
𝑆1
𝐺𝑧 +

cos(𝑥 + 𝑧 − 𝑡 + 𝜖)
𝑆21

𝐺(𝐺 − 𝑆1) = 0.

Define

𝑎 ∶= 1
𝑆1
, 𝑏 ∶= cos(𝑥 + 𝑧 − 𝑡 + 𝜖)

𝑆21
.

Then
𝐺𝑡 + 𝑎𝐺𝐺𝑧 + 𝑏𝐺(𝐺 − 𝑆1) = 0.

This is a quasilinear transport equation with nonlinear forcing.

Step 2: Characteristics

Define characteristics by

𝑑𝑧
𝑑𝑡 = 𝑎𝐺.

Along characteristics,

𝑑𝐺
𝑑𝑡 = −𝑏𝐺(𝐺 − 𝑆1).

Thus
𝑑𝐺
𝑑𝑡 = −𝑏𝐺2 + 𝑏𝑆1𝐺.

This is a Riccati equation.

Step 3: Riccati blowup mechanism

Suppose
𝑏 < 0.

Since

𝑏 = cos(𝑥 + 𝑧 − 𝑡 + 𝜖)
𝑆21

,

this means
cos(𝑥 + 𝑧 − 𝑡 + 𝜖) < 0.

Then
−𝑏 > 0.

Hence along characteristics:

𝑑𝐺
𝑑𝑡 = |𝑏|𝐺2 + 𝑏𝑆1𝐺.

For sufficiently large positive 𝐺, the quadratic term dominates:

𝑑𝐺
𝑑𝑡 ∼ |𝑏|𝐺2.

Therefore
𝑑𝐺
𝑑𝑡 ≥ 𝑐𝐺2

for some 𝑐 > 0.
Integrating:

𝑑𝐺
𝐺2 ≥ 𝑐𝑑𝑡.

Hence
− 1
𝐺(𝑡)

+ 1
𝐺0

≥ 𝑐𝑡.

Therefore
1

𝐺(𝑡)
≤ 1
𝐺0

− 𝑐𝑡.

Thus
𝐺(𝑡) → +∞

at finite time

𝑇∗ =
1
𝑐𝐺0

.

Hence finite-time amplitude blowup occurs.

Step 4: Gradient blowup

Now differentiate the PDE with respect to 𝑧.
Let

𝐻 ∶= 𝐺𝑧.

Differentiate:

𝜕𝑧𝐺𝑡 + 𝜕𝑧(𝑎𝐺𝐺𝑧) + 𝜕𝑧(𝑏𝐺(𝐺 − 𝑆1)) = 0.

Thus

𝐻𝑡+𝑎𝐺𝐻𝑧+𝑎𝐻2+(𝑎𝑧𝐺+𝑏(2𝐺−𝑆1))𝐻+𝑏𝑧𝐺(𝐺−𝑆1)−𝑏𝑆1,𝑧𝐺 = 0.

The crucial term is
𝑎𝐻2.

Since
𝑎 = 1

𝑆1
> 0,

the differentiated equation contains a Riccati compression mecha-
nism.

Along characteristics:

𝑑𝐻
𝑑𝑡 = −𝑎𝐻2 + lower order terms.
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For sufficiently negative initial slope,

𝐻(0) = 𝐻0 < 0,

the quadratic term dominates:

𝑑𝐻
𝑑𝑡 ≤ −𝑐𝐻2.

Integrating:
𝑑𝐻
𝐻2 ≥ 𝑐𝑑𝑡.

Hence
− 1
𝐻(𝑡)

+ 1
𝐻0

≥ 𝑐𝑡.

Thus
𝐻(𝑡) → −∞

in finite time.
Therefore

|𝐺𝑧| → ∞

before the solution amplitude necessarily diverges.
This is classical gradient catastrophe.

Step 5: Gradient blowup precedes amplitude blowup

The characteristic equation is

𝑑𝑧
𝑑𝑡 = 𝑎𝐺.

Neighboring characteristics satisfy

𝑑
𝑑𝑡 (𝜕𝜉𝑧) = 𝑎𝐺𝑧 𝜕𝜉𝑧.

Hence

𝜕𝜉𝑧(𝑡) = 𝜕𝜉𝑧(0) exp (∫
𝑡

0
𝑎𝐺𝑧 𝑑𝑠) .

If
𝐺𝑧 → −∞,

then
𝜕𝜉𝑧 → 0.

Thus characteristics intersect.
At intersection, the classical solution loses regularity first through

slope blowup.
After characteristics compress, the Riccati amplitude equation

𝑑𝐺
𝑑𝑡 = |𝑏|𝐺2 + 𝑏𝑆1𝐺

forces amplitude divergence.
Therefore:

gradient blowup occurs first,

followed by
finite-time amplitude blowup.

Step 6: Blowup surface
The instability occurs on regions satisfying

cos(𝑥 + 𝑧 − 𝑡 + 𝜖) < 0.

Equivalently,

𝑥 + 𝑧 − 𝑡 ∈ (𝜋2 ,
3𝜋
2 ) (mod 2𝜋).

On these oscillatory compression surfaces:

• transport compresses characteristics,

• gradients diverge,

• Riccati forcing amplifies amplitudes,

• finite-time singularities form.

18. Transport Structure and Regularity Properties
of the 𝑏3 Solution

From Eq(24) we have that the nonlinear transport equation is:

𝜕𝑏3(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡 = 𝑏3(𝑥, 𝑦, 𝑧, 𝑡)2

cos(𝑡 − 𝑧 + 𝜖)
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖

− 𝑏3(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑏3(𝑥, 𝑦, 𝑧, 𝑡)

𝜕𝑧 ,

where

𝜖 > 0.

We prove that the transport solution admits the explicit Lambert
𝑊 representation

𝑏3(𝑥, 𝑦, 𝑧, 𝑡) = − 1

LambertW(−
𝐹(𝑥, 𝑦, 𝑧, 𝜉(𝑥, 𝑦, 𝑧, 𝑡))
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖)

and that the obtained solution satisfies

𝑏3 ∈ 𝐶1

while

𝑏3 ∉ 𝐶𝑛, 𝑛 ≥ 2,

due to the Lambert𝑊 branch singularity.

For the transport equation

𝑏𝑡 + 𝑏 𝑏𝑧 =
𝑏2 cos(𝑡 − 𝑧 + 𝜖)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 ,

the characteristic system is

𝑑𝑧
𝑑𝑡 = 𝑏, 𝑑𝑏

𝑑𝑡 =
𝑏2 cos(𝑡 − 𝑧 + 𝜖)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 .

The first singularity mechanism is characteristic crossing.
Differentiating gives the Riccati-type equation:

𝑞𝑡 + 𝑏𝑞𝑧 = −𝑞2 +⋯ , 𝑞 = 𝑏𝑧.

The term

−𝑞2

forces finite-time blowup of the gradient whenever compression
occurs.

Thus:

|𝑏𝑧| → ∞ before necessarily |𝑏| → ∞.

This is the classical shock-formation mechanism.
As

𝜖 → 0,

Moschandreou

24 GJSFR-F Vol. 26 Issue 1



the forcing coefficient (coefficient of 𝑏2 term) becomes singular:

cos(𝑡 − 𝑧 + 𝜖)
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 .

Near the branch point (𝑏3 and it’s derivatives are infinite whereas
at 𝑡 − 𝑧 = −𝜋

2
, 𝑏3 is finite and it’s derivatives are infinite.) At:

𝑡 − 𝑧 = 𝜋
2 ,

we have

1 − sin(𝑡 − 𝑧 + 𝜖) ∼ 1
2𝜉

2, 𝜉 = 𝑡 − 𝑧 − 𝜋
2 .

Thus:

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 ∼ 𝜖 + 1
2𝜉

2.

Also:

cos(𝑡 − 𝑧 + 𝜖) ∼ −𝜉.

Therefore the forcing behaves like

cos(𝑡 − 𝑧 + 𝜖)
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 ∼

−𝜉
𝜖 + 𝜉2

.

The maximal magnitude occurs when

|𝜉| ∼ √𝜖,

giving

|||
cos(𝑡 − 𝑧 + 𝜖)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖
||| ∼

1
√𝜖

.

Hence along characteristics:

𝑑𝑏
𝑑𝑡 ∼

𝑏2

√𝜖
.

Now solve the asymptotic Riccati equation:

𝑑𝑏
𝑑𝑡 =

𝑏2

√𝜖
.

Separating variables:

𝑑𝑏
𝑏2 = 𝑑𝑡

√𝜖
.

Integrating:

−1𝑏 = 𝑡
√𝜖

+ 𝐶.

Thus:

𝑏(𝑡) =
𝑏0

1 −
𝑏0
√𝜖

(𝑡 − 𝑡0)
.

Therefore the characteristic blowup time is

𝑇𝜖 = 𝑡0 +
√𝜖
𝑏0

.

Now take the limit:

𝜖 → 0.

Then:

𝑇𝜖 − 𝑡0 → 0.

Thus the amplification timescale collapses to zero.
Equivalently:

the forcing becomes infinitely strong as 𝜖 → 0.

Calculations (and simulations) show that finite time blowup occurs at
a time 𝑡2 > 𝑡1 significantly strictly greater than catastrophic higher
gradient blow up which occurs first at time 𝑡1 at the branch point
of the LambertW function solution. These two times are distinct
times for gradient blowups and finite time amplitude blowup. (in 𝑏3)
For the higher gradient blowups 𝑏3 is finite whereas for finite time
blowup 𝑏3 is infinite for 𝑇∗ < ∞. In the simulations conducted I
started off with smooth sine functions as they evolved from 𝑡 = 0 to
these sequential blowups above (for countable 𝑧 values, distorting
and breaking up the smoothness of the function. See the following
Matlab code for the simulation of catastrophic gradient blowup
followed by finite time blowup(source term sin(𝑡 − 𝑧 + 𝜖)2 term
added from Eq(15)): Calculations and simulation show that at time
𝑡2 > 𝑡1 where 𝑡2 = 𝑧 + 𝜋/2 + 𝜖 and 𝑡1 = 𝑧 − 𝜋/2 + 𝜖 there
is finite time amplitude blowup at 𝑡2 whereas at time 𝑡1 there is
a catastrophic higher gradient blowup at the branch point of the
LambertW function solution. The interested reader can run the
matlab code provided.

19. Listing of Matlab Code for the PDE with 𝑏2
term

clear;
clc;
close all;

epsilon = 0.091;

L = 2*pi;

Nz = 800;

Nt = 1800;

Tfinal = 3.3;

dz = 2*L/(Nz - 1);

dt = Tfinal/Nt;

% Spatial grid
zgrid = linspace(-L,L,Nz);

% Initial condition
b_old = (1/3)*sin(zgrid);

b_new = zeros(1,Nz);

% Create figure
figure;

% Frame storage
Frames = struct('cdata',{},'colormap',{});
frameCount = 0;

for n = 1:Nt
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t = n*dt;

% Interior points
for i = 2:(Nz-1)

z = zgrid(i);

% Upwind derivative
if b_old(i) >= 0

bz = (b_old(i)-b_old(i-1))/dz;

else

bz = (b_old(i+1)-b_old(i))/dz;

end

% RHS forcing term
RHS = ...

b_old(i)^2*cos(t-z) ...
/(1 - sin(t-z) + epsilon) ...
+ 0.75^2*sin(t-z)^2;

% Explicit update
b_new(i) = ...

b_old(i) ...
- dt*b_old(i)*bz ...
+ dt*RHS;

end

% Periodic boundary conditions
b_new(1) = b_new(Nz-1);
b_new(Nz) = b_new(2);

% Update solution
b_old = b_new;

% Save a frame every 20 steps
if mod(n,20)==0

plot(zgrid,b_old,...
'b',...
'LineWidth',2);

xlabel('z');
ylabel('b_3(z,t)');

title(sprintf( ...
'Smooth Sine Evolving Toward Kink: t = %.3

↪ f', ...
t));

axis([-L L -2 8]);

grid on;

drawnow;

frameCount = frameCount + 1;
Frames(frameCount) = getframe(gcf);

end

end

% Infinite replay
while ishandle(gcf)

movie(gcf,Frames,1,15);

end

Code 1. MATLAB code for the forced PDE simulation

19.1. Characteristic transport formulation
Rewrite the PDE as

𝑏3,𝑡 + 𝑏3𝑏3,𝑧 − 𝑏23
cos(𝑡 − 𝑧 + 𝜖)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 = 0.

Introduce the characteristic parameter 𝑠. Then

𝑑𝑡
𝑑𝑠 = 1, 𝑑𝑧

𝑑𝑠 = 𝑏3,
𝑑𝑏3
𝑑𝑠 = 𝑏23

cos(𝑡 − 𝑧 + 𝜖)
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 .

Define the invariant variable

𝑤 = 𝑡 − 𝑧.

Then

𝑑𝑤
𝑑𝑠 = 1 − 𝑏3.

Hence

𝑑𝑏3
𝑑𝑤 =

𝑏23
cos𝑤

1 − sin𝑤 + 𝜖
1 − 𝑏3

.

Therefore

1 − 𝑏3
𝑏23

𝑑𝑏3 =
cos𝑤

1 − sin𝑤 + 𝜖 𝑑𝑤.

Integrating,

∫( 1
𝑏23

− 1
𝑏3
) 𝑑𝑏3 = ∫ cos𝑤

1 − sin𝑤 + 𝜖 𝑑𝑤.

The left-hand side gives

− 1
𝑏3

− ln |𝑏3|,

while the right-hand side yields

− ln |1 − sin𝑤 + 𝜖|.

Thus

− 1
𝑏3

− ln |𝑏3| = − ln |1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖| + 𝐶.

Equivalently,

1
𝑏3

+ ln |𝑏3| = ln |1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖| + 𝐹(𝑥, 𝑦, 𝑧, 𝜉).

19.2. Explicit Lambert𝑊 representation
Define

𝑆(𝑥, 𝑦, 𝑧, 𝑡) = ln |1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖| + 𝐹(𝑥, 𝑦, 𝑧, 𝜉).

Then

1
𝑏3

+ ln |𝑏3| = 𝑆.

Exponentiating and solving using the Lambert function gives

𝑏3(𝑥, 𝑦, 𝑧, 𝑡) = − 1

LambertW(−
𝐹(𝑥, 𝑦, 𝑧, 𝜉)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖)
.
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19.3. Branch singularity structure
The Lambert function satisfies

𝑊(𝑥)𝑒𝑊(𝑥) = 𝑥,

and possesses the branch point

𝑥 = −1𝑒 .

Hence singularity formation occurs when

−
𝐹(𝑥, 𝑦, 𝑧, 𝜉)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 = −1𝑒 .

Equivalently,

𝐹(𝑥, 𝑦, 𝑧, 𝜉) = 1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖
𝑒 .

At this point,

𝑊 = −1,

and therefore

𝑏3 = 1.

Thus the function value itself remains finite.

19.4. First-order regularity
We now prove that all first-order derivatives remain finite.

Let

𝐴(𝑥, 𝑦, 𝑧, 𝑡) = −
𝐹(𝑥, 𝑦, 𝑧, 𝜉)

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 .

Then

𝑏3 = − 1
𝑊(𝐴)

.

Differentiate:

𝜕𝛼𝑏3 =
𝑊 ′(𝐴)
𝑊(𝐴)2

𝜕𝛼𝐴,

where 𝛼 ∈ {𝑥, 𝑦, 𝑧, 𝑡}.
Using

𝑊 ′(𝑥) = 𝑊(𝑥)
𝑥(1 +𝑊(𝑥))

,

we obtain

𝜕𝛼𝑏3 =
𝜕𝛼𝐴

𝐴𝑊(𝐴)(1 +𝑊(𝐴))
.

Near the branch point,

𝑊(𝐴) + 1 ∼ √𝐴+ 1
𝑒 .

Simultaneously,

𝜕𝛼𝐴 ∼ 𝐴 + 1
𝑒 ,

because 𝐹 is smooth and the denominator

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖

vanishes at most quadratically at the critical geometry.
Therefore

𝜕𝛼𝑏3 ∼
𝐴 + 1

𝑒

√𝐴+ 1
𝑒

=√𝐴+ 1
𝑒 ,

which remains finite.
Hence

𝜕𝑥𝑏3, 𝜕𝑦𝑏3, 𝜕𝑧𝑏3, 𝜕𝑡𝑏3 ∈ 𝐶0.

Thus

𝑏3 ∈ 𝐶1.

19.5. Behavior at 𝑧 = 𝑡 + 𝜋/2
Let

𝑧 = 𝑡 + 𝜋
2 .

Then

𝑡 − 𝑧 = −𝜋2 ,

so

sin(𝑡 − 𝑧 + 𝜖) = −1, cos(𝑡 − 𝑧 + 𝜖) = 0.

Hence

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 = 2 + 𝜖 > 0.

Therefore the denominator is strictly positive and smooth.
Moreover,

𝜕𝑧𝐴, 𝜕𝑡𝐴

contain factors of cos(𝑡 − 𝑧 + 𝜖), which vanish at this point.
Consequently,

𝜕𝑧𝑏3, 𝜕𝑡𝑏3 remain finite at 𝑧 = 𝑡 + 𝜋
2 .

19.6. Behavior at 𝑧 = 𝑡 − 𝜋/2
Now let

𝑧 = 𝑡 − 𝜋
2 .

Then

𝑡 − 𝑧 = 𝜋
2 ,

so

sin(𝑡 − 𝑧 + 𝜖) = 1, cos(𝑡 − 𝑧 + 𝜖) = 0.

Hence

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖 = 𝜖.

Since

𝜖 > 0,

the denominator remains strictly nonzero.
Again all first derivatives contain only bounded factors and vanish

proportionally to cos(𝑡 − 𝑧 + 𝜖).
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Therefore

𝜕𝑧𝑏3, 𝜕𝑡𝑏3 remain finite at 𝑧 = 𝑡 − 𝜋
2 .

Thus all spatial and temporal derivatives up to order one remain
regular at both critical geometries.

19.7. Failure of second-order regularity
We now differentiate again.

Since

𝑊 ′(𝐴) = 𝑊(𝐴)
𝐴(1 +𝑊(𝐴))

,

we obtain

𝑊 ″(𝐴) ∼ 1
(1 +𝑊(𝐴))3

.

Near the branch point,

1 +𝑊(𝐴) ∼ √𝐴+ 1
𝑒 .

Hence

𝑊 ″(𝐴) ∼ 1

(𝐴 + 1
𝑒
)
3/2 .

Therefore second derivatives behave like

𝜕𝛼𝛽𝑏3 ∼
1

√𝐴 + 1
𝑒

,

which diverges at the branch surface.
Consequently,

𝜕𝛼𝛽𝑏3 ∉ 𝐶0.

Hence

𝑏3 ∉ 𝐶2.

More generally,

𝑏3 ∉ 𝐶𝑛, 𝑛 ≥ 2.

19.8. Final conclusion
The transport equation admits the explicit Lambert𝑊 solution

𝑏3(𝑥, 𝑦, 𝑧, 𝑡) = − 1

LambertW(−
𝐹(𝑥, 𝑦, 𝑧, 𝜉(𝑥, 𝑦, 𝑧, 𝑡))
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖)

.

The solution satisfies

𝑏3 ∈ 𝐶1,

including at

𝑧 = 𝑡 + 𝜋
2 , 𝑧 = 𝑡 − 𝜋

2 ,

where all first-order spatial and temporal derivatives remain finite.
However the Lambert𝑊 branch geometry produces higher-order

derivative singularities:

𝑏3 ∉ 𝐶𝑛, 𝑛 ≥ 2.

Thus the solution exhibits finite-value higher-gradient singularity
formation without blowup of the function itself.

20. Defining 𝐹(𝑥, 𝑦, 𝜉(𝑧)) uniquely to obtain the
branch point of the LambertW function at
𝑧 = 𝑧∗ = 𝑡 + 𝜋

2

20.1. Finalized expression for 𝑏3
To determine if the branch point is realized at 𝑧∗ = 𝑡 + 𝜋

2
, we need

to evaluate the argument of the Lambert𝑊 function at that point
as 𝜀3 → 0 and,

1. Evaluate 𝐹(𝑥, 𝑦, 𝜉) at 𝑧∗. The function 𝐹 is given as 𝐹 =
sin(𝑡 − 𝑧 + 𝜖) − (ln(2) − 2). At 𝑧 = 𝑧∗ = 𝑡 + 𝜋

2
:The argument

of the sine is 𝑡 − (𝑡 + 𝜋
2
) = −𝜋

2
and sin(−𝜋

2
) = −1.

Substituting this into 𝐹:

𝐹 = −1 − (ln(2) − 2) = −1 − ln(2) + 2 = 1 − ln(2)

2. Evaluate the Full Argument. The argument of the Lambert 𝑊
function is:

Arg =
− exp(−𝐹)

1 + 𝜀3 − sin(𝑡 − 𝑧 + 𝜖)
.

Substitute the values at 𝑧∗:Numerator: − exp(−(1 − ln(2))) =
− exp(−1 + ln(2)) = −𝑒−1 ⋅ 𝑒ln(2) = − 2

𝑒
.Denominator: 1 + 𝜀3 −

sin(−𝜋
2
) = 1+𝜀3−(−1) = 2+𝜀3.As 𝜀3 → 0, the argument becomes:

Arg → −2/𝑒
2 = −1𝑒

3. Conclusion: The branch point of the Lambert𝑊 function is indeed
defined as the point where the argument equals −1/𝑒. The choice of
𝐹 = sin(𝑡 − 𝑧 + 𝜖)−(ln(2)−2) perfectly balances the denominator’s
value of 2 at the point where the sine is −1.The branch point is
realized exactly at 𝑧∗ = 𝑡 + 𝜋

2
. Note on the Coordinate 𝑧∗, we use

an expansion where sin(𝑡 − 𝑧 + 𝜖) → 1 (near its maximum). In this
current formulation, the singularity is placed at sin(𝑡 − 𝑧 + 𝜖) = −1
(its minimum).If the goal is to match the quadratic expansion 1− 𝜂2

2
,

we would look at the neighborhood of 𝑧 = 𝑡 − 𝜋
2
.At the current

𝑧∗ = 𝑡+ 𝜋
2
, the sine function is at a minimum, so the local expansion

is:

sin(𝑡 − 𝑧 + 𝜖) ≈ −1 +
𝜂2

2
, this still provides the quadratic 𝜂2 spatial dependence required
for the 𝑂(𝜀) cancellation, just with a reflected geometry. Here
𝜂 = 𝑧 − 𝑧∗. It is true that we gain two derivative regularity here.
At 𝑧 = 𝑧∗ = 𝑡 + 𝜋

2
, at the branch point both spatial and time

derivatives up to order 1, that is we have 𝐶0 and 𝐶1 regularity but
not higher than 𝐶𝑛 for 𝑛 ≥ 2 as 𝜖3 → 0.
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Time 𝑡

Amplitude

𝑇∗

‖u‖𝐿∞ < ∞

Gradient Blowup
‖∇u‖𝐿2 →∞

Velocity
Gradient

𝑇∗

Bounded limit

Figure 1. Loss of regularity at 𝑇∗. The derivative (orange) diverges as it
approaches the singular time, while the velocity amplitude (blue) remains

bounded at a finite value.

Mathematical Description
In the context of the 3D Navier-Stokes equations, the criteria for
blowup are often expressed through the Beale-Kato-Majda (BKM)
condition. A solution remains smooth if:

∫
𝑇∗

0
‖𝝎(⋅, 𝑡)‖𝐿∞ 𝑑𝑡 < ∞

where 𝝎 = ∇ × u is the vorticity.
The structure shown above depicts a scenario where:

1. Energy Conservation: The 𝐿2 norm (energy) and 𝐿∞ norm of
the velocity stay within a finite range.

2. Enstrophy Blowup: The 𝐻1 norm (enstrophy) or higher
Sobolev norms ‖u‖𝐻𝑠 diverge.

3. Physical Interpretation: This corresponds to the ”shredding”
of fluid elements where the velocity is not large, but the shear
rates and local rotations become infinitely steep.

The following figure illustrates the difference between Type 1 and
Type 2 blowup,

Time 𝑡

‖u‖𝐿∞(𝕋3)

𝑇∗

𝑇∗

Type I:
‖u‖∞ ≤ 𝐶

√𝑇∗−𝑡

Type II:
lim
𝑡→𝑇∗

‖u‖∞√𝑇∗ − 𝑡 = ∞

Bl
ow

up
am

pl
itu

de

Figure 2. Comparison of Type I and Type II blowup profiles in 𝕋3. Type I
follows the natural scaling of the Navier-Stokes equations, while Type II

represents a ”super-scaling” singularity.

Mathematical Context
In the study of 3D Navier-Stokes regularity, we distinguish singular-
ities based on the rate of the 𝐿∞ norm growth:

• Type I Singularity: Characterized by the Leray scaling. If the
solution blows up at 𝑇∗, it satisfies:

sup
𝑡∈[0,𝑇∗)

(𝑇∗ − 𝑡)1/2‖u(⋅, 𝑡)‖𝐿∞ < ∞

These are often associated with potential self-similar blowup
solutions.

• Type II Singularity: Any blowup that is not Type I. The norm
grows faster than the natural scaling:

lim sup
𝑡→𝑇∗

(𝑇∗ − 𝑡)1/2‖u(⋅, 𝑡)‖𝐿∞ = ∞

Type II blowup is known to occur in other nonlinear evolution
equations (like the energy-critical wave equation) and remains
a subject of intense research for Navier-Stokes.

21. Foliations
Let

𝐹 ∶ ℝ𝑛 → ℝ, 𝐹(𝑥) = 𝛼 ⋅ 𝑥 + 𝐶

where:

• 𝛼 ∈ ℝ𝑛 is a constant vector

• 𝐶 ∈ ℝ is a constant

• 𝛼 ≠ 0

Then the level sets
𝐹(𝑥) = 𝑐

form a codimension-1 foliation of ℝ𝑛.

Step 1 — Compute the Gradient
∇𝐹(𝑥) = 𝛼

Since 𝛼 ≠ 0,

∇𝐹(𝑥) ≠ 0 everywhere.

So the function is regular everywhere.

Step 2 — Determine the level Sets
Solve:

𝐹(𝑥) = 𝑐

𝛼 ⋅ 𝑥 + 𝐶 = 𝑐

Rearrange:
𝛼 ⋅ 𝑥 = 𝑐 − 𝐶

Define:
𝑘 = 𝑐 − 𝐶

So each level set is:
𝛼 ⋅ 𝑥 = 𝑘

This is an affine hyperplane perpendicular to 𝛼.
Thus every leaf is:

• smooth

• connected

• dimension 𝑛 − 1

Exploration of Finite Time Singularities of the 3D Navier Stokes Equations over a Periodic Domain T³

GJSFR-F Vol. 26 Issue 1 · 2026 29



Step 3 — Show the Sets Partition the Space
For any 𝑥 ∈ ℝ𝑛:

𝑐 = 𝐹(𝑥)
so 𝑥 belongs to exactly one level set.
Therefore:

ℝ𝑛 = ⋃
𝑐∈ℝ

{𝑥 ∶ 𝐹(𝑥) = 𝑐}

and the sets are disjoint.
So we have a partition.

Step 4 — Verify the Local Coordinate condition
(Definition of Foliation)
Define coordinates:

𝑡 = 𝐹(𝑥) = 𝛼 ⋅ 𝑥 + 𝐶
and choose coordinates:

𝑦1,… , 𝑦𝑛−1
along the hyperplane orthogonal to 𝛼.
Because:

∇𝐹 = 𝛼 ≠ 0,
the mapping

𝑥 ↦ (𝑦1,… , 𝑦𝑛−1, 𝑡)
is a smooth local coordinate system (Implicit Function Theorem).
In these coordinates, the leaves are:

𝑡 = constant.
This exactly matches the definition of a foliation.

Geometric Meaning
Adding the constant 𝐶 does not change the foliation — it only shifts
the labeling of the leaves.

Specifically:

𝐹(𝑥) = 𝛼 ⋅ 𝑥
and

𝐹(𝑥) = 𝛼 ⋅ 𝑥 + 𝐶
generate the same family of parallel hyperplanes.
The constant just moves the origin of the coordinate.

Conclusion

𝐹(𝑥) = 𝛼 ⋅ 𝑥 + 𝐶 with 𝛼 ≠ 0
defines a smooth codimension-1 foliation of ℝ𝑛

Useful General Principle
More generally:

Any smooth function whose gradient is nonzero everywhere
defines a foliation by its level sets.

So in PDE or transport settings, any affine phase function like

𝛼 ⋅ 𝑥 + 𝛽𝑡 + 𝐶
produces planar leaves in space-time — a very common geometric

structure in linear transport and wave propagation.

22. Proof that 𝑏1
𝜕𝑢𝑧
𝜕𝑥

+ 𝑏2
𝜕𝑢𝑧
𝜕𝑦

= 0 through foliations

𝑦 = 𝑥 + 𝐶 where 𝐶 ∈ ℝ
We are given the velocity components

𝑢𝑦 =
1

𝑓2(𝑥, 𝑧, 𝑡)
, 𝑢𝑥 =

1
𝑓1(𝑦, 𝑧, 𝑡)

.

We also consider a foliation of the form

𝑦 = 𝑥 + 𝐶, ∀𝐶 ∈ ℝ.

We want to prove that if

𝑓2 = −𝑓1 along the foliation,

then
𝑢𝑦 + 𝑢𝑥 = 0.

Substitute the foliation
Along a leaf 𝑦 = 𝑥 + 𝐶, we have

𝑢𝑥 =
1

𝑓1(𝑦, 𝑧, 𝑡)
= 1
𝑓1(𝑥 + 𝐶, 𝑧, 𝑡)

,

and
𝑢𝑦 =

1
𝑓2(𝑥, 𝑧, 𝑡)

.

Impose the condition 𝑓2 = −𝑓1
We are given that along the foliation

𝑓2(𝑥, 𝑧, 𝑡) = −𝑓1(𝑦, 𝑧, 𝑡) = −𝑓1(𝑥 + 𝐶, 𝑧, 𝑡).

Hence,

𝑢𝑦 =
1

𝑓2(𝑥, 𝑧, 𝑡)
= 1
−𝑓1(𝑥 + 𝐶, 𝑧, 𝑡)

= − 1
𝑓1(𝑥 + 𝐶, 𝑧, 𝑡)

.

Add 𝑢𝑥 + 𝑢𝑦

𝑢𝑦 + 𝑢𝑥 = − 1
𝑓1(𝑥 + 𝐶, 𝑧, 𝑡)

+ 1
𝑓1(𝑥 + 𝐶, 𝑧, 𝑡)

= 0.

Conclusion
Therefore, on a foliation 𝑦 = 𝑥 + 𝐶, if

𝑓2(𝑥, 𝑧, 𝑡) = −𝑓1(𝑦, 𝑧, 𝑡),

then the sum of the velocities in the 𝑥 and 𝑦 directions vanishes:

𝑢𝑦 + 𝑢𝑥 = 0 .

Note that 𝑢𝑧
𝜕ᵆ𝑧
𝜕𝑥

factors out. This result holds pointwise along
each leaf of the foliation. The crucial point is the matching of the
arguments along the foliation.

23. Geometric compatibility analysis for 𝑓1 = 𝛼𝑓32
We begin with the vector field

𝐴 = 𝑢𝑦∇𝑢𝑦 + 𝑢𝑥∇𝑢𝑥. (25)

The velocity components are

𝑢𝑦 =
1
𝑓1
, 𝑢𝑥 =

1
𝑓2
. (26)

Therefore
∇𝑢𝑦 = − 1

𝑓21
∇𝑓1
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and
∇𝑢𝑥 = − 1

𝑓22
∇𝑓2.

Hence
𝑢𝑦∇𝑢𝑦 = − 1

𝑓31
∇𝑓1

and
𝑢𝑥∇𝑢𝑥 = − 1

𝑓32
∇𝑓2.

Using the structure of the original ansatz,

∇𝑓1 = (𝑓1𝑥, 0, 𝑓1𝑧),

so
𝐴 = − 1

𝑓31
(𝑓1𝑥, 0, 𝑓1𝑧) −

1
𝑓32
(0, 𝑓2𝑦, 𝑓2𝑧).

Compatibility PDE when 𝑓1 = 𝛼𝑓32 and 𝛼 = 𝛼(𝑥, 𝑦)
We consider the foliation relation:

𝑓1 = 𝛼𝑓32
and assume

𝛼 = 𝛼(𝑥, 𝑦)
only, so

∇𝛼 = (𝛼𝑥, 𝛼𝑦, 0).
The compatibility condition still comes from

𝐴 × (∇ × 𝐴) = 0.

1. Express 𝑓2 in terms of 𝑓1, 𝛼
From

𝑓1 = 𝛼𝑓32
we get

𝑓2 = (
𝑓1
𝛼 )

1/3
.

Hence
𝑓−32 = 𝛼

𝑓1
.

The 𝑓2-part of the vector field becomes

− 1
𝑓32
(0, 𝑓2𝑦, 𝑓2𝑧) = − 𝛼

𝑓1
(0, 𝑓2𝑦, 𝑓2𝑧).

Now differentiate:

𝑓2𝑦 =
1
3 (

𝑓1
𝛼 )

−2/3
(
𝛼𝑓1𝑦 − 𝑓1𝛼𝑦

𝛼2 )

so

𝑓2𝑦 =
1
3𝑓22

(
𝑓1𝑦
𝛼 −

𝑓1𝛼𝑦
𝛼2 ) .

Similarly,

𝑓2𝑧 =
1
3𝑓22

𝑓1𝑧
𝛼 .

2. New geometric decomposition
After inserting these into

𝐴 × (∇ × 𝐴)

and collecting terms, the structure is

𝐴 × (∇ × 𝐴) = 1
𝑓𝑚1

[(∇𝛼) × 𝑉(𝑓1) + 𝛼𝑊(𝑓1)] .

The power 𝑚 depends on the chosen normalization, but the zero
condition is independent of it. Thus the compatibility equation is

(∇𝛼) × 𝑉(𝑓1) + 𝛼𝑊(𝑓1) = 0

3. Because 𝛼 = 𝛼(𝑥, 𝑦)
We have

∇𝛼 = (𝛼𝑥, 𝛼𝑦, 0).
Therefore

(∇𝛼) × 𝑉 = (
𝛼𝑦𝑉3
−𝛼𝑥𝑉3

𝛼𝑥𝑉2 − 𝛼𝑦𝑉1
) .

Hence the full compatibility PDE is:

⎧⎪
⎨⎪
⎩

𝛼𝑦𝑉3 + 𝛼𝑊1 = 0,

−𝛼𝑥𝑉3 + 𝛼𝑊2 = 0,

𝛼𝑥𝑉2 − 𝛼𝑦𝑉1 + 𝛼𝑊3 = 0.

This is the reduced two-dimensional 𝛼(𝑥, 𝑦) compatibility system.

4. Explicit consequence for blow-up
Solving the first two equations:

𝛼𝑥 = 𝛼𝑊2

𝑉3

and

𝛼𝑦 = −𝛼𝑊1

𝑉3
so

∇ log𝛼 =
⎛
⎜
⎜
⎜
⎝

𝑊2

𝑉3

−𝑊1

𝑉3

⎞
⎟
⎟
⎟
⎠

.

This is the cleanest form. It says:

𝛼(𝑥, 𝑦) = 𝛼0 exp (∫∇ log𝛼 ⋅ 𝑑(𝑥, 𝑦))

where the integrand is determined entirely by the 𝑓1-curvature.
Therefore, in the case

𝑓1 = 𝛼𝑓32 , 𝛼 = 𝛼(𝑥, 𝑦),

the compatibility law is:

spatial growth of 𝛼 = exact compensation of the 𝑓1 curvature.

In a blow-up regime of 𝑓1, the right side typically becomes singular,
forcing either:

|∇𝛼| → ∞
or a special alignment condition making

𝑊(𝑓1) = 0.

So this foliation allows 𝛼 to act as the compensating field even
though it has no 𝑧, 𝑡 dependence.

From (𝐴 ⋅ ∇)𝐴 = ∇(|𝐴|2)/2 − 𝐴 × (∇ × 𝐴) The following flux
amplification condition is introduced:

(𝐴 ⋅ ∇)𝐴 = 𝐴 ⋅ (𝑢𝑧∇𝑢𝑧)𝑒3
Now from the compatibility equation if 𝐴 × (∇ × 𝐴) = 0,

𝑢𝑧∇𝑢𝑧 = ∇ᵆ2𝑧
2

then

∇(|𝐴|2/2) = [𝐴 ⋅ ∇(𝑢2𝑧/2)]𝑒3
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Multiply Eq.(15) by 𝑒3 to get this form of the expression. For
a 3-D gradient to point only in the z-direction everywhere the
scalar function it is derived from cannot have any horizontal(𝑥 or 𝑦)
dependence. Therefore, |𝐴|2 = 𝑀(𝑧, 𝑡) for some function𝑀.

The remaining 𝑧-component of the equation is:

𝜕
𝜕𝑧 (|𝐴|

2/2) = 𝐴 ⋅ ∇ (𝑢2𝑧/2) 𝑒3

The RHS of this equation must balance and derivatives in 𝑥, 𝑦
directions vanish. So (𝐴 ⋅ ∇)𝐴 = 0 in horizontal 𝑋, 𝑌 directions.
The flux matching condition creates Ricatti Type coupling. Energy
of 𝐴 feeds into gradients of 𝑢𝑧 and gradients of 𝑢𝑧 feedback into
energy growth. The matching condition says that the energy of 𝐴
evolves exactly like scalar transport of 𝑢2𝑧 along 𝐴.

See the following feedback amplification growth mechanism:

Vertical Shear Layer
Sharp variations of 𝑢𝑧 in
horizontal plane: ∇𝑥,𝑦𝑢𝑧

Asymmetric Energy Pump
𝜕Φ
𝜕𝑧

= 𝑢𝑧(𝐴 ⋅ ∇𝑢𝑧)
Creates vertical stratification

Total Energy Growth
Local Φ = 1

2
|𝐴|2 increases

(Horizontally uniform)

Horizontal Advection Engine
𝐴𝑥

𝜕ᵆ𝑧
𝜕𝑥

+ 𝐴𝑦
𝜕ᵆ𝑧
𝜕𝑦

Currents tilt/compress 𝑢𝑧

Horizontal Component Growth
Energy shifted to 𝐴𝑥 and 𝐴𝑦
via irrotationality: ∇ × 𝐴 = 0

Driv
es D

ot P
rodu

ct

FeedsΦ

Amplifies𝐴𝑥, 𝐴𝑦
convective power

Steepens
∇𝑥,𝑦ᵆ𝑧

GLOBAL RUNAWAY
FEEDBACK LOOP
(Nonlinear Blow-up

Potential)

The previous derivation maps onto the foundational themes ex-
plored by Evan Miller in his recent work on the Navier-Stokes
strain equation and finite-time blow-up [25]. Miller’s research
directly tackles how the self-amplification of strain—rather than
classic vortex stretching—can act as the definitive driver for fluid
singularities and the turbulent energy cascade. By mapping out
how the horizontal velocity components (𝐴𝑥, 𝐴𝑦) compress the
fluid filaments and pump energy into a vertical sheet gradient
( 𝜕Φ
𝜕𝑧

), the loop and analysis of this paper mirrors Miller’s analytical
framework.

The strain matrix 𝑆 for an incompressible fluid is trace-free (Tr(𝑆) =
0), meaning its eigenvalues must satisfy:

𝜆1 + 𝜆2 + 𝜆3 = 0

Sorted by size, 𝜆1 ≥ 𝜆2 ≥ 𝜆3, meaning 𝜆1 is positive (stretching),
𝜆3 is negative (compressing), and the middle eigenvalue 𝜆2 dictates
whether the local geometry is flattening or pulling.

Miller established scale-critical conditions showing that finite-
time blow-up is severely restricted by the history and alignment
of this middle eigenvalue 𝜆2. How my Loop Maps onto the Matrix
Geometry In the system, the horizontal components (𝐴𝑥, 𝐴𝑦) drive
the Horizontal Advection Engine, which sharpens the horizontal
shear boundaries. This acts mathematically as a profound planar
compression (𝜆3 ≪ 0). Because the total energy density Φ is forced
to be uniform in 𝑥 and 𝑦 (∇𝑥,𝑦Φ = 0), the fluid is geometrically
forbidden from stretching or moving energy sideways. Here is
how the above loop and the analysis in this paper aligns with
Miller’s work. 1. Strain Self-Amplification Over Vortex Stretching In
standard fluid mechanics, the focus is almost always on the vorticity
equation:

𝜕𝑡𝜔 + (𝑢 ⋅ ∇)𝜔 = 𝑆𝜔

where 𝑆 = ∇sym𝑢 is the symmetric strain tensor. Blow-up is
traditionally thought to occur when the strain matrix 𝑆 stretches
the vorticity vector 𝜔 into a runaway spiral.

However, Miller investigated what happens when you focus
heavily on the evolution of the strain tensor itself (𝑆). The strain
evolution equation contains a quadratic self-interaction term:

𝜕𝑡𝑆 + (𝑢 ⋅ ∇)𝑆 + S2 +⋯ = 0

Miller demonstrated (particularly in his 2023 paper, “Finite-time
blowup for a Navier–Stokesmodel equation for the self-amplification
of strain”) that the quadratic 𝑆2 term can drive a finite-time
singularity via purely compressional strain self-amplification, even
if one damps out or severely restricts the rotational vortex stretching
mechanisms. The irrotational model in my work (∇× 𝐴 = 0) does
exactly this: it completely deletes the vorticity terms (𝜔 = 0), yet the
quadratic convective advection still forces a runaway compression
of potential fields. Because the total energy density Φ is forced
to be uniform in 𝑥 and 𝑦 (∇𝑥,𝑦Φ = 0), the fluid is geometrically
forbidden from stretching or moving energy sideways. This locks
the fluid into a strictly 1D-stratified vertical alignment along the
𝑒3 axis, effectively forcing 𝜆2 → 0 or locking its behavior into a
perfect geometric sandwich. The fluid elements are compressed flat
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horizontally, forcing a massive runaway gradient spike along the
vertical 𝑧-axis.

The Irrotational “Shock” Realization
The horizontal components act as the geometric compressor. The
irrotational constraints ( 𝜕𝐴𝑥

𝜕𝑧
= 𝜕ᵆ𝑧

𝜕𝑥
) substitute for vorticity. The

spatial energy pump feeds back into the horizontal velocities. By
removing the geometric “orthogonal drift” of rotation, the derived
equations form a Burgers-type convective shock channel. The fluid
endlessly concentrates its energy into an infinitely thin vertical layer.
This establishes a highly restricted manifestation of pure strain-
driven regular stratification collapsing into a geometric singularity.

24. Proof that 𝜕𝑢𝑧
𝜕𝑦

+ 𝜕𝑢𝑦
𝜕𝑧

= 𝜕𝑢𝑧
𝜕𝑥

+ 𝜕𝑢𝑥
𝜕𝑧

along a plane

foliation
We are given

𝑉1 =
𝜕𝑢𝑧
𝜕𝑦 +

𝜕𝑢𝑦
𝜕𝑧 , 𝑉2 =

𝜕𝑢𝑧
𝜕𝑥 +

𝜕𝑢𝑥
𝜕𝑧 .

Assume a plane foliation

𝑦 = 𝑥 + 𝐶, 𝐶 ∈ ℝ.

Express derivatives along the plane.
Along the plane, any function 𝑓(𝑥, 𝑦, 𝑧, 𝑡) can be written as

𝑓(𝑥, 𝑥 + 𝐶, 𝑧, 𝑡). Therefore,

𝜕𝑓
𝜕𝑦 =

𝜕𝑓
𝜕𝑥 .

Hence,
𝜕𝑢𝑧
𝜕𝑦 = 𝜕𝑢𝑧

𝜕𝑥 .

Equality of 𝑉1 and 𝑉2.
Similarly, along the plane,

𝜕𝑢𝑦
𝜕𝑧 =

𝜕𝑢𝑥
𝜕𝑧 .

Thus, along the plane 𝑦 = 𝑥 + 𝐶,

𝑉1 =
𝜕𝑢𝑧
𝜕𝑦 +

𝜕𝑢𝑦
𝜕𝑧 = 𝜕𝑢𝑧

𝜕𝑥 +
𝜕𝑢𝑥
𝜕𝑧 = 𝑉2.

25. Collection of terms with Pressure 𝑃 and 𝑢𝑧
defining (𝑓𝑎)𝑧(force in 𝑧 direction)

We have a left over term in the Navier Stokes transformed equation
given as:

(𝑓𝑎)𝑧 = [−∇(𝑃𝑢𝑧 ⃗𝑏)]3𝑗 = −𝑢𝑧 𝑏3 𝜕𝑗𝑃−𝑃 𝑏3 𝜕𝑗𝑢𝑧−𝑃 𝑢𝑧 𝜕𝑗𝑏3 (27)

However from the section onmatrix transformations we examined
for the forcing term in the Navier Stokes equations we calculated it
as:

[𝑀( ⃗𝑏)[𝑀( ⃗𝑢) ⃗𝑓]]
3

= 𝑓𝑥𝑏1𝑢𝑧 + 𝑓𝑦𝑏2𝑢𝑧 + 𝑓𝑧 (𝑏1𝑢𝑥 + 𝑏2𝑢𝑦) (28)

where here we have calculated the third component to align with
Equation (6) in [1]. Since we are considering foliations 𝑦 = 𝑥 + 𝐶,
𝐶 ∈ ℝ, then this will reduce to:

[𝑀( ⃗𝑏)[𝑀( ⃗𝑢) ⃗𝑓]]
3

= 2𝑢𝑥𝑢𝑦𝑢𝑧𝑓𝑧 (29)

since 𝑓𝑥𝑏1𝑢𝑧+𝑓𝑦𝑏2𝑢𝑧 = 0 and 𝑏1𝑢𝑥 = 𝑢𝑥𝑢𝑦𝑢𝑧 and 𝑏2𝑢𝑦 = 𝑢𝑥𝑢𝑦𝑢𝑧.
So (𝑓𝑎)3 = 𝑏1𝑢𝑥𝑓𝑧,
Thus we have:

(𝑓𝑎)3 = −𝜕𝑃𝜕𝑧 (30)

since at the branch point of the LambertW function, 𝑃 𝑏3 𝜕𝑗𝑢𝑧 +
𝑃 𝑢𝑧 𝜕𝑗𝑏3 = 0
when 𝑗 = 3. Thus we have

𝑏1𝑢𝑥𝑓𝑧 = −𝑢𝑧𝑏3
𝜕𝑃
𝜕𝑧 (31)

But 𝑏1𝑢𝑥 = 𝑢𝑧𝑏3 and one arrives at the fundamental fluid dynamics
equation for force 𝑓𝑧 in the 𝑧 direction of flow :

𝑓𝑧 = −𝜕𝑃𝜕𝑧 (32)

Here the dimension of the right side are in terms of force per unit
time. Here 𝑃 = 𝐹/𝐿2.

26. Proof of Periodicity of 𝑢𝑥 provided 𝜖3 ≠ 0
We are given the modified definition

𝑏3(𝑧, 𝑡) = − 1

𝑊(− 𝑒sin(−𝑧+𝑡+𝜖)+ln(2)−2

1−sin(−𝑧+𝑡+𝜖)+𝜖3
)

and

𝑢𝑦(𝑧, 𝑡) =
1

1 − sin(−𝑧 + 𝑡 + 𝜖) + 𝜖3
.

Suppose

𝑏3 = 𝑢𝑥𝑢𝑦.

Therefore

𝑢𝑥 =
𝑏3
𝑢𝑦
.

Explicit Formula for 𝑢𝑥
Since

1
𝑢𝑦

= 1 − sin(−𝑧 + 𝑡 + 𝜖) + 𝜖3,

we obtain

𝑢𝑥(𝑧, 𝑡) = −
1 − sin(−𝑧 + 𝑡 + 𝜖) + 𝜖3

𝑊(− 𝑒sin(−𝑧+𝑡+𝜖)+ln(2)−2

1 − sin(−𝑧 + 𝑡 + 𝜖) + 𝜖3
)
.

Using

sin(−𝑧 + 𝑡 + 𝜖) = sin(𝑡 − 𝑧 + 𝜖),

this becomes

𝑢𝑥(𝑧, 𝑡) = −
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3

𝑊(− 𝑒sin(𝑡−𝑧+𝜖)+ln(2)−2

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3
)
.
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Periodicity in 𝑧
Define

𝜃(𝑧, 𝑡) = sin(𝑡 − 𝑧 + 𝜖).

Then

𝜃(𝑧 + 2𝜋, 𝑡) = sin(𝑡 − (𝑧 + 2𝜋)) .

Since sine is 2𝜋-periodic,

sin(𝑡 − 𝑧 − 2𝜋) = sin(𝑡 − 𝑧 + 𝜖),

hence

𝜃(𝑧 + 2𝜋, 𝑡) = 𝜃(𝑧, 𝑡).

Therefore

1 − 𝜃(𝑧 + 2𝜋, 𝑡) + 𝜖3 = 1 − 𝜃(𝑧, 𝑡) + 𝜖3.

Thus every trigonometric component of 𝑢𝑥 is periodic with period
2𝜋.

Periodicity of the Lambert𝑊 Composition
Define the Lambert argument

𝑋(𝑧, 𝑡) = − 𝑒𝜃(𝑧,𝑡)+ln(2)−2

1 − 𝜃(𝑧, 𝑡) + 𝜖3
.

Because

𝜃(𝑧 + 2𝜋, 𝑡) = 𝜃(𝑧, 𝑡),

we obtain

𝑋(𝑧 + 2𝜋, 𝑡) = 𝑋(𝑧, 𝑡).

Therefore, provided the same branch of the Lambert𝑊 function
is chosen,

𝑊(𝑋(𝑧 + 2𝜋, 𝑡)) = 𝑊(𝑋(𝑧, 𝑡)).

Consequently,

𝑢𝑥(𝑧 + 2𝜋, 𝑡) = 𝑢𝑥(𝑧, 𝑡).

Hence 𝑢𝑥 is periodic in the spatial variable 𝑧.

Membership in the One-Dimensional Torus
Therefore

𝑢𝑥(⋅, 𝑡) is 2𝜋-periodic in 𝑧.

Hence

𝑢𝑥 ∈ 𝕋1.

More precisely,

𝑢𝑥(⋅, 𝑡) ∈ 𝐿𝑝(𝕋1)

for every finite 𝑝, provided the denominator remains nonzero.

Analysis of the Modified Denominator
The key structural difference from the previous case is the replace-
ment

1 + sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 ⟶ 1− sin(𝑡 − 𝑧 + 𝜖) + 𝜖3.

We now analyze the implications.
Since

−1 ≤ sin(𝑡 − 𝑧 + 𝜖) ≤ 1,

we obtain

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 ≥ 𝜖3.

Thus, if

𝜖3 > 0,

then

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 > 0

for all (𝑧, 𝑡).
Therefore the denominator never vanishes.

Critical Geometry
The minimum occurs when

sin(𝑡 − 𝑧 + 𝜖) = 1.

This happens at

𝑡 − 𝑧 = 𝜋
2 + 2𝑘𝜋,

equivalently,

𝑧 = 𝑡 − 𝜋
2 − 2𝑘𝜋.

At this location,

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 = 𝜖3.

Hence if

𝜖3 → 0,

the denominator approaches zero precisely at

𝑧 = 𝑡 − 𝜋
2 .

This differs from the previous 1 + sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 case, where
the singular geometry occurred at

𝑧 = 𝑡 + 𝜋
2 .
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Behavior of the Lambert Argument
The Lambert argument is

𝑋(𝑧, 𝑡) = − 𝑒sin(𝑡−𝑧+𝜖)+ln(2)−2

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3
.

At

𝑧 = 𝑡 − 𝜋
2 ,

we have

sin(𝑡 − 𝑧 + 𝜖) = 1.
Therefore

𝑋 = −𝑒
1+ln(2)−2

𝜖3
.

Since

𝑒1+ln(2)−2 = 2𝑒−1,
we obtain

𝑋 = − 2
𝑒 𝜖3

.

As

𝜖3 → 0,
we have

𝑋 → −∞.
Thus the Lambert argument crosses the branch region and may

leave the real-valued principal branch.

Regularity Consequences
When

𝜖3 > 0,
the denominator remains strictly positive, so:

• 𝑢𝑦 remains finite,

• 𝑢𝑥 remains periodic,

• the Lambert composition remains well-defined on a fixed
branch,

• all first-order derivatives remain finite away from the branch
singularity.

However, as

𝜖3 → 0,
the denominator degenerates at

𝑧 = 𝑡 − 𝜋
2 ,

and:

• 𝑢𝑦 becomes unbounded,

• the Lambert argument approaches the branch singular regime,

• higher derivatives may fail to exist.

Thus periodicity is preserved independently of smoothness.

7. Final Statement
For the modified transport structure

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3,

the velocity component

𝑢𝑥(𝑧, 𝑡) = −
1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3

𝑊(− 𝑒sin(𝑡−𝑧+𝜖)+ln(2)−2

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3
)

satisfies

𝑢𝑥(𝑧 + 2𝜋, 𝑡) = 𝑢𝑥(𝑧, 𝑡).

Hence

𝑢𝑥 ∈ 𝕋1.

The modified singular geometry now occurs at

𝑧 = 𝑡 − 𝜋
2 ,

rather than

𝑧 = 𝑡 + 𝜋
2 .

Therefore the sign change in the trigonometric structure shifts the
location of possible loss of smoothness while preserving periodicity.

27. Analysis of 𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 for the Modified Struc-
ture 1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3

We analyze whether

𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 → 0 as 𝜖3 → 0.

This holds only if the gradients do not blow up faster than 1/𝜖3.

1. Definitions
We define

𝑢𝑦 =
1

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3

and

𝑏3 = − 1

𝑊(− 𝑒sin(𝑡−𝑧+𝜖)+ln(2)−2

1−sin(𝑡−𝑧+𝜖)+𝜖3
)
.

Suppose

𝑏3 = 𝑢𝑥 𝑢𝑦.

Hence

𝑢𝑥 = 𝑏3 (1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3).
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2. Identification of the Singular Point
The critical location is

𝑧∗ = 𝑡 − 𝜋
2 .

At this point

sin(𝑡 − 𝑧∗) = 1.

Therefore

1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 ≈ 𝜖3 near 𝑧∗.

3. Gradient of 𝑢𝑦
Compute

𝜕𝑧𝑢𝑦 = − cos(𝑡 − 𝑧 + 𝜖)
(1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3)

2 .

Near the singular point,

|∇𝑢𝑦| ∼
1
𝜖23
.

4. Behavior of the Lambert-𝑊 Derivative
Near the branch point,

𝑊 ′(𝑥) ∼ 1

√𝑥 + 1
𝑒

.

In this construction,

𝑥 + 1
𝑒 ∼ 𝜖3.

Therefore

𝑊 ′ ∼ 1
√𝜖3

.

Thus derivatives of 𝑏3 scale like

|∇𝑏3| ∼
1
√𝜖3

.

5. Gradient of 𝑢𝑥
Recall

𝑢𝑥 = 𝑏3 (1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3).

Differentiate:

∇𝑢𝑥 = (1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖3) ∇𝑏3 + 𝑏3∇(1 − sin(𝑡 − 𝑧 + 𝜖)).

Near the singular point:
First term:

𝜖3 ⋅
1
√𝜖3

= √𝜖3.

Second term:

𝑏3 × 𝑂(1).

Therefore

|∇𝑢𝑥| = 𝑂(1).

Thus

∇𝑢𝑥 remains bounded.

6. Dot Product Scaling
We combine the estimates

|∇𝑢𝑥| ∼ 1,

and

|∇𝑢𝑦| ∼
1
𝜖23
.

Therefore

∇𝑢𝑥 ⋅ ∇𝑢𝑦 ∼
1
𝜖23
.

7. Multiply by 𝜖3

𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 ∼
1
𝜖3
.

Hence

𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 →∞ as 𝜖3 → 0.

8. Integral behavior
Consider the integral near the singular point

∫𝜖3
1
𝜖23
𝑑𝑧.

Then

∫𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧 ∼
1
𝜖3
.

Thus even the integral typically diverges unless additional
cancellation occurs.

Geometric difference from the Previous case
The only structural change from the previous analysis is the
replacement

1 + sin(𝑡 − 𝑧 + 𝜖) + 𝜖3 ⟶ 1− sin(𝑡 − 𝑧 + 𝜖) + 𝜖3.

Consequently, the singular geometry shifts from

𝑧 = 𝑡 + 𝜋
2

to

𝑧 = 𝑡 − 𝜋
2 .

The asymptotic scaling structure remains identical.
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Final Conclusion

𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 does not go to zero in general.

For this modified structure, the dominant scaling again implies

𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 →∞ as 𝜖3 → 0.

Condition for Vanishing
To obtain

𝜖3∇𝑢𝑥 ⋅ ∇𝑢𝑦 → 0,

one would need

|∇𝑢𝑥 ⋅ ∇𝑢𝑦| = 𝑂(1) or slower than
1
𝜖3
.

Viscosity Scaling and Vanishing of the Gradient
Product Term
We now replace the parameter 𝜖3 by a viscosity coefficient 𝜈
multiplying the nonlinear gradient interaction term:

𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦.

Assume the scaling relation

𝜈 = (𝜖3)2.

1. Asymptotic scaling of the gradient product
From the previous analysis, near the singular point

𝑧∗ = 𝑡 + 𝜋
2 ,

we obtained

∇𝑢𝑥 ⋅ ∇𝑢𝑦 ∼
1
𝜖23
.

Therefore,

𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 ∼ (𝜖3)2 ⋅
1
𝜖23
.

Hence
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 ∼ 1.

However, this is a pointwise scaling. To obtain vanishing behavior,
we examine the integral structure.

2. Integral on the torus
Consider the integral over the torus 𝕋1:

∫
𝕋1
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧.

Using the localized singular structure near 𝑧∗, we write

∫
𝕋1
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧 ∼ ∫

𝕋1
(𝜖3)2 ⋅

1
𝜖23
𝑑𝑧.

Thus,

∫
𝕋1
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧 ∼ ∫

𝕋1
1 𝑑𝑧.

3. Localized collapse under vanishing support
If the singular region shrinks with 𝜖3, i.e.

supp(∇𝑢𝑥 ⋅ ∇𝑢𝑦) ∼ 𝑂(𝜖3),

then the effective scaling becomes

∫
𝕋1
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧 ∼ (𝜖3)2 ⋅

1
𝜖23
⋅ 𝜖3.

Thus

∫
𝕋1
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧 ∼ 𝜖3 → 0.

4. Conclusion
With the viscosity scaling

𝜈 = (𝜖3)2,

and assuming localization of the singular structure near 𝑧∗, we
obtain

∫
𝕋1
𝜈∇𝑢𝑥 ⋅ ∇𝑢𝑦 𝑑𝑧⟶ 0 as 𝜖3 → 0.

Thus the nonlinear gradient interaction is asymptotically sup-
pressed in the weak (integrated) sense under this viscosity scaling.

28. A smooth extension of the Navier Stokes equa-
tions

Regularized Transport Equation for the Trans-
formed Variable
I propose the following regularized evolution equation for the
transformed variable 𝑏(𝑥, 𝑦, 𝑧, 𝑡):

𝜕𝑡𝑏 + (𝑢⃗ ⋅ ∇)𝑏 = 𝜈Δ𝑏 − 𝜖Δ2𝑏

where

Δ2𝑏 = Δ(Δ𝑏)

is the biharmonic operator, 𝜈 > 0 is the viscosity coefficient, and
𝜖 > 0 is a higher-order regularization parameter.

Interpretation
The additional term

−𝜖Δ2𝑏

introduces hyperviscosity, providing enhanced smoothing while
preserving the nonlinear transport structure.

Energy Identity
Multiplying the equation by 𝑏 and integrating over the spatial
domain Ω:

𝑑
𝑑𝑡 ∫Ω

𝑏2 𝑑𝑥 = −2𝜈∫
Ω
|∇𝑏|2 𝑑𝑥 − 2𝜖∫

Ω
|Δ𝑏|2 𝑑𝑥.

Hence,

the quadratic term 𝑏2 is dissipated in time.
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Hyperviscous Extension of the Transformed
Navier–Stokes system
Let the transformed velocity field be defined through the matrix
mapping

⃗𝑣 = 𝑀(𝑢⃗)𝑢⃗ + 𝑀( ⃗𝑎) ⃗𝑎,

where

⃗𝑎 = 𝑢𝑧 ⃗𝑏.

We consider the hyperviscous extension of the transformed
equation corresponding to Eq. (6):

𝜕𝑡 ⃗𝑣 + ∇ ⋅ ( ⃗𝑢 ⊗ ⃗𝑣) = −∇𝑝 + 𝜈Δ ⃗𝑣 − 𝜖Δ2 ⃗𝑣.

Here

⃗𝑢 ⊗ ⃗𝑣 = (
𝑢1𝑣1 𝑢1𝑣2 𝑢1𝑣3
𝑢2𝑣1 𝑢2𝑣2 𝑢2𝑣3
𝑢3𝑣1 𝑢3𝑣2 𝑢3𝑣3

) .

The biharmonic operator acts componentwise:

Δ2 ⃗𝑣 = (
Δ2𝑣1
Δ2𝑣2
Δ2𝑣3

) .

29. The Governing PDE for the 𝑖th flow direction

𝜕𝑣3
𝜕𝑠 𝐴𝜇(𝛿 − 1) +

2𝜇2(𝛿 − 1) 𝜕𝑣3
𝜕𝑠
𝐵

3

− 𝜌𝑣3(𝑦1, 𝑦2, 𝑦3, 𝑠)
𝜕2𝑣3
𝜕𝑦23

− 𝜌 (
𝜕𝑣3
𝜕𝑦3

)
2
−

𝜕2𝑣3
𝜕𝑦1𝜕𝑦3
3 = 0

(33)

where 𝜇 is the dynamic viscosity of the fluid. Considering the
Ansatz:

v3(y1, y2, y3, 𝑠) = 𝑓(y1, y2, y3, 𝑠) e−V3(y1,y2,y3,𝑠) (34)

where,

𝑓(y1, y2, y3, 𝑠) =
1

1 − sin(𝑠 − y1 − y2 − y3) + 𝜖 (35)

Coefficient PDE of the 𝑒−2𝑉 3 Term
The solution given by Maple 2026 is:

V3(𝑦1, 𝑦2, 𝑦3, 𝑠) = − ln(2)2 − 1
2 ln[(4 sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3)𝜖

− 2𝜖2 + cos(2𝑠 − 2𝑦1 − 2𝑦2 − 2𝑦3)

+ 4 sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) − 4𝜖 − 3)

× (𝑓2(𝑦1, 𝑦2, 𝑠)𝑦3 − 𝑓1(𝑦1, 𝑦2, 𝑠))]

(36)

Full PDE Combining the 𝑒−2𝑣3 and 𝑒−𝑣3 Contribu-
tions
Define

𝜃 = 𝑠 − 𝑦1 − 𝑦2 − 𝑦3,

and
𝐷 = 1 − sin 𝜃 + 𝜀.

The full equation obtained by combining both exponential
contributions is,

−𝜌
(cos 𝜃 + 𝐷 𝑣3,𝑦3)

2 𝑒−2𝑣3

𝐷4

+𝑒
−𝑣3

3 [
𝑣3,𝑦1𝑦3
𝐷 − 2 cos2 𝜃

𝐷3 + sin 𝜃
𝐷2

−(
𝑣3,𝑦1
𝐷 + cos 𝜃

𝐷2 ) 𝑣3,𝑦3

+(−𝛿 + 1)(2𝐵𝜇2 + 3𝐴𝜇)
𝑣3,𝑠
𝐷

+(𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇)cos 𝜃𝐷2

−
cos 𝜃 𝑣3,𝑦1

𝐷2 ]

−𝜌
(
(𝑣3,𝑦3)

2

𝐷
−

𝑣3,𝑦3𝑦3
𝐷

+
2 cos𝜃 𝑣3,𝑦3

𝐷2
+ 2 cos2 𝜃

𝐷3
− sin𝜃

𝐷2 ) 𝑒
−2𝑣3

𝐷 = 0.

30. Verification and Reduction of the Nonlinear
PDE

We consider the nonlinear PDE associated with coefficient of 𝑒−𝑣3 ,

𝑣3,𝑦1𝑦3
1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖 −

2 cos2(𝑠 − 𝑦1 − 𝑦2 − 𝑦3)
(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)3

+
sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3)

(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)2

− (
𝑣3,𝑦1

1 − sin(𝜃) + 𝜖 +
cos(𝑠 − 𝑦1 − 𝑦2 − 𝑦3)

(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)2 )
𝑣3,𝑦3

+ (−𝛿 + 1)(2𝐵𝜇2 + 3𝐴𝜇)
𝑣3,𝑠

1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖

+ (𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇)
cos(𝑠 − 𝑦1 − 𝑦2 − 𝑦3)

(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)2

−
cos(𝑠 − 𝑦1 − 𝑦2 − 𝑦3)𝑣3,𝑦1

(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)2
= 0.

(37)

31. Ansatz
Define

𝜃 = 𝑠 − 𝑦1 − 𝑦2 − 𝑦3,

and

𝐷 ∶= 1 − sin 𝜃 + 𝜖.

Define also

𝐻(𝑦1, 𝑦2, 𝑦3, 𝑠) = 𝑓2(𝑦1, 𝑦2, 𝑠) 𝑦3 − 𝑓1(𝑦1, 𝑦2, 𝑠).
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We use the ansatz

𝑣3 = −12 ln(𝑄(𝜃)𝐻) −
1
2 ln 2,

where

𝑄(𝜃) = 4𝜖 sin 𝜃 − 2𝜖2 + cos(2𝜃) + 4 sin 𝜃 − 4𝜖 − 3.

32. Factorization Identity
Using

cos(2𝜃) = 1 − 2 sin2 𝜃,
we compute

𝑄 = 4𝜖 sin 𝜃 − 2𝜖2 + 1 − 2 sin2 𝜃 + 4 sin 𝜃 − 4𝜖 − 3 (38)

= −2 sin2 𝜃 + 4(𝜖 + 1) sin 𝜃 − 2(𝜖 + 1)2 (39)

= −2 (sin 𝜃 − (𝜖 + 1))2 . (40)

Since

sin 𝜃 − (𝜖 + 1) = −(1 − sin 𝜃 + 𝜖),
we obtain

𝑄 = −2𝐷2

and therefore

𝑣3 = −12 ln(−2𝐷
2𝐻) − 1

2 ln 2.

Ignoring additive constants,

𝑣3 = − ln𝐷 − 1
2 ln𝐻.

33. Derivatives of 𝐷
Since

𝐷 = 1 − sin 𝜃 + 𝜖,
and

𝜃 = 𝑠 − 𝑦1 − 𝑦2 − 𝑦3,
we have

𝜃𝑦1 = −1, 𝜃𝑦3 = −1, 𝜃𝑠 = 1.
Hence

𝐷𝑦1 = cos 𝜃, 𝐷𝑦3 = cos 𝜃, 𝐷𝑠 = − cos 𝜃.

34. Derivatives of 𝐻
Since

𝐻 = 𝑓2𝑦3 − 𝑓1,
we obtain

𝐻𝑦3 = 𝑓2,

𝐻𝑦1 = 𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1,

𝐻𝑠 = 𝑓2,𝑠𝑦3 − 𝑓1,𝑠.

35. First Derivatives of 𝑣3
Using

𝑣3 = − ln𝐷 − 1
2 ln𝐻,

we compute

𝑦3-Derivative

𝑣3,𝑦3 = −
𝐷𝑦3
𝐷 − 1

2
𝐻𝑦3
𝐻 ,

thus

𝑣3,𝑦3 = − cos 𝜃𝐷 − 1
2
𝑓2
𝐻 .

𝑦1-Derivative

𝑣3,𝑦1 = − cos 𝜃𝐷 − 1
2
𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1

𝐻 .

Hence

𝑣3,𝑦1 = − cos 𝜃𝐷 − 1
2
𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1

𝐻 .

𝑠-Derivative

𝑣3,𝑠 = + cos 𝜃𝐷 − 1
2
𝑓2,𝑠𝑦3 − 𝑓1,𝑠

𝐻 .

Thus

𝑣3,𝑠 =
cos 𝜃
𝐷 − 1

2
𝑓2,𝑠𝑦3 − 𝑓1,𝑠

𝐻 .

36. Mixed Derivative 𝑣3,𝑦1𝑦3
Differentiate

𝑣3,𝑦3 = − cos 𝜃𝐷 − 1
2
𝑓2
𝐻

with respect to 𝑦1.

Derivative of the Singular Part
Using the quotient rule,

𝜕𝑦1 (−
cos 𝜃
𝐷 ) = −(sin 𝜃)𝐷 − cos2 𝜃

𝐷2 .

Hence

= − sin 𝜃𝐷 + cos2 𝜃
𝐷2 .

Derivative of the 𝐻-Part
We compute

𝜕𝑦1 (
𝑓2
𝐻 ) =

𝑓2,𝑦1𝐻 − 𝑓2𝐻𝑦1
𝐻2 .

Substitute

𝐻 = 𝑓2𝑦3 − 𝑓1, 𝐻𝑦1 = 𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1.

Then

𝑓2,𝑦1𝐻 − 𝑓2𝐻𝑦1 = 𝑓2,𝑦1(𝑓2𝑦3 − 𝑓1) − 𝑓2(𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1) (41)

= 𝑓2,𝑦1𝑓2𝑦3 − 𝑓2,𝑦1𝑓1 − 𝑓2𝑓2,𝑦1𝑦3 + 𝑓2𝑓1,𝑦1. (42)
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The 𝑦3-terms cancel, yielding

= 𝑓2𝑓1,𝑦1 − 𝑓1𝑓2,𝑦1.

Thus

𝜕𝑦1 (
𝑓2
𝐻 ) =

𝑓2𝑓1,𝑦1 − 𝑓1𝑓2,𝑦1
𝐻2 .

Therefore

𝑣3,𝑦1𝑦3 = − sin 𝜃𝐷 + cos2 𝜃
𝐷2 − 1

2
𝑓2𝑓1,𝑦1 − 𝑓1𝑓2,𝑦1

𝐻2 .

37. Substitution into the PDE
Substituting all derivatives into the PDE produces:

1
𝐷 (− sin 𝜃𝐷 + cos2 𝜃

𝐷2 − 1
2
𝑓2𝑓1,𝑦1 − 𝑓1𝑓2,𝑦1

𝐻2 )

− 2 cos2 𝜃
𝐷3 + sin 𝜃

𝐷2

− (−cos 𝜃𝐷2 − 1
2
𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1

𝐷𝐻 + cos 𝜃
𝐷2 ) (−cos 𝜃𝐷 − 1

2
𝑓2
𝐻 )

+ (−𝛿 + 1)(2𝐵𝜇2 + 3𝐴𝜇) (cos 𝜃𝐷2 − 1
2
𝑓2,𝑠𝑦3 − 𝑓1,𝑠

𝐷𝐻 )

+ (𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇)cos 𝜃𝐷2

− cos 𝜃
𝐷2 (−cos 𝜃𝐷 − 1

2
𝑓2,𝑦1𝑦3 − 𝑓1,𝑦1

𝐻 ) = 0. (43)

38. Exact Cancellation
The singular geometric terms cancel identically:

− sin 𝜃𝐷2 + sin 𝜃
𝐷2 = 0,

and

cos2 𝜃
𝐷3 − 2 cos2 𝜃

𝐷3 + cos2 𝜃
𝐷3 = 0.

Thus all purely trigonometric singular terms vanish.

39. Reduced Equation
The remaining highest-order rational term is

−12
𝑓2𝑓1,𝑦1 − 𝑓1𝑓2,𝑦1

𝐷𝐻2 .

Since the PDE holds pointwise, the coefficient must vanish:

𝑓2𝑓1,𝑦1 − 𝑓1𝑓2,𝑦1 = 0.

Therefore

𝜕𝑦1 (
𝑓1
𝑓2
) = 0.

Hence there exists an arbitrary function

Λ(𝑦2, 𝑠)

such that

𝑓1 = Λ(𝑦2, 𝑠)𝑓2.

40. Transport Equation
The remaining 𝐻−1-terms reduce to

𝑓2,𝑠 + (𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇)𝑓2,𝑦1 = 0.

Define

𝑐 = (𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇).

Then

𝑓2,𝑠 + 𝑐𝑓2,𝑦1 = 0.

41. Characteristic solution
Characteristics satisfy

𝑑𝑦1
𝑑𝑠 = 𝑐.

Hence

𝑦1 − 𝑐𝑠 = constant.

Therefore

𝑓2(𝑦1, 𝑦2, 𝑠) = 𝐹(𝑦1 − 𝑐𝑠, 𝑦2),

where 𝐹 is arbitrary smooth data.
Since

𝑓1 = Λ(𝑦2, 𝑠)𝑓2,

we obtain

𝑓1(𝑦1, 𝑦2, 𝑠) = Λ(𝑦2, 𝑠) 𝐹(𝑦1 − 𝑐𝑠, 𝑦2).

42. Smooth Initial data Formulation
Suppose the initial condition for the ansatz is prescribed at 𝑠 = 0:

𝑣3(𝑦1, 𝑦2, 𝑦3, 0) = 𝑣0(𝑦1, 𝑦2, 𝑦3).

Then

𝑣0 = − ln(1 − sin(−𝑦1 − 𝑦2 − 𝑦3) + 𝜖) − 1
2 ln(𝐻0),

where

𝐻0 = 𝐹(𝑦1, 𝑦2) (𝑦3 − Λ(𝑦2, 0)) .

Thus smooth initial data determines:

𝐹(𝑦1, 𝑦2)

and

Λ(𝑦2, 0).

The evolved solution is

𝑉3 = − ln(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)

− 1
2 ln (𝐹(𝑦1 − 𝑐𝑠, 𝑦2)(𝑦3 − Λ(𝑦2, 𝑠))) .
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43. Final Result
The nonlinear PDE admits the exact family

𝑓2(𝑦1, 𝑦2, 𝑠) = 𝐹(𝑦1 − 𝑐𝑠, 𝑦2),

𝑓1(𝑦1, 𝑦2, 𝑠) = Λ(𝑦2, 𝑠) 𝐹(𝑦1 − 𝑐𝑠, 𝑦2),

with

𝑐 = (𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇).

Therefore

𝑉3 = − ln(1 − sin(𝑠 − 𝑦1 − 𝑦2 − 𝑦3) + 𝜖)

− 1
2 ln (𝐹(𝑦1 − 𝑐𝑠, 𝑦2)(𝑦3 − Λ(𝑦2, 𝑠)))

is an exact solution family of the PDE. Note here that when
𝑦3 ≫ Λ(𝑦2, 𝑠) > 0 (correspondingly 𝑧 ≫ than a positive surface and
when ℛ𝑛 approaches 0− when LambertW is substituted in for 𝑉3.
(recall −𝑧 − 𝑡 → −∞ and so we have the derivative of LambertW
solution approaches zero and hence if we rescale the problem
since 𝑣∗3 = 𝑣3/𝛿 as introduced after Main Theorem 2,(𝛿 = −1/√𝜅1
(𝜅1 = 𝜕ℛ𝑛

𝜕𝑧
)). Here 𝑣∗3 will approach a negative non-zero constant as

𝑧 → +∞.

Automatic Smoothness of the Transformed Vari-
able 𝑣3
We consider the exact solution

𝑉3 = − ln(1 − sin 𝜃 + 𝜖) − 1
2 ln(𝐻)

where

𝜃 = 𝑠 − 𝑦1 − 𝑦2 − 𝑦3,

and

𝐻 = 𝐹(𝑦1 − 𝑐𝑠, 𝑦2)(𝑦3 − Λ(𝑦2, 𝑠)),

with

𝑐 = (𝛿 − 1)(2𝐵𝜇2 + 3𝐴𝜇).

Define the transformed variable

𝑣3 ∶= (1 − sin 𝜃 + 𝜖)−1𝑒−𝑉3.

We prove that smooth initial data for 𝑣3 forces the transport
functions 𝐹 and Λ to be smooth. In particular, the smoothness of
𝐹,Λ is not assumed independently.

1. Compute the Exact Form of 𝑉3
Define

𝐷 ∶= 1 − sin 𝜃 + 𝜖.

Then

𝑉3 = − ln𝐷 − 1
2 ln𝐻.

Hence

−𝑉3 = ln𝐷 + 1
2 ln𝐻.

Exponentiating,

𝑒−𝑉3 = 𝑒ln𝐷𝑒
1
2
ln𝐻.

Therefore

𝑒−𝑉3 = 𝐷𝐻1/2.

Substituting into the definition of 𝑉3,

𝑣3 = 𝐷−1(𝐷𝐻1/2).

The 𝐷-factors cancel exactly:

𝑣3 = 𝐻1/2.

Therefore

𝑣3 = √𝐹(𝑦1 − 𝑐𝑠, 𝑦2)(𝑦3 − Λ(𝑦2, 𝑠)).

This is the crucial hidden structure.

2. Recovering 𝐻 from 𝑉3
Squaring gives

𝑣23 = 𝐹(𝑦1 − 𝑐𝑠, 𝑦2)(𝑦3 − Λ(𝑦2, 𝑠)).

Thus

𝐻 = 𝑉2
3 .

Consequently, the entire logarithmic singular structure of 𝑣3
disappears in the transformed variable 𝑉3.

3. Smooth Initial data
Suppose

𝑣3(𝑦1, 𝑦2, 𝑦3, 0) = 𝑣0(𝑦1, 𝑦2, 𝑦3),

with

𝑣0 ∈ 𝐶∞.

Then at 𝑠 = 0,

𝑣20 = 𝐹(𝑦1, 𝑦2)(𝑦3 − Λ(𝑦2, 0)).

Thus

𝑣20 = 𝐹(𝑦1, 𝑦2)(𝑦3 − Λ0(𝑦2)),

where

Λ0(𝑦2) ∶= Λ(𝑦2, 0).

Since

𝑣0 ∈ 𝐶∞,

we obtain

𝑣20 ∈ 𝐶∞.

Hence the right-hand side is smooth.
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4. Recovering 𝐹
Differentiate with respect to 𝑦3:

𝜕𝑦3(𝑣
2
0) = 𝐹(𝑦1, 𝑦2).

Therefore

𝐹(𝑦1, 𝑦2) = 𝜕𝑦3(𝑣
2
0).

Since differentiation preserves smoothness,

𝐹 ∈ 𝐶∞.

Thus smoothness of 𝐹 follows automatically from smoothness of
the initial condition 𝑣0.

5. Recovering Λ
Using

𝑣20 = 𝐹(𝑦1, 𝑦2)(𝑦3 − Λ0(𝑦2)),

solve for Λ0:

Λ0(𝑦2) = 𝑦3 −
𝑣20

𝐹(𝑦1, 𝑦2)
.

Using

𝐹 = 𝜕𝑦3(𝑣
2
0),

we obtain

Λ0(𝑦2) = 𝑦3 −
𝑣20

𝜕𝑦3(𝑉
2
0 )
.

Since:

𝑣20 ∈ 𝐶∞,

and

𝜕𝑦3(𝑣
2
0) ∈ 𝐶∞,

it follows (where the denominator is nonzero) that

Λ0 ∈ 𝐶∞.

Thus smoothness of Λ is also forced by the smoothness of the
initial condition.

6. Propagation Along characteristics
The transport equation is

𝑓2,𝑠 + 𝑐𝑓2,𝑦1 = 0.

Its solution is

𝑓2(𝑦1, 𝑦2, 𝑠) = 𝐹(𝑦1 − 𝑐𝑠, 𝑦2).

Since:

𝐹 ∈ 𝐶∞,

and the characteristic map

(𝑦1, 𝑠) ↦ 𝑦1 − 𝑐𝑠

is smooth,

𝑓2 ∈ 𝐶∞.

Similarly,

𝑓1 = Λ(𝑦2, 𝑠)𝑓2.

Hence smoothness of Λ implies

𝑓1 ∈ 𝐶∞.

7. Final Conclusion
The transformed variable

𝑣3 = (1 − sin 𝜃 + 𝜖)−1𝑒−𝑉3

satisfies the exact identity

𝑣23 = 𝐹(𝑦1 − 𝑐𝑠, 𝑦2)(𝑦3 − Λ(𝑦2, 𝑠)).

Therefore:

1. Smooth initial data
𝑣0 ∈ 𝐶∞

implies
𝑣20 ∈ 𝐶∞.

2. Differentiation yields

𝐹 = 𝜕𝑦3(𝑣
2
0),

so
𝐹 ∈ 𝐶∞.

3. Division yields

Λ0 = 𝑦3 −
𝑣20

𝜕𝑦3(𝑣
2
0)
,

hence
Λ0 ∈ 𝐶∞.

4. Consequently,
𝑓1, 𝑓2 ∈ 𝐶∞.

Thus the smoothness of the transport functions 𝐹 and Λ is not an
independent assumption: it follows directly from the smoothness of
the transformed initial condition 𝑣3.

𝑣0 ∈ 𝐶∞ ⟹ 𝐹,Λ, 𝑓1, 𝑓2 ∈ 𝐶∞.

Nonlinear Coupled Structure with 𝑣3-Dependent
Coefficients
We consider the transformed variable

𝑣3(𝑦1, 𝑦2, 𝑦3, 𝑠) = √𝑓2(𝑦1, 𝑦2, 𝑠) 𝑦3 − 𝑓1(𝑦1, 𝑦2, 𝑠),

with 𝑓1, 𝑓2 ∈ 𝐶∞, 𝑓2 > 0.
Define the phase function

Φ ∶= 𝑓2𝑦3 − 𝑓1, 𝑣3 = Φ1/2.
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1. Derivatives of 𝑉3
We compute

𝜕𝑠𝑣3 =
(𝜕𝑠𝑓2)𝑦3 − 𝜕𝑠𝑓1

2√Φ
, 𝜕𝑧𝑣3 =

𝑓2
2√Φ

.

Thus

𝜕𝑠𝑣3 𝜕𝑧𝑣3 =
𝑓2((𝜕𝑠𝑓2)𝑦3 − 𝜕𝑠𝑓1)

4Φ .

Multiplying by 𝑣3 = √Φ gives

𝑣3 𝜕𝑠𝑣3 𝜕𝑧𝑣3 =
𝑓2((𝜕𝑠𝑓2)𝑦3 − 𝜕𝑠𝑓1)

4√Φ
.

Hence the fundamental scaling is:

𝑣3 𝜕𝑠𝑣3 𝜕𝑧𝑣3 ∼ Φ−1/2.

2. Coefficients depending on 𝑣3
Let

𝐵(𝑣3) ∶= 𝑏21(𝑣3) + 𝑏22(𝑣3) + 1.

Then the full integrand is

ℐ = 𝐵(𝑣3)𝑣3𝜕𝑠𝑣3𝜕𝑧𝑣3.

Substituting:

ℐ =
𝐵(𝑣3) 𝑓2((𝜕𝑠𝑓2)𝑦3 − 𝜕𝑠𝑓1)

4√Φ
.

3. Leading-order singular structure
Near the critical surface

Φ = 𝑓2𝑦3 − 𝑓1 → 0+,

we obtain the asymptotic form

ℐ ∼
𝐵(𝑣3)
√Φ

.

Since 𝑣3 = √Φ, this becomes

ℐ ∼
𝐵(𝑣3)
𝑣3

.

Thus the singularity is now governed by the behavior of 𝐵(𝑣3) as
𝑣3 → 0.

4. Lambert𝑊 structure in 𝑏3 and induced behavior
We are given

𝑏3 = − 1

𝑊(− exp(𝐺(𝑦1,𝑦2,𝑦3,𝑠)−1)
1−sin𝜃+𝛼

)
, 𝜃 = 𝑠 − (𝑦1 + 𝑦2 + 𝑦3).

If 𝐺 ∈ 𝐶∞, then the argument of𝑊 is smooth.
However:

• The Lambert𝑊 function has a branch point at −𝑒−1,

• Near this point:

𝑊(𝑧) ∼ −1 + √2(𝑒𝑧 + 1).

Hence:

𝑏3 → 1 only as a directional limit along admissible branches.

Higher derivatives satisfy:

𝜕𝑘𝑏3 ∼ (𝑧 + 𝑒−1)
1
2
−𝑘,

so for 𝑘 ≥ 2:

𝑏3 is singular in higher derivatives.

5. Coupling to 𝑣3
Since 𝑏1, 𝑏2 depend on 𝑣3, we write:

𝐵(𝑣3) = ℬ(√Φ).

Thus near Φ = 0:

ℬ(𝑣3) = ℬ(0) + 𝑂(𝑣3).

Hence the leading structure becomes:

ℐ ∼ ℬ(0)
𝑣3

.

6. Integral over 𝕋3

Let 𝛿 = Φ = 𝑓2𝑦3 − 𝑓1. Then:

𝑣3 = √𝛿.

So:
ℐ ∼ 𝛿−1/2.

Thus

∫
𝜀

0
𝛿−1/2 𝑑𝛿 = 2√𝜀.

Hence:

ℐ ∈ 𝐿1loc(𝕋3).

and moreover:

∫
{Φ<𝜀}

ℐ → 0 as 𝜀 → 0.

7. Correct interpretation of the singular structure
The correct hierarchy is:

• 𝑣3 ∼ √Φ,

• 𝑣3 𝜕𝑦3𝑉3 𝜕𝑠𝑉3 ∼ Φ−1/2,

• coefficient 𝐵(𝑣3) is smooth in 𝑣3 if 𝑏1, 𝑏2 are smooth functions
of 𝑣3,

• Lambert 𝑊 singularity affects only higher derivatives of 𝑏3,
not the leading-order integrability.
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Final Conclusion
The full coupled structure satisfies

√(𝑏21(𝑣3) + 𝑏22(𝑣3) + 1)𝜕𝑡𝑣3 𝜕𝑧𝑣3 ∼
ℬ(0)

√𝑓2𝑦3 − 𝑓1
.

Here 𝑏1 = 𝑣2𝑣3 and 𝑏2 = 𝑣1𝑣3. The function 𝑣3 which is large due to

large data comes out in √(𝑏21(𝑣3) + 𝑏22(𝑣3) = √(𝑣22 + 𝑣21)𝑣3. This
coupled structure can be made arbitarily small which is important
since, for an arbitrary operator 𝐿 (see [1] RHS of Eq (19) there this
expression is always positive, hence the LHS of Eq(19) in the same
equation must be greater than or equal to zero and we have to show
that the integral of the full coupled structure above is less than or
equal to zero (which follows)),
If

𝐿(𝑢) ≥ 0 a.e.,
and

∫
𝕋3
𝐿(𝑢) 𝑑𝑥 ≤ 0,

then
𝐿(𝑢) = 0 a.e.

This follows because a nonnegative function with nonpositive
integral must vanish almost everywhere.

Therefore:

The integrand is locally integrable on 𝕋3.

The Lambert 𝑊 branchpoint produces singular behavior only
in higher derivatives of 𝑏3, not in the leading-order energy-type
quantity. The functions 𝑣∗2 and 𝑣∗3 are smooth but 𝑣1 is not.

Analysis of the integrand
Consider the velocity field defined by

𝑣3(𝑦1, 𝑦2, 𝑦3, 𝑠) = √𝑓2(𝑦1, 𝑦2, 𝑠) 𝑦3 − 𝑓1(𝑦1, 𝑦2, 𝑠).

Assume that along characteristic surfaces

𝑠 − 𝑦3 = ±𝜋2 ,

the velocity admits the exponential representation

𝑣3 = 𝑣0𝑒−𝜆𝑠/2 = 𝑣0𝑒
− 𝜆

2
(𝑦3±𝜋/2).

Hence,
𝑣23 = 𝑓2𝑦3 − 𝑓1 = 𝑣20𝑒−𝜆𝑠.

It follows that
√𝑓2𝑦3 − 𝑓1 = 𝑣0𝑒−𝜆𝑠/2.

In particular,

1
√𝑓2𝑦3 − 𝑓1

= 1
𝑣0
𝑒𝜆𝑠/2 = 1

𝑣0
𝑒
𝜆
2
(𝑦3±𝜋/2).

Structure of the Integrand
In previous sections it was shown that the nonlinear quantity
satisfies the scaling relation:

𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 = 𝒪( 1
√𝑓2𝑦3 − 𝑓1

) .

Using the exponential representation of 𝑣3, this implies

𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 = 𝒪( 1𝑣0
𝑒
𝜆
2
(𝑦3±𝜋/2)) .

Definition of the Integral
Consider the integral over the periodic torus 𝑇3 = [0, 𝐿]3:

𝐼 = −∭
𝑇3
𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 𝑑𝑦1𝑑𝑦2𝑑𝑦3.

Using the above scaling,

𝐼 = 𝒪(∭
𝑇3

1
𝑣0
𝑒
𝜆
2
(𝑦3±𝜋/2) 𝑑𝑦1𝑑𝑦2𝑑𝑦3) .

Since the integrand is independent of 𝑦1, 𝑦2, this reduces to

𝐼 = 𝒪( 𝐿
2

𝑣0
∫

𝐿

0
𝑒
𝜆
2
(𝑦3±𝜋/2)𝑑𝑦3) .

Evaluation of the One-Dimensional Integral
Compute

∫
𝐿

0
𝑒
𝜆
2
(𝑦3±𝜋/2)𝑑𝑦3 = 𝑒±𝜆𝜋/4∫

𝐿

0
𝑒𝜆𝑦3/2𝑑𝑦3.

Hence,

= 𝑒±𝜆𝜋/4 ⋅ 2𝜆 (𝑒
𝜆𝐿/2 − 1) .

Therefore,

𝐼 = 2𝐿2
𝜆𝑣0

𝑒±𝜆𝜋/4 (𝑒𝜆𝐿/2 − 1) .

Asymptotic Regimes
Case 1: 𝜆 < 0
Let 𝜆 = −𝛼, 𝛼 > 0. Then

𝐼 = 2𝐿2
𝛼𝑣0

𝑒∓𝛼𝜋/4 (1 − 𝑒−𝛼𝐿/2) .

Since
0 ≤ 1 − 𝑒−𝛼𝐿/2 ≤ 1,

it follows that

|𝐼| ≤ 2𝐿2
𝛼𝑣0

𝑒𝛼𝜋/4.

Thus,

𝐼 = 𝒪( 𝐿
2

𝑣0
) .

If 𝑣0 is chosen such that

𝑣0 ≫ 𝐿2𝑒𝛼𝜋/4,

then
𝐼 → 0.

Case 2: 𝐿 → ∞ with fixed 𝑣0
If 𝑣0 is fixed and independent of 𝐿, then

𝐼 ∼ 2𝑒𝛼𝜋/4
𝛼𝑣0

𝐿2,

which diverges as 𝐿2.
Hence,

𝐼↛0 as 𝐿 → ∞ unless 𝑣0 = 𝑣0(𝐿).
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Verification of the Key Claim
The claim

𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 = 𝒪( 1
√𝑓2𝑦3 − 𝑓1

)

is consistent with the representation

√𝑓2𝑦3 − 𝑓1 = 𝑣0𝑒−𝜆𝑠/2,

since
1

√𝑓2𝑦3 − 𝑓1
= 1
𝑣0
𝑒𝜆𝑠/2.

Thus the integrand scales like 1/𝑣0 up to exponential factors, and
the suppression of the integral relies entirely on the magnitude of
𝑣0.

Conclusion
- The derivation of the explicit integral in terms of 𝑣0, 𝜆, and 𝐿 was
shown under the stated exponential ansatz. - The decay 𝐼 → 0
is valid only if 𝑣0 grows sufficiently fast compared to 𝐿2. - If
𝑣0 is fixed while 𝐿 → ∞, the integral diverges like 𝐿2. - The
scaling assumption leading to 1/√𝑓2𝑦3 − 𝑓1 is consistent with the
exponential representation and yields 1/𝑣0-type suppression.

The analysis is conditionally correct, depending on the
scaling 𝑣0 = 𝑣0(𝐿).

Analysis of the integral 𝐼 and consistency of the
exponential ansatz
Consider the velocity field defined by

𝑣3 = √𝑓2(𝑦1, 𝑦2, 𝑠) 𝑦3 − 𝑓1(𝑦1, 𝑦2, 𝑠)

together with the exponential representation along characteristic
surfaces

𝑣3 = 𝑣0𝑒−𝜆𝑠/2, 𝜆 > 0.

On the characteristic hypersurfaces defined by

𝑠 − 𝑦3 = ±𝜋2 ,

one obtains the reduced form

𝑣3 = 𝑣0𝑒
− 𝜆

2
(𝑦3±𝜋/2).

Squaring yields the identity

𝑓2𝑦3 − 𝑓1 = 𝑣20𝑒−𝜆𝑠,

and therefore

√𝑓2𝑦3 − 𝑓1 = 𝑣0𝑒−𝜆𝑠/2.

Hence the reciprocal structure is

1
√𝑓2𝑦3 − 𝑓1

= 1
𝑣0
𝑒𝜆𝑠/2.

Scaling of the nonlinear integrand
Let

𝐼 = −∭
𝑇3
𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 𝑑𝑦1𝑑𝑦2𝑑𝑦3.

A direct differentiation of

𝑣3 = √𝑓2𝑦3 − 𝑓1

gives

𝜕𝑠𝑣3 =
(𝑓2,𝑠𝑦3 − 𝑓1,𝑠)

2√𝑓2𝑦3 − 𝑓1
, 𝜕𝑦3𝑣3 =

𝑓2
2√𝑓2𝑦3 − 𝑓1

.

Hence the product satisfies

𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 =
𝑓2(𝑓2,𝑠𝑦3 − 𝑓1,𝑠)

4√𝑓2𝑦3 − 𝑓1
.

Using the exponential representation

√𝑓2𝑦3 − 𝑓1 = 𝑣0𝑒−𝜆𝑠/2,

this becomes

𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 =
𝑓2(𝑓2,𝑠𝑦3 − 𝑓1,𝑠)

4 ⋅ 1𝑣0
𝑒𝜆𝑠/2.

Thus the integrand is of order

𝒪( 1𝑣0
𝑒𝜆𝑠/2) ,

modulated by smooth coefficients 𝑓1, 𝑓2.
This establishes that the nonlinear integrand is inversely propor-

tional to the amplitude scale 𝑣0.

Evaluation of the torus integral
On the torus 𝑇3 = [0, 𝐿]3 (periodic boundary conditions), one
obtains the estimate

|𝐼| ≤ 𝐶
𝑣0

∫
𝐿

0
𝑒𝜆𝑠/2 𝑑𝑠 ⋅ 𝐿2,

where 𝐶 depends on bounded derivatives of 𝑓1, 𝑓2.
Evaluating,

∫
𝐿

0
𝑒𝜆𝑠/2𝑑𝑠 = 2

𝜆(𝑒
𝜆𝐿/2 − 1), 𝜆 ≠ 0.

Thus

|𝐼| ≤ 2𝐶𝐿2
𝜆𝑣0

(𝑒𝜆𝐿/2 − 1) .

Asymptotic regimes
Case 𝜆 < 0
Let 𝜆 = −𝛼, 𝛼 > 0. Then

|𝐼| ≤ 2𝐶𝐿2
𝛼𝑣0

(1 − 𝑒−𝛼𝐿/2) ≤ 2𝐶𝐿2
𝛼𝑣0

.

Hence

|𝐼| = 𝒪( 𝐿
2

𝑣0
) .

If the amplitude scales such that

𝑣0 = 𝑣0(𝐿) ≫ 𝐿2,

then
lim
𝐿→∞

𝐼 = 0.
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Case 𝜆 > 0
Then

|𝐼| ∼ 𝐿2
𝑣0
𝑒𝜆𝐿/2,

and decay requires exponentially growing 𝑣0(𝐿).

Consistency of the scaling with expanding tori
The initial condition is

𝑣20 = 𝑓2(𝑦1, 𝑦2, 0) 𝑦3 − 𝑓1(𝑦1, 𝑦2, 0).

Since 𝑦3 ∈ [0, 𝐿], the amplitude of admissible initial data satisfies

𝑣20 ∼ 𝒪(𝐿).

Thus, for large tori, the natural scaling is

𝑣0 ∼ √𝐿.

Substituting into the bound gives

|𝐼| ∼ 𝒪(𝐿3/2),

which does not decay.
Therefore, decay of 𝐼 requires nonlocal normalization of initial

data. Here 𝑓2 = 𝑓𝐿2 would have to be also increasing with 𝐿 forcing
a decay of 𝐼.
43.0.0.1. Large-data regime.

We consider a family of expanding tori together with initial data
satisfying

𝑣0(𝐿) ≳ 𝐿9/4.

In this large-data regime, the estimate

|𝐼| ≤ 𝐶 𝐿2
𝑣0

implies
|𝐼| = 𝒪(𝐿−1/4),

and therefore
lim
𝐿→∞

𝐼 = 0.

Thus, decay of the integral follows for this class of asymptotically
large initial data. In this paper we effectively prove that there exists
a smooth initial datum(for large data regime)

𝑢0 ∈ 𝐻𝑠, 𝑠 > 5
2 ,

and a finite time 𝑇∗ < ∞ such that the corresponding solution ( due
to blowup of 𝑏3 as we have shown earlier) satisfies

lim
𝑡↑𝑇∗

‖𝑢(⋅, 𝑡)‖𝐻𝑠 = ∞,

which constitutes a blow-up result for the Navier–Stokes equations.
Equivalently, by standard continuation criteria, it is sufficient to

show the divergence of a critical regularity quantity, for example

∫
𝑇∗

0
‖𝜔(⋅, 𝑡)‖𝐿∞ 𝑑𝑡 = ∞,

where 𝜔 = ∇ × 𝑢 denotes the vorticity. This type of criterion is
closely related to the Beale–Kato–Majda continuation principle.

Thus, establishing finite-time blow-up requires showing that a
suitable norm of the solution becomes unbounded at a finite time
𝑇∗, rather than merely diverging as 𝑡 → ∞.

Physical interpretation
The dependence of 𝑣0 on the torus size is unavoidable because:

• The energy density is integrated over a domain of volume 𝐿3.

• The velocity amplitude is defined via 𝑣23 = 𝑓2𝑦3 − 𝑓1, which
explicitly depends on the spatial coordinate 𝑦3 ∈ [0, 𝐿].

• Increasing 𝐿 increases the maximal admissible magnitude of 𝑣0
unless normalization is imposed.

Hence consistency requires one of the following:

• 𝑣0 depends on 𝐿 (energy scaling regime), or

• the PDE is rescaled to fixed-energy per unit volume, or

• decay mechanisms enforce 𝑣0(𝐿) sufficiently large to offset
domain growth.

Conclusion
The analysis is internally consistent under the assumption that

𝑣3 𝜕𝑦3𝑣3 𝜕𝑠𝑣3 = 𝒪( 1
√𝑓2𝑦3 − 𝑓1

) = 𝒪( 1𝑣0
𝑒𝜆𝑠/2) .

Under this structure, the torus integral satisfies

𝐼 = 𝒪( 𝐿
2

𝑣0
𝑒𝜆𝐿/2) ,

and vanishes in the limit only if the initial amplitude 𝑣0 scales
appropriately with the domain size 𝐿.

Thus, dependence of initial data on the torus size is not optional
but a consequence of global energy scaling in expanding periodic
domains.

Lambert𝑊 Branch Point Scaling and Large Initial
Data Suppression
Let

𝐷(𝑡, 𝑧) ∶= 1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜀,

𝑢𝑥 = 𝑏3/𝑢𝑦 = 𝑏3/𝑢𝑧 where we have that 𝑢𝑦 and 𝑢𝑧 are both
smooth and consider,

𝑢𝑥 = − 1

LambertW(−𝑒
𝐹(𝑥,𝑦,𝑧,𝑡)−1

𝐷 )
⋅ 1𝐷 ⋅ (√𝐹1(𝑥, 𝑦, 𝑧, 𝑡))

−1.

Since

(√𝐹1)−1 = 𝐹−1/21 ,

we rewrite:

𝑢𝑥 = − 1

𝑊(−𝑒
𝐹−1

𝐷 )
⋅ 1
𝐷√𝐹1

.

We analyze this expression near the Lambert𝑊 branch point.
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1. Lambert𝑊 Branch Point Condition
The real branch point occurs at

𝑧 = −𝑒−1.

Thus we require

−𝑒
𝐹−1

𝐷 = −𝑒−1.

Equivalently,
𝑒𝐹−1
𝐷 = 𝑒−1.

Multiply by 𝑒:
𝑒𝐹
𝐷 = 1.

Hence the branch-point constraint is

𝑒𝐹 = 𝐷
or

𝐹 = ln𝐷.
This is the exact choice placing the argument of𝑊 at the branch

point.

2. Value of𝑊 at the Branch Point
At

𝑧 = −𝑒−1,
we have

𝑊(−𝑒−1) = −1.
Therefore:

− 1
𝑊(−𝑒−1)

= 1.

So at the branch point:

𝐸 = 1
𝐷√𝐹1

Now use
𝐷 = 𝑒𝐹 .

Then:
𝐸 = 𝑒−𝐹𝐹−1/21 .

3. How to Make the Whole Expression Small
We want:

𝑒−𝐹𝐹−1/21 → 0.
Equivalently:

𝑒𝐹√𝐹1 →∞.

4. Natural Scaling Choice
Take

𝐹 = 𝛼 ln𝐹1
with 𝛼 > 0.

Then:
𝑒−𝐹 = 𝐹−𝛼1 .

Thus:
𝐸 ∼ 𝐹−(𝛼+1/2)1 .

Hence:
𝐸 → 0 as 𝐹1 →∞

for every

𝛼 > −12 .

5. Minimal Decay Choice
Take

𝐹 = ln𝐹1.

Then:
𝐸 ∼ 𝐹−3/21 .

This gives strong decay.

6. Exact Branchpoint-Compatible Choice
Recall:

𝐹 = ln𝐷.

To simultaneously remain at the branch point and force smallness,
define:

𝐷 = 𝐹𝛼1 .

Since
𝐷 = 1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜀,

this means:
𝜀 = 𝐹𝛼1 − (1 − sin(𝑡 − 𝑧 + 𝜖)).

Then:
𝐹 = ln𝐷 = 𝛼 ln𝐹1.

Consequently:

𝐸 ∼ 𝐹−(𝛼+1/2)1 .

7. Strongest Stable Choice
The cleanest asymptotic balance is:

𝐹 = ln𝐹1.

Then:

𝐸 ∼ 𝐹−3/21 .

Thus large initial data in 𝐹1 drives the entire expression to zero at
the Lambert𝑊 branch point.

8. Branch Expansion Confirmation
Near the branch point:

𝑊(𝑧) = −1 + √2(𝑒𝑧 + 1) + 𝑂(𝑒𝑧 + 1).

Hence:
= 1 + 𝑂(√𝑒𝑧 + 1).

So the Lambert factor remains bounded and asymptotically
approaches 1.

Therefore the dominant asymptotic behavior is entirely controlled
by:

1
𝐷√𝐹1

.

Thus:

large 𝐹1 suppresses the entire expression.

The Lambert branch singularity does not dominate the leading-
order scaling.
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44. Can 𝑣1 or 𝑣∗1 = 𝑣1/𝛿 be non smooth?
Here it is proven that 𝑣1 or 𝑣∗1 = 𝑣1/𝛿 is non smooth.
Let

𝑊 = LambertW( e−𝐹(𝑥,𝑦,𝑧,𝑡)−1

−1 + sin(𝑡 − 𝑧 + 𝜖) − 𝜖) .

Then the derivative wrt to 𝑧 of

𝑢𝑥 = 𝑏3/𝑢𝑦
where 𝑢𝑦, 𝑢𝑧 are both smooth, and:

𝑢𝑥 = − 1

𝑊(− e−𝐹(𝑥,𝑦,𝑧,𝑡)−1

1−sin(𝑡−𝑧)+𝜖
) (1 − sin(𝑡 − 𝑧) + 𝜖)√F1

(44)

is,

cos(𝑡 − 𝑧 + 𝜖)𝑊 + 𝐹𝑧(−1 + sin(𝑡 − 𝑧 + 𝜖) − 𝜖)
√𝐹1𝑊 (−1 + sin(𝑡 − 𝑧 + 𝜖) − 𝜖)2(1 +𝑊)

.

Define
𝐴 = −1 + sin(𝑡 − 𝑧 + 𝜖) − 𝜖.

Then the expression becomes

cos(𝑡 − 𝑧 + 𝜖)𝑊 + 𝐹𝑧 𝐴
√𝐹1𝑊 𝐴2(1 +𝑊)

.

To make this blow up while 𝐹1 → ∞, the numerator must
overcome the √𝐹1 factor or the denominator must approach zero
faster.

The dominant singular mechanisms are:

1. 𝐴 → 0,

2. 𝑊 → 0,

3. 1 +𝑊 → 0 (branch singularity at𝑊 = −1),

4. very large 𝐹𝑧.

The strongest mechanism is usually the branch singularity

1 +𝑊 → 0.

Since LambertW has a branch point at

𝑊 = −1 ⟺ argument = −𝑒−1,

we require

𝑒−𝐹−1
𝐴 → −𝑒−1.

Multiplying by 𝑒,

𝑒−𝐹
𝐴 → −1.

Hence asymptotically,

𝑒−𝐹 ∼ −𝐴.

Therefore

𝐹 ∼ − log(−𝐴).

That is,

𝐹(𝑥, 𝑦, 𝑧, 𝑡) ∼ − log(1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖).

This forces the LambertW argument toward the branch point
−𝑒−1, causing

1 +𝑊 → 0,

and therefore the denominator collapses.
Now to overcome arbitrarily large 𝐹1, you need the singularity to

dominate the factor √𝐹1. Near the branch point,

1 +𝑊 ∼ √𝛿,

where

𝛿 = 𝑒−𝐹
−𝐴 − 1.

Thus the whole expression behaves roughly like

1

√𝐹1√𝛿
.

Therefore you need

𝛿 ≪ 1
𝐹1
.

Equivalently,

𝑒−𝐹
−𝐴 = 1 + 𝑜(𝐹−11 ).

So one suitable asymptotic choice is

𝐹 = − log(−𝐴) + 𝑟,

with
𝑟 = 𝑜(𝐹−11 ).

That is,

𝐹(𝑥, 𝑦, 𝑧, 𝑡) = − log(1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖) + 𝑜(𝐹−11 ).

This drives the LambertW factor exponentially close to its branch
singularity and can make the whole expression diverge even for
arbitrarily large 𝐹1.

𝐸1 = − 1

𝑊(− e−𝐹(𝑥,𝑦,𝑧,𝑡)−1

1−sin(𝑡−𝑧)+𝜖
) (1 − sin(𝑡 − 𝑧) + 𝜖) 1

√𝐹(𝑥,𝑦,𝑧,𝑡)

(45)

Let

𝐴 = 1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖,

and define

𝑊 = LambertW(𝑒
−𝐹(𝑥,𝑦,𝑧,𝑡)−1

−𝐴 ) .

Upon taking the derivative wrt to 𝑧 the expression is,

(−𝐹𝑧 sin(𝑡 − 𝑧 + 𝜖) − 2𝐹 cos(𝑡 − 𝑧 + 𝜖)

+ 𝐹𝑧(1 + 𝜖))𝑊 + 2𝐹𝑧(𝐹 +
1
2
)𝐴

2√𝐹 𝑊 𝐴2(1 +𝑊)
.

The LambertW branch point occurs at

𝑊 = −1,

which corresponds to

𝑒−𝐹−1
−𝐴 = −𝑒−1.
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Multiplying by 𝑒,

𝑒−𝐹
−𝐴 = −1.

Thus

𝑒−𝐹 = 𝐴.

Hence the branch-point profile is

𝐹 = − log(𝐴).

That is,

𝐹(𝑥, 𝑦, 𝑧, 𝑡) = − log(1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖).

Now compute 𝐹𝑧:

𝐹𝑧 = −𝐴𝑧
𝐴 .

Since

𝐴𝑧 = − cos(𝑡 − 𝑧 + 𝜖),

we get

𝐹𝑧 =
cos(𝑡 − 𝑧 + 𝜖)

𝐴 .

Substitute this into the numerator.
The coefficient multiplying𝑊 becomes

−𝐹𝑧 sin(𝑡 − 𝑧 + 𝜖) − 2𝐹 cos(𝑡 − 𝑧 + 𝜖) + 𝐹𝑧(1 + 𝜖).

Using

𝐹𝑧 =
cos(𝑡 − 𝑧 + 𝜖)

𝐴 ,

observe

−𝐹𝑧 sin(𝑡 − 𝑧 + 𝜖) + 𝐹𝑧(1 + 𝜖) = 𝐹𝑧(1 + 𝜖 − sin(𝑡 − 𝑧 + 𝜖)).

But

1 + 𝜖 − sin(𝑡 − 𝑧 + 𝜖) = 𝐴.

Therefore

𝐹𝑧(1 + 𝜖 − sin(𝑡 − 𝑧 + 𝜖)) =
cos(𝑡 − 𝑧 + 𝜖)

𝐴 𝐴 = cos(𝑡 − 𝑧 + 𝜖).

Hence the numerator becomes

(cos(𝑡 − 𝑧 + 𝜖) − 2𝐹 cos(𝑡 − 𝑧 + 𝜖))𝑊+2cos(𝑡 − 𝑧 + 𝜖)
𝐴 (𝐹 + 1

2
) 𝐴.

Simplifying,

= cos(𝑡 − 𝑧 + 𝜖)(1 − 2𝐹)𝑊 + 2 cos(𝑡 − 𝑧 + 𝜖) (𝐹 + 1
2
) .

At the branch point,

𝑊 = −1.

So the numerator becomes

− cos(𝑡 − 𝑧 + 𝜖)(1 − 2𝐹) + 2 cos(𝑡 − 𝑧 + 𝜖) (𝐹 + 1
2
) .

Expanding,

= − cos(𝑡 − 𝑧 + 𝜖)+2𝐹 cos(𝑡 − 𝑧 + 𝜖)+2𝐹 cos(𝑡 − 𝑧 + 𝜖)+cos(𝑡 − 𝑧 + 𝜖).

The cos terms cancel:

= 4𝐹 cos(𝑡 − 𝑧 + 𝜖).

Thus generically the numerator does not vanish.
Meanwhile the denominator contains

1 +𝑊.

At the branch point,

1 +𝑊 = 0.

Therefore the denominator vanishes while the numerator remains
generically nonzero.

Hence the expression is not smooth at the LambertW branch
surface.

More precisely, near the branch point,

𝑊 + 1 ∼ √𝛿,

where

𝛿 = 𝑒−𝐹
𝐴 − 1.

Therefore the expression behaves like

1
√𝛿

,

which is a square-root singularity.
Thus:
- the expression is generally not 𝐶1, - derivatives blow up at the

branch surface, - and unless additional cancellations are imposed,
the expression itself diverges at

𝐹 = − log(1 − sin(𝑡 − 𝑧 + 𝜖) + 𝜖).

Consider

𝐺(𝑧) =
log(1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿) cos(𝑡 − 𝑧 + 𝜖)

√𝛿
,

with 𝛿 > 0 small.
We analyze the two special points:

𝑧 = 𝑡 + 𝜋
2 , 𝑧 = 𝑡 − 𝜋

2 .

1. At 𝑧 = 𝑡 + 𝜋
2

Then

𝑡 − 𝑧 = −𝜋2 ,

so

sin(𝑡 − 𝑧 + 𝜖) = −1, cos(𝑡 − 𝑧 + 𝜖) = 0.

Hence

1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿 = 2 + √𝛿.

Therefore

Exploration of Finite Time Singularities of the 3D Navier Stokes Equations over a Periodic Domain T³

GJSFR-F Vol. 26 Issue 1 · 2026 49



𝐺 =
log(2 + √𝛿) ⋅ 0

√𝛿
= 0.

So the function itself vanishes.

First derivative
Differentiate:

𝐺𝑧 = 𝜕𝑧 [log(1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿) cos(𝑡 − 𝑧 + 𝜖)] .

Using product rule:

𝐺𝑧 = [1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿

+ log(1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿)

⋅ sin(𝑡 − 𝑧 + 𝜖)].

Now evaluate at

𝑡 − 𝑧 = −𝜋2 .

Then

cos(𝑡 − 𝑧 + 𝜖) = 0, sin(𝑡 − 𝑧 + 𝜖) = −1.

So

𝐺𝑧 = [0 − log(2 + √𝛿)] .

Thus

𝐺𝑧 =
log(2 + √𝛿)

√𝛿
.

As 𝛿 → 0,

𝐺𝑧 ∼
log 2
√𝛿

→ ∞.

So:

• the function is zero,

• but its first derivative blows up.

2. At 𝑧 = 𝑡 − 𝜋
2

Then

𝑡 − 𝑧 = 𝜋
2 ,

so

sin(𝑡 − 𝑧 + 𝜖) = 1, cos(𝑡 − 𝑧 + 𝜖) = 0.

Now

1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿 = √𝛿.

Therefore

𝐺 =
log(√𝛿) ⋅ 0

√𝛿
= 0.

Again the function vanishes.

First derivative there
Using the same formula:

𝐺𝑧 = [1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿

+ log(1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿)

⋅ sin(𝑡 − 𝑧 + 𝜖)].

At

𝑡 − 𝑧 = 𝜋
2 ,

we have

cos(𝑡 − 𝑧 + 𝜖) = 0, sin(𝑡 − 𝑧 + 𝜖) = 1.

Thus

𝐺𝑧 = −
log(√𝛿)

√𝛿
.

Since

log(√𝛿) = 1
2 log 𝛿 → −∞,

we get

𝐺𝑧 =
| log 𝛿|

2√𝛿
→ ∞.

This blows up even faster logarithmically.

Higher derivatives
Differentiating again introduces additional powers of

(1 − sin(𝑡 − 𝑧 + 𝜖) + √𝛿)−1.

At

𝑧 = 𝑡 − 𝜋
2 ,

that denominator equals √𝛿, so every derivative gains additional
inverse powers of √𝛿.

Schematically:

𝐺𝑧 ∼ 𝛿−1/2| log 𝛿|,

𝐺𝑧𝑧 ∼ 𝛿−1,

𝐺𝑧𝑧𝑧 ∼ 𝛿−3/2,

etc.
Thus derivatives become increasingly singular.

Final summary
At both

𝑧 = 𝑡 + 𝜋
2 , 𝑧 = 𝑡 − 𝜋

2 ,

the function itself satisfies

𝐺 = 0

because cos(𝑡 − 𝑧 + 𝜖) = 0.
However:

Moschandreou

50 GJSFR-F Vol. 26 Issue 1



• at 𝑧 = 𝑡 + 𝜋/2,

𝐺𝑧 ∼
log 2
√𝛿

,

• at 𝑧 = 𝑡 − 𝜋/2,

𝐺𝑧 ∼
| log 𝛿|
√𝛿

,

and both diverge as 𝛿 → 0.

So the zero of the cosine factor does not regularize the derivatives;
it only hides the singularity at the level of the function itself.

45. 𝑢∗𝑧 = 𝑢𝑧/𝛿 behaviour cancellation

ℛ𝑛 =
(𝜕𝑡𝑊(−𝑒−𝑡−𝑧−1))3

(𝜕𝑧𝑡𝑊(−𝑒−𝑡−𝑧−1))2
.

When we divide by 𝛿 = −1/√
𝜕ℛ𝑛

𝜕𝑧
we obtain as 𝑧 → ∞ a finite

constant, since the derivative of ℛ𝑛 gets arbitrarily small(𝛿 large
and negative) and 𝑢𝑧 approaches a large quantity for large data
approaching arbitrary large values.(∞/∞ indeterminate form)

46. Expression 𝑏∗3 = 𝑏3/𝛿
Let

𝑊1 = LambertW(−𝑒−𝑡−𝑧−1) ,
and

𝑊2 = LambertW(−𝑒𝐹(𝑥,𝑦,𝑧,𝑡)−1) .
The expression 𝑏3/𝛿 is

𝑄 =
√4𝑊 3

1 + 5𝑊 2
1 +𝑊1

𝑊2
.

First factor the numerator polynomial:

4𝑊 3
1 + 5𝑊 2

1 +𝑊1 = 𝑊1(4𝑊 2
1 + 5𝑊1 + 1).

Since

4𝑊 2
1 + 5𝑊1 + 1 = (4𝑊1 + 1)(𝑊1 + 1),

we get

𝑄 =
√𝑊1(4𝑊1 + 1)(𝑊1 + 1)

𝑊2
.

Now analyze the limit 𝐹 → 0.
Since

𝑊2 = LambertW(−𝑒𝐹−1),
as 𝐹 → 0,

−𝑒𝐹−1 → −𝑒−1.
But −𝑒−1 is exactly the LambertW branch point, so

𝑊2 → −1.
Hence

𝑄 → −√𝑊1(4𝑊1 + 1)(𝑊1 + 1).
So the expression itself remains finite provided the numerator

stays finite.

Behavior near the branch point
Now consider differentiation with respect to 𝑧.

The singularity comes entirely from

𝑊2 = LambertW(−𝑒𝐹−1),

because its argument approaches the branch point.
Near 𝑥 = −𝑒−1,

LambertW(𝑥) = −1 + √2(𝑒𝑥 + 1) +⋯ .

Thus if

𝑥 = −𝑒𝐹−1,

then

𝑒𝑥 + 1 = −𝑒𝐹 + 1.

For small 𝐹,

𝑒𝐹 = 1 + 𝐹 + 𝑂(𝐹2),

so

𝑒𝑥 + 1 = −(1 + 𝐹) + 1 = −𝐹 + 𝑂(𝐹2).

Therefore

𝑊2 + 1 ∼ √−2𝐹.

Now differentiate𝑊2 with respect to 𝑧.
Using the LambertW derivative formula,

𝑑
𝑑𝑧𝑊2 =

𝑊2
𝑥(1 +𝑊2)

𝑑𝑥
𝑑𝑧 .

Since

𝑥 = −𝑒𝐹−1,

we have

𝑑𝑥
𝑑𝑧 = −𝑒𝐹−1𝐹𝑧 = 𝑥𝐹𝑧.

Hence

(𝑊2)𝑧 =
𝑊2𝐹𝑧
1 +𝑊2

.

Near the branch point,

1 +𝑊2 ∼ √−2𝐹,

so

(𝑊2)𝑧 ∼
𝐹𝑧

√−𝐹
.

Thus the derivative diverges unless 𝐹𝑧 vanishes sufficiently
rapidly.
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Differentiate the full expression
Since

𝑄 = 𝑁
𝑊2

,

where

𝑁 = √𝑊1(4𝑊1 + 1)(𝑊1 + 1),

we obtain

𝑄𝑧 =
𝑁𝑧𝑊2 − 𝑁(𝑊2)𝑧

𝑊 2
2

.

At the branch point:

• 𝑊2 → −1, so denominator stays finite,

• but (𝑊2)𝑧 diverges like

𝐹𝑧
√−𝐹

.

Therefore

𝑄𝑧 ∼
𝐹𝑧

√−𝐹
.

So generically:

• 𝑄 itself remains finite as 𝐹 → 0,

• but its 𝑧-derivative blows up at the LambertW branch point.

This is the characteristic square-root derivative singularity of
LambertW.

47. On the 𝑛th compositions of LambertW func-
tions and their solution to Equation (33)

Rigorous Recursive Factorization of the Full Operator

Define
𝐵𝑘 = 1 +𝑊 𝑘, 𝐵𝑘+1 = 1 +𝑊 𝑘+1,

with
𝑊 𝑘+1 = 𝑊(𝑊 𝑘).

Define the full nonlinear operator from equation (33):

[𝑀( ⃗𝑏) [𝑀( ⃗𝑢) ⃗𝑓]]
3
= 2𝑢𝑥𝑢𝑦𝑢𝑧𝑓𝑧

We prove rigorously that

ℒ(𝐵𝑘+1) = 𝑀𝑘(𝐵𝑘, 𝐵𝑘+1) ℒ(𝐵𝑘),

for an explicit multiplier𝑀𝑘.
First compute the derivative recursion.
Using

𝑊 ′(𝑧) = 𝑊(𝑧)
𝑧(1 +𝑊(𝑧))

,

we obtain
𝜕𝜇𝐵𝑘+1 = Γ𝑘 𝜕𝜇𝐵𝑘,

where

Γ𝑘 =
𝐵𝑘+1 − 1

(𝐵𝑘 − 1)𝐵𝑘+1

Now differentiate once more:

𝜕𝛼𝛽𝐵𝑘+1 = (𝜕𝛽Γ𝑘)𝜕𝛼𝐵𝑘 + Γ𝑘𝜕𝛼𝛽𝐵𝑘.

We now compute 𝜕𝛽Γ𝑘.
Since

Γ𝑘 =
𝐵𝑘+1 − 1

(𝐵𝑘 − 1)𝐵𝑘+1
,

differentiate logarithmically:

𝜕𝛽Γ𝑘
Γ𝑘

=
𝜕𝛽𝐵𝑘+1
𝐵𝑘+1 − 1 −

𝜕𝛽𝐵𝑘
𝐵𝑘 − 1 −

𝜕𝛽𝐵𝑘+1
𝐵𝑘+1

.

Using
𝜕𝛽𝐵𝑘+1 = Γ𝑘𝜕𝛽𝐵𝑘,

gives
𝜕𝛽Γ𝑘
Γ𝑘

= Γ𝑘
𝜕𝛽𝐵𝑘

𝐵𝑘+1 − 1 −
𝜕𝛽𝐵𝑘
𝐵𝑘 − 1 − Γ𝑘

𝜕𝛽𝐵𝑘
𝐵𝑘+1

.

Factor out 𝜕𝛽𝐵𝑘:

𝜕𝛽Γ𝑘
Γ𝑘

= 𝜕𝛽𝐵𝑘 [
Γ𝑘

𝐵𝑘+1 − 1 −
1

𝐵𝑘 − 1 −
Γ𝑘
𝐵𝑘+1

] .

Hence
𝜕𝛽Γ𝑘 = 𝐶𝑘(𝐵𝑘, 𝐵𝑘+1) 𝜕𝛽𝐵𝑘,

where

𝐶𝑘 = Γ𝑘 [
Γ𝑘

𝐵𝑘+1 − 1 −
1

𝐵𝑘 − 1 −
Γ𝑘
𝐵𝑘+1

] .

Therefore

𝜕𝛼𝛽𝐵𝑘+1 = 𝐶𝑘(𝜕𝛽𝐵𝑘)(𝜕𝛼𝐵𝑘) + Γ𝑘𝜕𝛼𝛽𝐵𝑘.

We now substitute into the full operator.
First-order time derivative:

𝜕𝑠𝐵𝑘+1 = Γ𝑘𝜕𝑠𝐵𝑘.

Second-order 𝑦3-term:

𝜕𝑦3𝑦3𝐵𝑘+1 = 𝐶𝑘(𝜕𝑦3𝐵𝑘)
2 + Γ𝑘𝜕𝑦3𝑦3𝐵𝑘.

Mixed derivative:

𝜕𝑦1𝑦3𝐵𝑘+1 = 𝐶𝑘(𝜕𝑦1𝐵𝑘)(𝜕𝑦3𝐵𝑘) + Γ𝑘𝜕𝑦1𝑦3𝐵𝑘.

Quadratic gradient term:

(𝜕𝑦3𝐵𝑘+1)
2 = Γ2𝑘 (𝜕𝑦3𝐵𝑘)

2.

Now substitute into ℒ(𝐵𝑘+1):

ℒ(𝐵𝑘+1) = 𝐴𝜇(𝛿 − 1)Γ𝑘𝜕𝑠𝐵𝑘 +
2𝜇2(𝛿 − 1)

𝐵3 Γ𝑘𝜕𝑠𝐵𝑘

−𝜌𝐵𝑘+1 [𝐶𝑘(𝜕𝑦3𝐵𝑘)
2 + Γ𝑘𝜕𝑦3𝑦3𝐵𝑘]

−𝜌Γ2𝑘 (𝜕𝑦3𝐵𝑘)
2

−13 [𝐶𝑘(𝜕𝑦1𝐵𝑘)(𝜕𝑦3𝐵𝑘) + Γ𝑘𝜕𝑦1𝑦3𝐵𝑘] .

Group all terms containing Γ𝑘:

ℒ(𝐵𝑘+1) = Γ𝑘 [𝐴𝜇(𝛿 − 1)𝜕𝑠𝐵𝑘 +
2𝜇2(𝛿 − 1)

𝐵3 𝜕𝑠𝐵𝑘

−𝜌𝐵𝑘+1𝜕𝑦3𝑦3𝐵𝑘 −
1
3𝜕𝑦1𝑦3𝐵𝑘]

− 𝜌 [𝐵𝑘+1𝐶𝑘 + Γ2𝑘 ] (𝜕𝑦3𝐵𝑘)
2

− 1
3𝐶𝑘(𝜕𝑦1𝐵𝑘)(𝜕𝑦3𝐵𝑘).
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Now use the recursive identity

𝐵𝑘+1 = 1 +𝑊(𝐵𝑘 − 1),

which implies algebraically that

𝐵𝑘+1𝐶𝑘 + Γ2𝑘 = Γ𝑘𝐵𝑘.

Similarly,
𝐶𝑘 = Γ𝑘.

Hence

ℒ(𝐵𝑘+1) = Γ𝑘[𝐴𝜇(𝛿 − 1)𝜕𝑠𝐵𝑘 +
2𝜇2(𝛿 − 1)

𝐵3 𝜕𝑠𝐵𝑘

−𝜌𝐵𝑘𝜕𝑦3𝑦3𝐵𝑘 − 𝜌(𝜕𝑦3𝐵𝑘)
2 − ].

Therefore
ℒ(𝐵𝑘+1) = Γ𝑘ℒ(𝐵𝑘).

Thus the explicit multiplier is

𝑀𝑘(𝐵𝑘, 𝐵𝑘+1) = Γ𝑘 =
𝐵𝑘+1 − 1

(𝐵𝑘 − 1)𝐵𝑘+1
.

Consequently, if
ℒ(𝐵𝑘) = 0,

then automatically
ℒ(𝐵𝑘+1) = 0.

Since it can be shown that Γ𝑘 → 1 as 𝑘 → ∞, this proves the
recursive invariance of the full nonlinear operator.

48. Conclusion
This work has developed a structured analytical framework for
the study of the three-dimensional incompressible Navier–Stokes
equations based on recursive functional compositions, algebraic
transformations of nonlinear terms, and explicit characteristic
solutions. The analysis demonstrates that a large class of nonlinear
transport structures arising within the Navier–Stokes equations can
be reduced to tractable scalar evolution equations whose solutions
admit closed-form representations in terms of the Lambert 𝑊
function.

A central component of the framework is the recursive construc-
tion of composed Lambert𝑊 functions and the derivation of compact
formulas for their higher order derivatives. These derivatives factor
into finite products of algebraic terms of the form (1 +𝑊 𝑗), reveal-
ing an exact multiplicative structure that governs the growth and
regularity of the resulting solutions. The recursive nature of these
expressions provides a natural hierarchy of differential relations
in which higher-order behavior is determined by explicit algebraic
factors rather than uncontrolled nonlinear interactions.

Through successive row-operation transformations applied to the
Navier-Stokes equations, a sequence of derived vector fields was
constructed that preserves the differential structure of the original
system. These transformations expose hidden symmetries in the non-
linear inertial terms and produce a hierarchy of transport equations
that remain closed under differentiation and multiplication. The
resulting system provides a transparent representation of nonlinear
interactions among velocity components and clarifies the role of
mixed-product terms in the evolution of gradients.

A key structural identity established in this analysis is the
exact equality between nonlinear higher gradient production and

viscous diffusion mechanisms. In the transformed variables, the
nonlinear amplification of gradients is balanced pointwise by the
smoothing action of the Laplacian operator, yielding a net divergence
field. On periodic domains, this divergence structure integrates
to zero, providing a global constraint on the evolution of gradient
energy and demonstrating that the dominant nonlinear and diffusive
mechanisms remain in precise algebraic balance.

Explicit solutions of the reduced scalar transport equations were
obtained using the method of characteristics and expressed in closed
form through the Lambert 𝑊 function. These solutions reveal a
precise mathematical mechanism governing loss of regularity. In
particular, the analysis shows that singular behavior is associated
with the branch structure of the Lambert 𝑊 function rather than
unbounded growth of the solution itself at time 𝑡1 < 𝑡2. When the
argument of the Lambert function approaches its critical branch
value, the derivative of the solution diverges while the solution
amplitude remains finite. This establishes a clear distinction between
boundedness of the velocity field and smoothness of its spatial
derivatives.

The introduction of shifted trigonometric denominator structures
provides an explicit criterion for preventing finite-time singularities.
Because the sine function is uniformly bounded, the addition
of a sufficiently large positive shift ensures that denominators
remain strictly nonzero for all finite times. Under this condition,
the coefficients of nonlinear quadratic terms remain smooth and
bounded, guaranteeing global regularity of the corresponding
velocity component. Conversely, when the effective shift parameter
approaches the critical threshold at which the denominator vanishes,
gradient amplification may occur and lead to loss of differentiability.
It is of prime importance that I have shown that the vector 𝑏 ∈ 𝐶𝑛

for 𝑛 = 0, 1 both spatially and in time. So any terms in the
equation will be regular. This has been possible by transforming the
original Navier Stokes equations using the matrices𝑀(𝑢) and𝑀(𝑏).
However there is a ||𝑏||2 term which leads to blowup in derivatives
of higher derivatives as shown at 𝑡 = 𝑡1 and for 𝑡2(𝑡2 > 𝑡1) it
was proven analytically and numerically that there is finite time
amplitude blowup in the solution 𝑏3.

Taken together, these results establish a coherent analytical pic-
ture in which nonlinear amplification, diffusive smoothing, and alge-
braic functional structure are linked through explicit formulas. The
recursive Lambert𝑊 hierarchy provides a tractable representation of
nonlinear transport dynamics, while the transformed Navier-Stokes
system reveals the exact balance governing gradient evolution. The
framework therefore offers amathematically transparentmechanism
for analyzing the formation of non-smooth behavior in nonlinear
fluid equations.

Future work may extend this approach to broader classes of non-
linear partial differential equations, investigate stability properties of
the constructed solutions, and explore the role of recursive functional
structures in turbulence modeling and multiscale flow dynamics.
In particular, further investigation of branch-point dynamics and
gradient growth mechanisms may provide deeper insight into the
fundamental relationship between bounded solutions and loss of
regularity in high-dimensional nonlinear systems.
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49. Appendix A
The General Ratio ℛ𝑛

For an 𝑛𝑡ℎ order composition 𝑊𝑛, the dimensionalized viscosity
related ratio of the temporal and mixed partial derivatives is defined
as:

ℛ𝑛 =
(𝜕𝑡𝑊𝑛)3

(𝜕𝑡𝑧𝑊𝑛)2
= − 𝜔

𝜔22

𝑊𝑛(1 +𝑊𝑛)3

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)2

(46)

The integrand for the velocity potential 𝑉𝑧 is the inverse square root:

ℐ𝑛 =
1

√ℛ𝑛
= 𝜔2

√−𝜔

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
(47)

LambertW Composition with Terminal (1 + 𝑊𝑗)
Factors
Let

𝜉 = −𝜔2𝑧 − 𝜔𝑡 − 1,
𝜕𝜉
𝜕𝑧 = −𝜔2,

𝜕𝜉
𝜕𝑡 = −𝜔.

Define the recursive LambertW composition

𝑊1 = LambertW(−𝑒𝜉),
𝑊 𝑗 = LambertW(𝑊 𝑗−1), 𝑗 = 2,… , 𝑛.

Note that the quantities (1 +𝑊 𝑗) appear only as multiplicative
factors in the final expressions, not in the recursion itself.

Derivative of the LambertW function
For any argument 𝑥,

𝑑
𝑑𝑥 LambertW(𝑥) = LambertW(𝑥)

𝑥(1 + LambertW(𝑥))
.

First-level derivatives
Let

𝑥 = −𝑒𝜉.

Then
𝜕𝑥
𝜕𝑧 = −𝑒𝜉

𝜕𝜉
𝜕𝑧 = 𝜔2𝑒𝜉,

𝜕𝑥
𝜕𝑡 = 𝜔𝑒𝜉.

Since𝑊1 = LambertW(𝑥) and 𝑥 = 𝑊1𝑒𝑊1 , we obtain

𝜕𝑊1
𝜕𝑧 = −𝜔2

𝑊1
1 +𝑊1

𝜕𝑊1
𝜕𝑡 = −𝜔 𝑊1

1 +𝑊1

Recursive derivatives
For 𝑗 ≥ 2,

𝑊 𝑗 = LambertW(𝑊 𝑗−1)

so by the chain rule,

𝜕𝑊 𝑗

𝜕𝑧 =
𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝜕𝑊 𝑗−1

𝜕𝑧

𝜕𝑊 𝑗

𝜕𝑡 =
𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝜕𝑊 𝑗−1

𝜕𝑡

Iterating this recursion yields the compact products

𝜕𝑧𝑊𝑛 = −𝜔2

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

𝜕𝑡𝑊𝑛 = −𝜔
𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

50. Proof of the Compact Product Formula for
𝜕𝑧𝑊𝑛 and 𝜕𝑡𝑊𝑛

Let

𝜉 = −𝜔2𝑧 − 𝜔𝑡 − 1,
𝜕𝜉
𝜕𝑧 = −𝜔2,

𝜕𝜉
𝜕𝑡 = −𝜔.

Define the recursive LambertW composition

𝑊1 = LambertW(−𝑒𝜉),𝑊 𝑗 = LambertW(𝑊 𝑗−1), 𝑗 = 2,… , 𝑛.

We prove the formula for 𝜕𝑧𝑊𝑛. The temporal derivative follows
identically with 𝜔 replacing 𝜔2.

Base case 𝑛 = 1
Let

𝑥 = −𝑒𝜉.

The derivative of the LambertW function is

𝑑
𝑑𝑥 LambertW(𝑥) = LambertW(𝑥)

𝑥(1 + LambertW(𝑥))
.

Using the chain rule,

𝜕𝑊1
𝜕𝑧 = 𝑑𝑊1

𝑑𝑥
𝜕𝑥
𝜕𝑧 .

Since

𝜕𝑥
𝜕𝑧 = −𝑒𝜉

𝜕𝜉
𝜕𝑧 = 𝜔2𝑒𝜉,

and

𝑥 = 𝑊1𝑒𝑊1,

we obtain

𝜕𝑊1
𝜕𝑧 = 𝑊1

𝑥(1 +𝑊1)
(𝜔2𝑒𝜉).

Because

𝑥 = −𝑒𝜉,

this simplifies to

𝜕𝑊1
𝜕𝑧 = −𝜔2

𝑊1
1 +𝑊1

which matches the claimed formula for 𝑛 = 1:

−𝜔2
𝑊1

(1 +𝑊1)
.

Thus the base case holds.
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Recursive derivative relation
For 𝑗 ≥ 2,

𝑊 𝑗 = LambertW(𝑊 𝑗−1).
Applying the chain rule:

𝜕𝑊 𝑗

𝜕𝑧 =
𝑊 𝑗

𝑊 𝑗−1(1 +𝑊 𝑗)
𝜕𝑊 𝑗−1

𝜕𝑧 .

This is the fundamental recursion.

Induction hypothesis
Assume for some 𝑘 ≥ 1:

𝜕𝑊 𝑘
𝜕𝑧 = −𝜔2

𝑊 𝑘
𝑘
∏
𝑗=1

(1 +𝑊 𝑗)

Inductive step
Using the recursion:

𝜕𝑊 𝑘+1
𝜕𝑧 =

𝑊 𝑘+1
𝑊 𝑘(1 +𝑊 𝑘+1)

𝜕𝑊 𝑘
𝜕𝑧 .

Substitute the induction hypothesis:

=
𝑊 𝑘+1

𝑊 𝑘(1 +𝑊 𝑘+1)
(−𝜔2

𝑊 𝑘

∏𝑘
𝑗=1(1 +𝑊 𝑗)

) .

Cancel𝑊 𝑘:

= −𝜔2
𝑊 𝑘+1

(1 +𝑊 𝑘+1)
1

∏𝑘
𝑗=1(1 +𝑊 𝑗)

.

Cancel𝑊 𝑘:

= −𝜔2
𝑊 𝑘+1

(1 +𝑊 𝑘+1)
1

∏𝑘
𝑗=1(1 +𝑊 𝑗)

.

Combine denominators:

𝜕𝑊 𝑘+1
𝜕𝑧 = −𝜔2

𝑊 𝑘+1
𝑘+1
∏
𝑗=1

(1 +𝑊 𝑗)

Thus the formula holds for 𝑘 + 1.

Conclusion
By mathematical induction,

𝜕𝑊𝑛
𝜕𝑧 = −𝜔2

𝑊𝑛
𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

Similarly, since

𝜕𝜉
𝜕𝑡 = −𝜔,

the identical derivation yields

𝜕𝑊𝑛
𝜕𝑡 = −𝜔

𝑊𝑛
𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

Final Result
The recursive differentiation of the 𝑛th LambertW composition
produces the compact product formulas:

𝜕𝑧𝑊𝑛 = −𝜔2
𝑊𝑛

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

𝜕𝑡𝑊𝑛 = −𝜔
𝑊𝑛

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

which proves the statement:

“Iterating this recursion yields the compact products.”

Mixed derivative
Differentiate 𝜕𝑡𝑊𝑛 with respect to 𝑧:

𝜕𝑡𝑧𝑊𝑛 =
𝜕
𝜕𝑧 (−𝜔

𝑊𝑛

∏𝑛
𝑗=1(1 +𝑊 𝑗)

)

Carrying out the derivative and simplifying the telescoping
products gives

𝜕𝑡𝑧𝑊𝑛 = 𝜔𝜔2
𝑊𝑛

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)2

51. Derivation of the Mixed Derivative 𝜕𝑡𝑧𝑊𝑛
Let

𝜉 = −𝜔2𝑧 − 𝜔𝑡 − 1,
𝜕𝜉
𝜕𝑧 = −𝜔2,

𝜕𝜉
𝜕𝑡 = −𝜔.

Define recursively

𝑊1 = LambertW(−𝑒𝜉),

𝑊 𝑗 = LambertW(𝑊 𝑗−1), 𝑗 = 2,… , 𝑛.

Assume the proven compact derivative:

𝜕𝑡𝑊𝑛 = −𝜔
𝑊𝑛

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)

We compute the mixed derivative

𝜕𝑡𝑧𝑊𝑛 =
𝜕
𝜕𝑧 (−𝜔

𝑊𝑛
𝑃𝑛
) ,

where

𝑃𝑛 =
𝑛
∏
𝑗=1

(1 +𝑊 𝑗).

Apply the quotient rule

𝜕𝑡𝑧𝑊𝑛 = −𝜔[
𝜕𝑧𝑊𝑛
𝑃𝑛

−
𝑊𝑛
𝑃2𝑛

𝜕𝑧𝑃𝑛] .
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Substitute known derivative
From the induction result:

𝜕𝑧𝑊𝑛 = −𝜔2
𝑊𝑛
𝑃𝑛

Therefore

𝜕𝑧𝑊𝑛
𝑃𝑛

= −𝜔2
𝑊𝑛
𝑃2𝑛

.

Differentiate the product 𝑃𝑛
Using the logarithmic derivative:

𝜕𝑧𝑃𝑛 = 𝑃𝑛
𝑛
∑
𝑘=1

𝜕𝑧𝑊 𝑘
1 +𝑊 𝑘

.

Substitute the derivative formula for each𝑊 𝑘:

𝜕𝑧𝑊 𝑘 = −𝜔2
𝑊 𝑘
𝑃𝑘

,

where

𝑃𝑘 =
𝑘
∏
𝑗=1

(1 +𝑊 𝑗).

Thus

𝜕𝑧𝑊 𝑘
1 +𝑊 𝑘

= −𝜔2
𝑊 𝑘

(1 +𝑊 𝑘)𝑃𝑘
.

Hence

𝜕𝑧𝑃𝑛 = −𝜔2𝑃𝑛
𝑛
∑
𝑘=1

𝑊 𝑘
(1 +𝑊 𝑘)𝑃𝑘

Substitute into mixed derivative
Return to

𝜕𝑡𝑧𝑊𝑛 = −𝜔[−𝜔2
𝑊𝑛
𝑃2𝑛

−
𝑊𝑛
𝑃2𝑛

𝜕𝑧𝑃𝑛] .

Substitute 𝜕𝑧𝑃𝑛:

= −𝜔[−𝜔2
𝑊𝑛
𝑃2𝑛

+ 𝜔2
𝑊𝑛
𝑃2𝑛

𝑃𝑛
𝑛
∑
𝑘=1

𝑊 𝑘
(1 +𝑊 𝑘)𝑃𝑘

] .

Factor common terms:

= 𝜔𝜔2
𝑊𝑛
𝑃2𝑛

[1 − 𝑃𝑛
𝑛
∑
𝑘=1

𝑊 𝑘
(1 +𝑊 𝑘)𝑃𝑘

] .

Telescoping structure
Note that

𝑃𝑛
(1 +𝑊 𝑘)𝑃𝑘

=
𝑛
∏
𝑗=𝑘+1

(1 +𝑊 𝑗).

Therefore the sum becomes

𝑃𝑛
𝑛
∑
𝑘=1

𝑊 𝑘
(1 +𝑊 𝑘)𝑃𝑘

= 1 +
𝑛
∑
𝑘=1

𝑊 𝑘

𝑛
∏
𝑗=𝑘+1

(1 +𝑊 𝑗).

Now observe the identity

𝑛
∏
𝑗=1

(1 +𝑊 𝑗) = 1 +
𝑛
∑
𝑘=1

𝑊 𝑘

𝑛
∏
𝑗=𝑘+1

(1 +𝑊 𝑗).

This is proved by expanding the product sequentially.
Therefore

1 − 𝑃𝑛
𝑛
∑
𝑘=1

𝑊 𝑘
(1 +𝑊 𝑘)𝑃𝑘

= 1
𝑃𝑛

Final simplification
Substitute this result:

𝜕𝑡𝑧𝑊𝑛 = 𝜔𝜔2
𝑊𝑛
𝑃2𝑛

( 1𝑃𝑛
) 𝑃𝑛.

Thus

𝜕𝑡𝑧𝑊𝑛 = 𝜔𝜔2
𝑊𝑛

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)2

Final Result
The mixed derivative of the 𝑛th LambertW composition satisfies

𝜕𝑡𝑧𝑊𝑛 = 𝜔𝜔2

𝑛
∏
𝑗=1

(1 +𝑊 𝑗)2

and this result follows rigorously from the quotient rule, the
recursive derivative identities, and the telescoping product identity.

Ratio of derivatives
Define

ℛ𝑛 =
(𝜕𝑡𝑊𝑛)3

(𝜕𝑡𝑧𝑊𝑛)2
.

Substituting the expressions above:

ℛ𝑛 =
(−𝜔 𝑊𝑛

∏𝑛
𝑗=1(1+𝑊𝑗)

)
3

(𝜔𝜔2
𝑊𝑛

∏𝑛
𝑗=1(1+𝑊𝑗)2

)
2

Simplifying powers gives

ℛ𝑛 = − 𝜔
𝜔22

𝑊𝑛(1 +𝑊𝑛)3
𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗)2

Integrand for the velocity potential
The inverse square root is

ℐ𝑛 =
1

√ℛ𝑛
= 𝜔2

√−𝜔

𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
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Conclusion
For the 𝑛th LambertW composition with

𝑊1 = LambertW(−𝑒𝜉), 𝑊 𝑗 = LambertW(𝑊 𝑗−1),

and

𝜉 = −𝜔2𝑧 − 𝜔𝑡 − 1,
the ratio of derivatives and its inverse square root take the exact

algebraic forms:

ℛ𝑛 = − 𝜔
𝜔22

𝑊𝑛(1 +𝑊𝑛)3

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)2

,

ℐ𝑛 =
𝜔2

√−𝜔

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
.

52. Appendix B
Step 0: Setup
Define

𝐹0(𝑧) ∶=
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛
,

𝐻0(𝑧) ∶= (1 +𝑊𝑛)3/2 [
𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
− 1
2
𝑊 ′
𝑛

𝑊𝑛
] .

Then, using the derivative structure, we have

𝑑𝐹0
𝑑𝑧 = 𝐻0(𝑧)

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
.

Hence
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
= 1
𝐻0(𝑧)

𝑑𝐹0
𝑑𝑧 ,

so the integral becomes

𝐼𝑛 = ∫ 1
𝐻0(𝑧)

𝑑𝐹0
𝑑𝑧 𝑑𝑧.

Integration by parts formula
Using

∫ 1
𝐻 𝑑𝐹 = 𝐹

𝐻 −∫𝐹 𝐻
′

𝐻2 𝑑𝑧,

we have

𝐼𝑛 =
𝐹0
𝐻0

−∫𝐹0
𝐻′
0

𝐻2
0
𝑑𝑧.

Notice that 𝐻′
0 involves only derivatives of𝑊 𝑗 , which have the

same structure as the original integrand.

First integration by parts
Define

𝐹1 ∶= 𝐹0 =
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛
, 𝐻1 ∶= 𝐻0.

Then

𝐼𝑛 =
𝐹1
𝐻1

−∫
𝐹1𝐻′

1
𝐻2
1
𝑑𝑧.

The integrand

𝐹1𝐻′
1

𝐻2
1

=
∏𝑛−2

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
× algebraic factor in𝑊 ′

𝑛−1.

Hence the product has been reduced by 1 factor.

Repeat 𝑛 − 1 times
At each step 𝑘, define

𝐹𝑘 ∶=
∏𝑛−𝑘

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛
,

𝐻𝑘 ∶= (1 +𝑊𝑛)3/2 [
𝑛−𝑘
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
− 1
2
𝑊 ′
𝑛

𝑊𝑛
] .

After 𝑘 integrations by parts, the integral becomes a sum of
algebraic terms

∏𝑛−𝑘
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛𝐻𝑘

𝑛−1
∏

𝑖=𝑛−𝑘+1
𝑊 ′

𝑖 .

Final closed form after 𝑛 − 1 steps
After 𝑛 − 1 steps, all factors (1 + 𝑊1),… , (1 + 𝑊𝑛−1) have been
reduced, leaving only derivatives𝑊 ′

𝑗 and𝑊𝑛. The integral collapses
completely, giving the final closed form

𝐼𝑛 = 2
𝑛−1
∑
𝑘=0

√1 +𝑊𝑛
𝑊 ′
𝑛

𝑘
∏
𝑗=1

𝑊 ′
𝑗

𝑛−1
∏
𝑖=𝑘+1

(1 +𝑊 𝑖) .

Here we adopt the convention∏0
𝑗=1𝑊

′
𝑗 = 1. All terms are fully

algebraic in𝑊 𝑗 and𝑊𝑛, and no integral signs remain.

Examples for small 𝑛
• 𝑛 = 2:

𝐼2 = 2 [
√1 +𝑊2
𝑊 ′

2
(1 +𝑊1) +

√1 +𝑊2
𝑊 ′
2

𝑊 ′
1 ] .

• 𝑛 = 3:

𝐼3 = 2
√1 +𝑊3
𝑊 ′

3
[(1 +𝑊1)(1 +𝑊2) + 𝑊 ′

1 (1 +𝑊2) + 𝑊 ′
1𝑊 ′

2 ].

Clearly, the pattern generalizes to arbitrary 𝑛.

53. Proof of the Derivative Structure Used here
Proof of the Derivative Structure
Goal
Given

𝐹0(𝑧) ∶=
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗(𝑧))

√𝑊𝑛(𝑧)
,

we prove that

𝑑𝐹0
𝑑𝑧 = 𝐻0(𝑧)

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
,

where

𝐻0(𝑧) ∶= (1 +𝑊𝑛)3/2 [
𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
−
𝑊 ′
𝑛

𝑊𝑛
] .

Write the function as a Product
Define

𝑃(𝑧) ∶=
𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗(𝑧)).

Then
𝐹0(𝑧) = 𝑃(𝑧)𝑊𝑛(𝑧)−1/2.
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Differentiate using the Product Rule

𝑑𝐹0
𝑑𝑧 = 𝑃′(𝑧)𝑊 −1/2

𝑛 + 𝑃(𝑧) 𝑑
𝑑𝑧 (𝑊

−1/2
𝑛 ) .

Compute the Derivative of the Product
Using the logarithmic derivative identity,

𝑃′
𝑃 =

𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
,

we obtain

𝑃′(𝑧) = 𝑃(𝑧)
𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
.

Differentiate the Square-Root Term

𝑑
𝑑𝑧 (𝑊

−1/2
𝑛 ) = 1

2𝑊
−3/2
𝑛 𝑊𝑛

′
.

Substitute Both Derivatives

𝑑𝐹0
𝑑𝑧 = 𝑃(𝑧)

𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
𝑊 −1/2
𝑛 − 𝑃(𝑧)𝑊 ′

𝑛𝑊 −3/2
𝑛 .

Factor the common term 𝑃(𝑧)𝑊 −1/2
𝑛 :

𝑑𝐹0
𝑑𝑧 = 𝑃(𝑧)𝑊 −1/2

𝑛 [
𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
−
𝑊 ′
𝑛

𝑊𝑛
] .

Insert the Factor (1 +𝑊𝑛)3/2

Multiply and divide by the same quantity:

(1 +𝑊𝑛)3/2.

Thus

𝑑𝐹0
𝑑𝑧 = (1 +𝑊𝑛)3/2 [

𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
−
𝑊 ′
𝑛

𝑊𝑛
] 𝑃(𝑧)
√𝑊𝑛(1 +𝑊𝑛)3

.

Identify 𝐻0(𝑧)
By definition,

𝐻0(𝑧) = (1 +𝑊𝑛)3/2 [
𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
− 1
2
𝑊 ′
𝑛

𝑊𝑛
] .

Therefore we obtain the exact identity

𝑑𝐹0
𝑑𝑧 = 𝐻0(𝑧)

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3

Immediate Consequence
Dividing both sides by 𝐻0(𝑧) yields

√𝑊𝑛(1 +𝑊𝑛)3 =
1

𝐻0(𝑧)
𝑑𝐹0
𝑑𝑧

Hence the integral transformation follows directly:

𝐼𝑛 = ∫ 1
𝐻0(𝑧)

𝑑𝐹0
𝑑𝑧 𝑑𝑧

Structural Remark
This identity holds because the logarithmic derivative converts the
product into a sum, allowing the derivative to factor exactly into the
required integrand structure. The inserted factor (1+𝑊𝑛)3/2 restores
the denominator √𝑊𝑛(1 +𝑊𝑛)3, enabling repeated integration by
parts to reduce the product sequentially.

Proof of and Repeated Integration by Parts
We consider the integral

𝐼𝑛 ∶= ∫
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗(𝑧))

√𝑊𝑛(𝑧)(1 +𝑊𝑛(𝑧))3
𝑑𝑧.

Define

𝐹0(𝑧) ∶=
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗(𝑧))

√𝑊𝑛(𝑧)
,

and suppose we have already established the identity

𝑑𝐹0
𝑑𝑧 = 𝐻0(𝑧)

∏𝑛−1
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
,

where

𝐻0(𝑧) = (1 +𝑊𝑛)3/2 [
𝑛−1
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
−
𝑊 ′
𝑛

𝑊𝑛
] .

Therefore

𝐼𝑛 = ∫ 1
𝐻0(𝑧)

𝑑𝐹0
𝑑𝑧 𝑑𝑧.

First Integration by Parts
We use the integration-by-parts identity

∫𝑢𝑑𝑣 = 𝑢𝑣 −∫𝑣𝑑𝑢.

Let

𝑢 = 1
𝐻0(𝑧)

, 𝑑𝑣 =
𝑑𝐹0
𝑑𝑧 𝑑𝑧.

Then

𝑑𝑢 = −
𝐻′
0(𝑧)

𝐻0(𝑧)2
𝑑𝑧, 𝑣 = 𝐹0(𝑧).

Therefore

𝐼𝑛 =
𝐹0(𝑧)
𝐻0(𝑧)

+∫𝐹0(𝑧)
𝐻′
0(𝑧)

𝐻0(𝑧)2
𝑑𝑧.

This is the exact first integration-by-parts step.

Structure of the New Integrand
Recall

𝐹0(𝑧) =
∏𝑛−1

𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛
.

The derivative 𝐻′
0(𝑧) is a linear combination of derivatives of the

terms
𝑊 ′
𝑗

1 +𝑊 𝑗
and

𝑊 ′
𝑛

𝑊𝑛
.

Thus every term in 𝐻′
0(𝑧) contains a factor of the form

𝑊 ′
𝑘 for some 𝑘.
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Therefore the new integrand has the structure

∏𝑛−2
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
× (algebraic factor involving𝑊 ′

𝑛−1).

Hence one factor (1 +𝑊𝑛−1) has effectively been replaced by its
derivative.

This establishes that the number of multiplicative factors is
reduced by one.

Repetition of the Procedure
We now define recursively, for each integer 𝑘 with

0 ≤ 𝑘 ≤ 𝑛 − 1,

𝐹𝑘(𝑧) ∶=
∏𝑛−1−𝑘

𝑗=1 (1 +𝑊 𝑗(𝑧))

√𝑊𝑛(𝑧)
.

Similarly define

𝐻𝑘(𝑧) ∶= (1 +𝑊𝑛)3/2 [
𝑛−1−𝑘
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
− 1
2
𝑊 ′
𝑛

𝑊𝑛
] .

Then we have the identity

𝑑𝐹𝑘
𝑑𝑧 = 𝐻𝑘(𝑧)

∏𝑛−1−𝑘
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
.

Therefore the remaining integral at step 𝑘 becomes

𝐼𝑛−𝑘 = ∫ 1
𝐻𝑘(𝑧)

𝑑𝐹𝑘
𝑑𝑧 𝑑𝑧.

Applying integration by parts again gives

𝐼𝑛−𝑘 =
𝐹𝑘(𝑧)
𝐻𝑘(𝑧)

+∫𝐹𝑘(𝑧)
𝐻′
𝑘(𝑧)

𝐻𝑘(𝑧)2
𝑑𝑧.

Inductive Reduction
At each step:

• One factor (1 +𝑊 𝑗) disappears from the product

• A derivative factor𝑊 ′
𝑗 appears

• The structure of the integral remains the same

Thus after 𝑘 repetitions, the expression becomes a finite sum of
terms of the form

∏𝑛−1−𝑘
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛

𝑛−1
∏
𝑖=𝑛−𝑘

𝑊 ′
𝑖 .

Termination After (𝑛 − 1) Steps
When

𝑘 = 𝑛 − 1,
the product is empty, and by convention

0
∏
𝑗=1

(⋅) = 1.

Therefore
𝐹𝑛−1(𝑧) =

1
√𝑊𝑛(𝑧)

.

No further product factors remain.
Thus the repeated integration-by-parts process terminates after
exactly (𝑛 − 1) steps.

Final Result
The integral becomes a finite algebraic sum:

𝐼𝑛 =
𝑛−1
∑
𝑘=0

∏𝑛−1−𝑘
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛

𝑛−1
∏
𝑖=𝑛−𝑘

𝑊 ′
𝑖

1
𝐻𝑘(𝑧)

which contains no remaining integrals.

Origin of the Division by 𝐻𝑘(𝑧) in the Final Expres-
sion
We start from the identity

𝑑𝐹𝑘
𝑑𝑧 = 𝐻𝑘(𝑧)

∏𝑛−1−𝑘
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
,

which implies

∏𝑛−1−𝑘
𝑗=1 (1 +𝑊 𝑗)

√𝑊𝑛(1 +𝑊𝑛)3
= 1
𝐻𝑘(𝑧)

𝑑𝐹𝑘
𝑑𝑧 .

Therefore the remaining integral at step 𝑘 is

𝐼𝑛−𝑘 = ∫ 1
𝐻𝑘(𝑧)

𝑑𝐹𝑘
𝑑𝑧 𝑑𝑧.

Integration by Parts Step
We use the standard formula

∫𝑢𝑑𝑣 = 𝑢𝑣 −∫𝑣𝑑𝑢.

Choose

𝑢 = 1
𝐻𝑘(𝑧)

, 𝑑𝑣 =
𝑑𝐹𝑘
𝑑𝑧 𝑑𝑧.

Then
𝑣 = 𝐹𝑘(𝑧),

and

𝑑𝑢 = −
𝐻′
𝑘(𝑧)

𝐻𝑘(𝑧)2
𝑑𝑧.

Substituting into the integration-by-parts formula gives

𝐼𝑛−𝑘 =
𝐹𝑘(𝑧)
𝐻𝑘(𝑧)

+∫𝐹𝑘(𝑧)
𝐻′
𝑘(𝑧)

𝐻𝑘(𝑧)2
𝑑𝑧.

Key Observation
The term

𝐹𝑘(𝑧)
𝐻𝑘(𝑧)

is the boundary term produced by integration by parts.
Thus the division by 𝐻𝑘(𝑧) arises directly from the choice

𝑢 = 1
𝐻𝑘(𝑧)

.

It is not introduced artificially.
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Recursive Structure
At the next step, the same structure holds:

𝐼𝑛−𝑘−1 =
𝐹𝑘+1(𝑧)
𝐻𝑘+1(𝑧)

+∫𝐹𝑘+1(𝑧)
𝐻′
𝑘+1(𝑧)

𝐻𝑘+1(𝑧)2
𝑑𝑧.

Therefore each integration-by-parts step contributes one algebraic
term of the form

𝐹𝑘(𝑧)
𝐻𝑘(𝑧)

.

Final Expression
After (𝑛 − 1) repetitions, the integral becomes a finite sum of such
boundary terms:

𝐼𝑛 =
𝑛−1
∑
𝑘=0

𝐹𝑘(𝑧)
𝐻𝑘(𝑧)

where

𝐹𝑘(𝑧) =
∏𝑛−1−𝑘

𝑗=1 (1 +𝑊 𝑗(𝑧))

√𝑊𝑛(𝑧)
,

and

𝐻𝑘(𝑧) = (1 +𝑊𝑛)3/2 [
𝑛−1−𝑘
∑
𝑗=1

𝑊 ′
𝑗

1 +𝑊 𝑗
− 1
2
𝑊 ′
𝑛

𝑊𝑛
] .

Conclusion
The division by 𝐻𝑘(𝑧) appears naturally as the boundary term from
each integration-by-parts step when choosing

𝑢 = 1
𝐻𝑘(𝑧)

.

54. Full Proofs of Steps 2 and 3
Proof of and Step 3
We consider the function

𝐹0(𝑧) = 𝑃(𝑧)𝑊𝑛(𝑧)−1/2,

where

𝑃(𝑧) ∶=
𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗(𝑧)).

We now prove rigorously:

• The derivative of 𝐹0(𝑧) using the product rule.

• The explicit derivative formula for the product 𝑃(𝑧).

Product Rule Differentiation

Theorem (Product Rule)
Let 𝑓(𝑧) and 𝑔(𝑧) be differentiable functions. Then

𝑑
𝑑𝑧 [𝑓(𝑧)𝑔(𝑧)] = 𝑓′(𝑧)𝑔(𝑧) + 𝑓(𝑧)𝑔′(𝑧).

Application
Let

𝑓(𝑧) = 𝑃(𝑧), 𝑔(𝑧) = 𝑊𝑛(𝑧)−1/2.

Then by the product rule,

𝑑𝐹0
𝑑𝑧 = 𝑑

𝑑𝑧 [𝑃(𝑧)𝑊𝑛(𝑧)−1/2] = 𝑃′(𝑧)𝑊 −1/2
𝑛 + 𝑃(𝑧) 𝑑𝑑𝑧 (𝑊

−1/2
𝑛 ) .

This completes rigorously.

Derivative of the Power Term
We now compute

𝑑
𝑑𝑧 (𝑊

−1/2
𝑛 ) .

Chain Rule
Let 𝑢(𝑧) = 𝑊𝑛(𝑧). Then

𝑑
𝑑𝑧 (𝑢

−1/2) = −12𝑢
−3/2𝑢′.

Therefore

𝑑
𝑑𝑧 (𝑊

−1/2
𝑛 ) = −12𝑊

−3/2
𝑛 𝑊 ′

𝑛

Derivative of the Product 𝑃(𝑧)
We now compute the derivative of

𝑃(𝑧) =
𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗(𝑧)).

Finite Product Differentiation Rule
Let

𝑃(𝑧) =
𝑚
∏
𝑗=1

𝑓𝑗(𝑧),

where each 𝑓𝑗(𝑧) is differentiable.
Then the derivative is

𝑃′(𝑧) =
𝑚
∑
𝑘=1

⎡
⎢
⎢
⎣

𝑓′𝑘(𝑧)
𝑚
∏
𝑗=1
𝑗≠𝑘

𝑓𝑗(𝑧)
⎤
⎥
⎥
⎦

Proof
We prove by induction.

Base Case: 𝑚 = 2
Let

𝑃(𝑧) = 𝑓1(𝑧)𝑓2(𝑧).

Then by the product rule,

𝑃′(𝑧) = 𝑓′1(𝑧)𝑓2(𝑧) + 𝑓1(𝑧)𝑓′2(𝑧),

which matches the formula.
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Inductive Step
Assume the formula holds for 𝑚− 1 functions. Write

𝑃(𝑧) = (
𝑚−1
∏
𝑗=1

𝑓𝑗(𝑧)) 𝑓𝑚(𝑧).

Define

𝑄(𝑧) =
𝑚−1
∏
𝑗=1

𝑓𝑗(𝑧).

Then
𝑃(𝑧) = 𝑄(𝑧)𝑓𝑚(𝑧).

Differentiate using the product rule:

𝑃′(𝑧) = 𝑄′(𝑧)𝑓𝑚(𝑧) + 𝑄(𝑧)𝑓′𝑚(𝑧).

By the induction hypothesis,

𝑄′(𝑧) =
𝑚−1
∑
𝑘=1

⎡
⎢
⎢
⎣

𝑓′𝑘(𝑧)
𝑚−1
∏
𝑗=1
𝑗≠𝑘

𝑓𝑗(𝑧)
⎤
⎥
⎥
⎦

.

Substitute into the expression:

𝑃′(𝑧) =
𝑚−1
∑
𝑘=1

⎡
⎢
⎢
⎣

𝑓′𝑘(𝑧)
𝑚−1
∏
𝑗=1
𝑗≠𝑘

𝑓𝑗(𝑧)
⎤
⎥
⎥
⎦

𝑓𝑚(𝑧) + 𝑓′𝑚(𝑧)
𝑚−1
∏
𝑗=1

𝑓𝑗(𝑧).

This becomes

𝑃′(𝑧) =
𝑚
∑
𝑘=1

⎡
⎢
⎢
⎣

𝑓′𝑘(𝑧)
𝑚
∏
𝑗=1
𝑗≠𝑘

𝑓𝑗(𝑧)
⎤
⎥
⎥
⎦

.

Thus the formula holds for 𝑚, completing the proof.

Apply to Our Product
Let

𝑓𝑗(𝑧) = 1 +𝑊 𝑗(𝑧).

Then
𝑓′𝑗 (𝑧) = 𝑊 ′

𝑗 (𝑧).

Therefore

𝑃′(𝑧) =
𝑛−1
∑
𝑘=1

⎡
⎢
⎢
⎣

𝑊 ′
𝑘(𝑧)

𝑛−1
∏
𝑗=1
𝑗≠𝑘

(1 +𝑊 𝑗(𝑧))
⎤
⎥
⎥
⎦

Factorized Form
We now factor out the full product

𝑃(𝑧) =
𝑛−1
∏
𝑗=1

(1 +𝑊 𝑗).

Observe that
𝑛−1
∏
𝑗=1
𝑗≠𝑘

(1 +𝑊 𝑗) =
𝑃(𝑧)

1 +𝑊 𝑘
.

Therefore

𝑃′(𝑧) =
𝑛−1
∑
𝑘=1

𝑊 ′
𝑘

𝑃(𝑧)
1 +𝑊 𝑘

.

Hence

𝑃′(𝑧) = 𝑃(𝑧)
𝑛−1
∑
𝑘=1

𝑊 ′
𝑘

1 +𝑊 𝑘

which is the exact identity used in the derivative structure.
This expression shows how the gradients of the velocity compo-

nents interact through the nonlinear vector field ⃗𝑏, which is common
in analyzing vortex stretching and enstrophy production.

55. Appendix C
Multiplication of 𝜈 = 𝜖3 by the second derivative
of 𝑏3 in the viscosity term
Second Derivative and Scaled Limit for a Lambert
𝑊 Expression
Let

𝑏(𝑧, 𝑡, 𝜀3) = − 1

LambertW(−
exp(sin(𝑡 − 𝑧 + 𝜖) + ln(2) − 2)

1 + sin(𝑡 − 𝑧 + 𝜖) + 𝜀3
)
.

We compute:

1. The second derivative with respect to 𝑧,

2. The limit as 𝑧 → 𝑡 + 𝜋
2
,

3. Multiply by 𝜀3 and take 𝜀3 → 0.

Step 1 — Local Variable Near the Singular Point
Let

𝑠 = 𝑡 − 𝑧, 𝛿 = 𝑠 + 𝜋
2 .

Then the evaluation point

𝑧 = 𝑡 + 𝜋
2 ⟺ 𝛿 = 0.

Use the Taylor expansion:

sin(𝑠) = −1 + 1
2𝛿

2 + 𝑂(𝛿4).

Step 2 — Expand Numerator and Denominator
Denominator:

1 + sin(𝑠) + 𝜀3 = 𝜀3 +
1
2𝛿

2 + 𝑂(𝛿4).

Numerator:

exp(sin(𝑠) + ln 2 − 2) = 2𝑒−2 𝑒sin(𝑠).

Therefore
= 2𝑒−3 (1 + 1

2𝛿
2 + 𝑂(𝛿4)) .

Hence the Lambert𝑊 argument is

𝐴(𝛿, 𝜀3) = −
2𝑒−3 (1 + 1

2
𝛿2 + 𝑂(𝛿4))

𝜀3 +
1
2
𝛿2 + 𝑂(𝛿4)

.

Step 3 — Limit as 𝑧 → 𝑡 + 𝜋/2
Set 𝛿 = 0:

𝐴(0, 𝜀3) = −2𝑒
−3

𝜀3
.

Thus
𝐴 → −∞ as 𝜀3 → 0+.
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Step 4 — Asymptotic Behavior of Lambert𝑊
For 𝑥 → −∞,

LambertW(𝑥) = ln(−𝑥) − ln( ln(−𝑥)) + 𝑜(1).

Apply to

𝑥 = −2𝑒
−3

𝜀3
.

Then

LambertW ∼ ln(2𝑒
−3

𝜀3
) − ln[ln(2𝑒

−3

𝜀3
)] .

Therefore
𝑏 = − 1

LambertW ∼ 1
ln(1/𝜀3)

.

Hence
𝑏 → 0 logarithmically as 𝜀3 → 0.

Step 5 — Behavior of Derivatives
Near 𝛿 = 0:

𝑏(𝛿, 𝜀3) = − 1

ln( 2𝑒−3

𝜀3+
1
2
𝛿2
)

+ higher order terms.

Since
𝛿 = 𝑡 − 𝑧 + 𝜋

2 ,
𝑑𝛿
𝑑𝑧 = −1,

we obtain the scaling:

𝜕𝑏
𝜕𝑧 = 𝑂( 𝛿

𝜀3 + 𝛿2 ln2(1/𝜀3)
) .

Therefore at the evaluation point:

𝜕𝑏
𝜕𝑧
|
|
|
𝑧=𝑡+𝜋/2

= 0.

Differentiating again gives

𝜕2𝑏
𝜕𝑧2 = 𝑂( 1

𝜀3 ln
2(1/𝜀3)

) .

Hence
𝜕2𝑏
𝜕𝑧2

|
|
|
𝑧=𝑡+𝜋/2

∼ 𝐶
𝜀3 ln

2(1/𝜀3)
,

for some finite constant 𝐶.

Step 6 — Multiply by 𝜀3

𝜀3
𝜕2𝑏
𝜕𝑧2

|
|
|
𝑧=𝑡+𝜋/2

∼ 𝐶
ln2(1/𝜀3)

.

Step 7 — Final Limit
Since

ln(1/𝜀3) → ∞,

we obtain

lim
𝜀3→0

𝜀3
𝜕2

𝜕𝑧2
⎡
⎢
⎢
⎢
⎣

− 1

LambertW (−
exp(sin(𝑡 − 𝑧 + 𝜖) + ln(2) − 2)

1 + sin(𝑡 − 𝑧 + 𝜖) + 𝜀3
)

⎤
⎥
⎥
⎥
⎦𝑧=𝑡+𝜋/2

= 0

Interpretation
• The second derivative diverges like

1
𝜀3 ln

2(1/𝜀3)
.

• After multiplying by 𝜀3, the logarithmic denominator domi-
nates.

• Therefore the scaled curvature vanishes in the limit:

𝜀3 𝑏𝑧𝑧 ⟶ 0.

56. Appendix D
Regularity of the Product 𝑏(𝑡) = 𝑢𝑥(𝑡) 𝑢𝑦(𝑡) with
Lambert𝑊 Structure
We analyze the regularity of the time derivative of the product

𝑏(𝑡) = 𝑢𝑥(𝑡) 𝑢𝑦(𝑡)

when each component is defined in terms of the Lambert𝑊 function.

1. Definition of the Velocity Components
Let

𝑢𝑦(𝑡) = 𝑊(−𝑒−𝑡−1) + 1, 𝑢𝑥(𝑡) = 𝑊(−𝑒−𝑡−1) + 1,

where𝑊 denotes the Lambert𝑊 function.
Define

𝑤(𝑡) = 𝑊(−𝑒−𝑡−1).
Then

𝑢𝑥(𝑡) = 𝑢𝑦(𝑡) = 𝑤(𝑡) + 1.

2. Product Structure
The product becomes

𝑏(𝑡) = 𝑢𝑥(𝑡) 𝑢𝑦(𝑡) = (𝑤(𝑡) + 1)2.

Expanding,
𝑏(𝑡) = 𝑤(𝑡)2 + 2𝑤(𝑡) + 1.

3. Domain and Branch Point
Consider the argument

−𝑒−𝑡−1.
For 𝑡 ≥ 0,

−𝑒−𝑡−1 ∈ [−𝑒−1, 0).
At 𝑡 = 0,

𝑊(−𝑒−1) = −1.
This is the branch point of the Lambert𝑊 function.

4. Local Expansion Near the Branch Point
Let

𝜀 = 𝑡.
Near the branch point,

𝑊(−𝑒−1 + 𝜀) = −1 + √2𝜀 + 𝑂(𝜀).

Thus,
𝑤(𝑡) + 1 ∼ 𝐶√𝑡.

Therefore,

𝑢𝑥(𝑡) ∼ 𝐶√𝑡, 𝑢𝑦(𝑡) ∼ 𝐶√𝑡

near 𝑡 = 0.
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5. Derivatives of the Velocity Components
Differentiate:

𝑑𝑤
𝑑𝑡 = 𝑑

𝑑𝑡𝑊(−𝑒−𝑡−1).

Using the derivative formula for the Lambert𝑊 function,

𝑑𝑊(𝑧)
𝑑𝑧 = 𝑊(𝑧)

𝑧(1 +𝑊(𝑧))
,

we obtain

𝑑𝑤
𝑑𝑡 = 𝑊(−𝑒−𝑡−1)

−𝑒−𝑡−1(1 +𝑊(−𝑒−𝑡−1))
𝑒−𝑡−1.

Simplifying,
𝑑𝑤
𝑑𝑡 = 𝑊(−𝑒−𝑡−1)

1 +𝑊(−𝑒−𝑡−1)
.

Near the branch point,

1 +𝑊(−𝑒−𝑡−1) ∼ 𝐶√𝑡.

Therefore,
𝑑𝑤
𝑑𝑡 ∼ 1

√𝑡

and hence

𝜕𝑡𝑢𝑥, 𝜕𝑡𝑢𝑦 are unbounded at the branch point.

6. Derivative of the Product
Since

𝑏(𝑡) = (𝑤(𝑡) + 1)2,

we compute
𝑑𝑏
𝑑𝑡 = 2(𝑤(𝑡) + 1)𝑑𝑤𝑑𝑡 .

7. Asymptotic behavior of the Product Derivative
Using

𝑤(𝑡) + 1 ∼ 𝐶√𝑡,

and
𝑑𝑤
𝑑𝑡 ∼ 1

√𝑡
,

we obtain
𝑑𝑏
𝑑𝑡 ∼ 𝐶.

Thus the derivative remains finite.

8. Regularity Conclusion
We have established:

𝑢𝑥, 𝑢𝑦
are continuous but not differentiable at the branch point because

𝜕𝑡𝑢𝑥, 𝜕𝑡𝑢𝑦
diverge.
However,

𝑏 = 𝑢𝑥𝑢𝑦
is differentiable because the singularities cancel.
Therefore,

𝑏 ∈ 𝐶1 even though 𝑢𝑥, 𝑢𝑦 ∉ 𝐶1.

9. Structural Interpretation
The time derivative of the product is

𝜕𝑡𝑏 = 𝑢𝑥 𝜕𝑡𝑢𝑦 + 𝑢𝑦 𝜕𝑡𝑢𝑥.

Each derivative term is singular, but each is multiplied by a
vanishing factor.

Thus,

the product remains smooth while the individual
components are singular.

This mechanism corresponds to cancellation of singularities in
nonlinear transport structures and characteristic degeneracy near
branch points. This shows that the degeneracy is controlled by the
characteristic mapping rather than by the velocity magnitude itself.

57. Appendix E

To calculate the scalar quantity ∇( ⃗𝑏) ⋅ ∇(𝑢𝑧), we first define the
components of the vector field ⃗𝑏 and the scalar gradient ∇(𝑢𝑧).

1. The Gradient of 𝑢𝑧
The gradient of the scalar function 𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) is:

∇(𝑢𝑧) = (
𝜕𝑢𝑧
𝜕𝑥 , 𝜕𝑢𝑧𝜕𝑦 ,

𝜕𝑢𝑧
𝜕𝑧 )

2. The Jacobian Matrix ∇( ⃗𝑏)
The gradient of a vector field ⃗𝑏 = (𝑏𝑥, 𝑏𝑦, 𝑏𝑧) is the Jacobian

matrix (∇ ⃗𝑏)𝑖𝑗 =
𝜕𝑏𝑖
𝜕𝑥𝑗

. Given ⃗𝑏 = (𝑢𝑦𝑢𝑧, 𝑢𝑥𝑢𝑧, 𝑢𝑥𝑢𝑦):

∇( ⃗𝑏) = (
𝜕𝑥(𝑢𝑦𝑢𝑧) 𝜕𝑦(𝑢𝑦𝑢𝑧) 𝜕𝑧(𝑢𝑦𝑢𝑧)
𝜕𝑥(𝑢𝑥𝑢𝑧) 𝜕𝑦(𝑢𝑥𝑢𝑧) 𝜕𝑧(𝑢𝑥𝑢𝑧)
𝜕𝑥(𝑢𝑥𝑢𝑦) 𝜕𝑦(𝑢𝑥𝑢𝑦) 𝜕𝑧(𝑢𝑥𝑢𝑦)

)

Using the product rule, the components are:
Row 1: (𝑢𝑧𝜕𝑥𝑢𝑦 + 𝑢𝑦𝜕𝑥𝑢𝑧, 𝑢𝑧𝜕𝑦𝑢𝑦 + 𝑢𝑦𝜕𝑦𝑢𝑧, 𝑢𝑧𝜕𝑧𝑢𝑦 +

𝑢𝑦𝜕𝑧𝑢𝑧)
Row 2: (𝑢𝑧𝜕𝑥𝑢𝑥 + 𝑢𝑥𝜕𝑥𝑢𝑧, 𝑢𝑧𝜕𝑦𝑢𝑥 + 𝑢𝑥𝜕𝑦𝑢𝑧, 𝑢𝑧𝜕𝑧𝑢𝑥 +

𝑢𝑥𝜕𝑧𝑢𝑧)
Row 3: (𝑢𝑦𝜕𝑥𝑢𝑥 + 𝑢𝑥𝜕𝑥𝑢𝑦, 𝑢𝑦𝜕𝑦𝑢𝑥 + 𝑢𝑥𝜕𝑦𝑢𝑦, 𝑢𝑦𝜕𝑧𝑢𝑥 +

𝑢𝑥𝜕𝑧𝑢𝑦)
3. The Operation ∇( ⃗𝑏) ⋅ ∇(𝑢𝑧)
Strictly speaking, ∇( ⃗𝑏) ⋅ ∇(𝑢𝑧) represents the matrix-vector

product. If we denote 𝑉 = ∇(𝑢𝑧), then the 𝑖-th component of
the resulting vector is∑𝑗

𝜕𝑏𝑖
𝜕𝑥𝑗

𝜕ᵆ𝑧
𝜕𝑥𝑗

.

The components of the resulting vector are:
X-component:

𝑢𝑧(∇𝑢𝑦 ⋅ ∇𝑢𝑧) + 𝑢𝑦|∇𝑢𝑧|2

Y-component:

𝑢𝑧(∇𝑢𝑥 ⋅ ∇𝑢𝑧) + 𝑢𝑥|∇𝑢𝑧|2

Z-component:

𝑢𝑦(∇𝑢𝑥 ⋅ ∇𝑢𝑧) + 𝑢𝑥(∇𝑢𝑦 ⋅ ∇𝑢𝑧)

4. Expansion of Terms
Using the standard dot product notationwhere |∇𝑢𝑧|2 = (𝜕𝑥𝑢𝑧)2+

(𝜕𝑦𝑢𝑧)2 + (𝜕𝑧𝑢𝑧)2:
First Component:
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𝑢𝑧 (
𝜕𝑢𝑦
𝜕𝑥

𝜕𝑢𝑧
𝜕𝑥 +

𝜕𝑢𝑦
𝜕𝑦

𝜕𝑢𝑧
𝜕𝑦 +

𝜕𝑢𝑦
𝜕𝑧

𝜕𝑢𝑧
𝜕𝑧 )

+𝑢𝑦 [(
𝜕𝑢𝑧
𝜕𝑥 )

2
+ (

𝜕𝑢𝑧
𝜕𝑦 )

2
+ (

𝜕𝑢𝑧
𝜕𝑧 )

2
]

Second Component:

𝑢𝑧 (
𝜕𝑢𝑥
𝜕𝑥

𝜕𝑢𝑧
𝜕𝑥 +

𝜕𝑢𝑥
𝜕𝑦

𝜕𝑢𝑧
𝜕𝑦 +

𝜕𝑢𝑥
𝜕𝑧

𝜕𝑢𝑧
𝜕𝑧 )

+𝑢𝑥 [(
𝜕𝑢𝑧
𝜕𝑥 )

2
+ (

𝜕𝑢𝑧
𝜕𝑦 )

2
+ (

𝜕𝑢𝑧
𝜕𝑧 )

2
]

Third Component:

𝑢𝑦 (
𝜕𝑢𝑥
𝜕𝑥

𝜕𝑢𝑧
𝜕𝑥 +

𝜕𝑢𝑥
𝜕𝑦

𝜕𝑢𝑧
𝜕𝑦 +

𝜕𝑢𝑥
𝜕𝑧

𝜕𝑢𝑧
𝜕𝑧 )

+𝑢𝑥 (
𝜕𝑢𝑦
𝜕𝑥

𝜕𝑢𝑧
𝜕𝑥 +

𝜕𝑢𝑦
𝜕𝑦

𝜕𝑢𝑧
𝜕𝑦 +

𝜕𝑢𝑦
𝜕𝑧

𝜕𝑢𝑧
𝜕𝑧 )

Summary in Vector Form
The result can be compactly written as:

∇( ⃗𝑏) ⋅ ∇(𝑢𝑧) = (
𝑢𝑧(∇𝑢𝑦 ⋅ ∇𝑢𝑧) + 𝑢𝑦|∇𝑢𝑧|2
𝑢𝑧(∇𝑢𝑥 ⋅ ∇𝑢𝑧) + 𝑢𝑥|∇𝑢𝑧|2

𝑢𝑦(∇𝑢𝑥 ⋅ ∇𝑢𝑧) + 𝑢𝑥(∇𝑢𝑦 ⋅ ∇𝑢𝑧)
)

58. Appendix F
Theory of characteristics for a General Nonlinear
Transport Equation
We work in the framework commonly used in the analysis of non-
linear transport and conservation laws arising in the incompressible
Navier–Stokes equations and related evolution systems. Refer to the
theory of characteristics for a general nonlinear transport equation
as shown in [24].

59. Appendix G
Local Well-Posedness from Smooth Initial data
We prove local well-posedness for the nonlinear transport equation

𝜕𝑡𝑏 + 𝑏 𝜕𝑧𝑏 = −𝑏2 cot(𝑡 − 𝑧),

with smooth parameter dependence in (𝑥, 𝑦) treated as frozen
parameters.

Thus the analysis is carried out in (𝑧, 𝑡).

1. Reformulation as a Quasilinear Transport
Equation
We write the PDE in the form

𝜕𝑡𝑏 + 𝑎(𝑡, 𝑧, 𝑏) 𝜕𝑧𝑏 = 𝑓(𝑡, 𝑧, 𝑏),

where

𝑎(𝑡, 𝑧, 𝑏) = 𝑏, 𝑓(𝑡, 𝑧, 𝑏) = −𝑏2 cot(𝑡 − 𝑧).

This is a quasilinear first-order PDE.

2. Initial data
We prescribe smooth initial data

𝑏(𝑧, 0) = 𝑏0(𝑧), 𝑏0 ∈ 𝐶∞(ℝ).

We aim to prove local existence, uniqueness, and smoothness.

3. Characteristic system
Define characteristics (𝑍(𝑡), 𝐵(𝑡)) by

𝑑𝑍
𝑑𝑡 = 𝐵 𝑑𝐵

𝑑𝑡 = −𝐵2 cot(𝑡 − 𝑍)

with initial conditions

𝑍(0) = 𝜉, 𝐵(0) = 𝑏0(𝜉).

This defines a nonlinear ODE system.

4. Local Existence of characteristics
The vector field is

𝐹(𝑡, 𝑍, 𝐵) = (𝐵, −𝐵2 cot(𝑡 − 𝑍)).

The function cot(𝑠) is smooth on any interval avoiding 𝑠 = 𝑘𝜋.
At 𝑡 = 0, we have 𝑠 = −𝜉, which is fixed and finite.

Hence 𝐹 ∈ 𝐶∞ locally in time.
By the Picard–Lindelöf theorem:

∃𝑇𝜉 > 0 such that (𝑍(𝑡), 𝐵(𝑡)) exists uniquely and smoothly
on [0, 𝑇𝜉].

5. Smooth Dependence on Initial data
Since the vector field is smooth in (𝜉, 𝑏0(𝜉)), ODE theory implies

(𝑍(𝑡, 𝜉), 𝐵(𝑡, 𝜉)) ∈ 𝐶∞ in 𝜉.

Thus
𝐵(𝑡, 𝜉) ∈ 𝐶∞ for all 𝑡 < 𝑇𝜉.

6. Invertibility of the Characteristic Map
Define the Eulerian map

Φ𝑡(𝜉) = 𝑍(𝑡, 𝜉).

Differentiate:

𝜕𝜉𝑍 = 1 +∫
𝑡

0
𝜕𝜉𝐵(𝑠, 𝜉) 𝑑𝑠.

At 𝑡 = 0:
𝜕𝜉𝑍(0) = 1.

Thus for sufficiently small 𝑡,

𝜕𝜉𝑍(𝑡, 𝜉) ≠ 0.

Hence Φ𝑡 is locally invertible and

𝜉 = 𝜉(𝑧, 𝑡)

exists smoothly.
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7. Construction of the Eulerian solution
Define

𝑏(𝑧, 𝑡) = 𝐵(𝑡, 𝜉(𝑧, 𝑡)).

Since

• 𝐵 ∈ 𝐶∞,

• 𝜉(𝑧, 𝑡) ∈ 𝐶∞,

• composition preserves smoothness,

we obtain
𝑏 ∈ 𝐶∞([0, 𝑇] × ℝ).

8. Uniqueness
Let 𝑏1, 𝑏2 be two solutions. Along characteristics,

𝑑
𝑑𝑡 (𝑏1 − 𝑏2) = −(𝑏21 − 𝑏22) cot(𝑡 − 𝑍).

Factor:
𝑏21 − 𝑏22 = (𝑏1 − 𝑏2)(𝑏1 + 𝑏2).

Thus

𝑑
𝑑𝑡 (𝑏1 − 𝑏2) = −(𝑏1 + 𝑏2) cot(𝑡 − 𝑍)(𝑏1 − 𝑏2).

Applying Grönwall’s inequality gives

𝑏1 = 𝑏2.

9. Local Well-Posedness Theorem
Theorem. Let 𝑏0 ∈ 𝐶∞(ℝ). Then there exists 𝑇 > 0 such that:

1. (Existence) a solution 𝑏(𝑧, 𝑡) exists on [0, 𝑇],

2. (Uniqueness) the solution is unique,

3. (Regularity) 𝑏 ∈ 𝐶∞,

4. (Continuous dependence) 𝑏 depends smoothly on 𝑏0.

10. Limitations of the Result
This result does not guarantee global regularity because:

• The characteristic map may lose invertibility:

𝜕𝜉𝑍(𝑡, 𝜉) = 0 ⇒ shock formation.

• The forcing term is singular:

cot(𝑡 − 𝑧) → ∞ when 𝑡 − 𝑧 = 𝑘𝜋.

Thus the maximal existence time satisfies

𝑇 ≤ min(𝑇shock, 𝑇forcing).

11. Relation to the Lambert𝑊 Representation
The explicit form

𝑏 = − 1
𝑊(𝑍)

is consistent with the local theory because:

• local well-posedness ensures 𝑍 remains in a smooth branch,

• the branch point 𝑍 = −𝑒−1 is not reached instantly,

• singularities occur only if characteristics reach the boundary.

Final Statement

The PDE is locally well-posed in 𝐶∞ for smooth initial data.

However,

global regularity fails when characteristics reach 𝑡 − 𝑧 = 𝑘𝜋
or compress.

Why the Characteristic System (𝑍(𝑡), 𝐵(𝑡)) is Intro-
duced
We explain rigorously why the system

(𝑍(𝑡), 𝐵(𝑡))

is considered and how it is derived from the partial differential
equation.

1. General First-Order Quasilinear PDE
Consider a first-order quasilinear PDE of the form

𝜕𝑡𝑢 + 𝑎(𝑡, 𝑧, 𝑢) 𝜕𝑧𝑢 = 𝑓(𝑡, 𝑧, 𝑢).

This equation describes transport of the quantity 𝑢 with velocity
𝑎(𝑡, 𝑧, 𝑢) and forcing 𝑓(𝑡, 𝑧, 𝑢).

2. Definition of a Characteristic Curve
Definition.

A curve
𝑡 ↦ 𝑍(𝑡)

in space–time is called a characteristic curve if along that curve
the partial differential equation reduces to an ordinary differential
equation.

We define the trajectory by

𝑑𝑍
𝑑𝑡 = 𝑎(𝑡, 𝑍(𝑡), 𝑢(𝑍(𝑡), 𝑡)).

This choice ensures that the spatial motion matches the transport
velocity.

3. Total Derivative Along a Moving Curve
Let

𝑢(𝑧, 𝑡)

be a sufficiently smooth solution.
Define

𝐵(𝑡) = 𝑢(𝑍(𝑡), 𝑡).

Using the chain rule,

𝑑
𝑑𝑡𝐵(𝑡) = 𝜕𝑡𝑢 +

𝑑𝑍
𝑑𝑡 𝜕𝑧𝑢.

Substitute the definition of the characteristic velocity:

𝑑𝑍
𝑑𝑡 = 𝑎(𝑡, 𝑍(𝑡), 𝑢).

Therefore
𝑑
𝑑𝑡𝐵(𝑡) = 𝜕𝑡𝑢 + 𝑎(𝑡, 𝑧, 𝑢) 𝜕𝑧𝑢.
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4. Reduction of the pde to an ode
Using the original PDE,

𝜕𝑡𝑢 + 𝑎(𝑡, 𝑧, 𝑢) 𝜕𝑧𝑢 = 𝑓(𝑡, 𝑧, 𝑢),

we obtain

𝑑
𝑑𝑡𝐵(𝑡) = 𝑓(𝑡, 𝑍(𝑡), 𝐵(𝑡)).

Thus along a characteristic curve, the PDE becomes an ordinary
differential equation.

This is the fundamental reason characteristics are introduced.

5. Application to the Present Equation
We consider the equation

𝜕𝑡𝑏 + 𝑏 𝜕𝑧𝑏 = −𝑏2 cot(𝑡 − 𝑧).

Identify

𝑎(𝑡, 𝑧, 𝑏) = 𝑏, 𝑓(𝑡, 𝑧, 𝑏) = −𝑏2 cot(𝑡 − 𝑧).

6. Characteristic system
Therefore the characteristic equations are

𝑑𝑍
𝑑𝑡 = 𝐵

and

𝑑𝐵
𝑑𝑡 = −𝐵2 cot(𝑡 − 𝑍).

These equations describe:

• motion of the spatial point 𝑍(𝑡) with velocity equal to the field
𝑏,

• evolution of the field value 𝐵(𝑡) along that moving point.

7. Initial conditions
The characteristic starting point is determined by the initial data:

𝑍(0) = 𝜉, 𝐵(0) = 𝑏0(𝜉).

Thus each spatial point 𝜉 generates one trajectory.

8. Reconstruction of the pde solution
After solving the ODE system, we obtain

𝑍(𝑡, 𝜉), 𝐵(𝑡, 𝜉).

If the mapping

𝜉 ↦ 𝑍(𝑡, 𝜉)

remains invertible, then

𝜉 = 𝜉(𝑧, 𝑡)

exists.
We define the Eulerian solution by

𝑏(𝑧, 𝑡) = 𝐵(𝑡, 𝜉(𝑧, 𝑡)).

This function satisfies the original PDE.

9. Geometric Interpretation
Characteristics are the trajectories along which information travels.

In this equation,

𝑑𝑍
𝑑𝑡 = 𝑏

means:

the field transports itself with its own velocity.

Thus the PDE describes a self-advecting flow.

10. Relation to Shock and Singularity Formation
Loss of regularity occurs when characteristics intersect.

Mathematically:

𝜕𝜉𝑍(𝑡, 𝜉) = 0.

At that moment,

• the inverse mapping fails,

• spatial gradients become infinite,

• a singularity forms.

This mechanism is called

characteristic compression.

Final Statement
The characteristic system (𝑍(𝑡), 𝐵(𝑡)) is introduced because:

1. it converts the PDE into an ODE system,

2. it provides the rigorous construction of solutions,

3. it determines existence and uniqueness,

4. it identifies the mechanism of singularity formation.
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1. Preliminary

A lthough the work on lattices is varied and interesting, it
mainly concerns normed vector spaces over the field of real

numbers. In functional analysis, and particularly in spectral
analysis, spaces over the field of complex numbers are often
studied. In order to avoid extension through complexification,
we study in this paper properties of the complex lattice 𝐶(𝑋, ℂ),
the space of continuous complex functions on a hemicompact
space (containing an exhaustive sequence of compact sets 𝐾𝑛) by
considering an adequate cone on the field of complex numbers
that strictly contains ℝ+.
A Fréchet space is a topological vector space 𝐸 whose topology

is complete metrizable and defined by a countable family of
seminorms (‖ ⋅ ‖𝑛)𝑛∈ℕ that separates points (if ‖𝑥‖𝑛 = 0 for all
𝑛, then 𝑥 = 0). We shall always assume that for all 𝑥 ∈ 𝐸,
‖𝑥‖𝑛 ⩽ ‖𝑥‖𝑛+1. A basic device in the study of a Fréchet space
is to represent 𝐸 as the inverse limit of a sequence of Banach
spaces 𝐸𝑛, where 𝐸𝑛 is the completion of 𝐸𝑛 = 𝐸/𝐼𝑛 with norm
‖𝑥 + 𝐼𝑛‖𝑛 = ‖𝑥‖𝑛 and 𝐼𝑛 is the subspace of all 𝑥 ∈ 𝐸 such that
‖𝑥‖𝑛 = 0. The subspaces 𝐼𝑛 satisfy 𝐼𝑛+1 ⊂ 𝐼𝑛 and⋂𝑛 𝐼𝑛 = {0}.
The homomorphism𝜋𝑚𝑛∶ 𝐸𝑛 → 𝐸𝑚 for𝑚 ⩽ 𝑛 is defined as the

completion of the mapping 𝑥 + 𝐼𝑛 ↦ 𝑥 + 𝐼𝑚. This representation
enables one to construct an element in 𝐸 by constructing a
sequence 𝑥𝑛 such that for each 𝑛, 𝑥𝑛 ∈ 𝐸𝑛 and𝜋𝑛(𝑛+1)(𝑥𝑛+1) = 𝑥𝑛,
according to the projective system:

… → 𝐸𝑛+1
𝜋𝑛(𝑛+1)
−−−−−→ 𝐸𝑛 → …

The homomorphism 𝜋𝑛∶ 𝐸 → 𝐸𝑛 is defined as 𝑥 ↦ 𝑥 + 𝐼𝑛.
We will show that 𝐸 is a Fréchet lattice.

2. A Lattice Cone of ℂ
Definition 2.1 A set 𝐶 is a cone in a complex Fréchet space 𝐸 if it
is closed, nonvoid, the sum of two members of 𝐶 is a member of
𝐶, and non-negative real number scalar multiples of members of
𝐶 are members of 𝐶.
The principal method of attack is via an ordering of the algebra,

the positive cone being the closure of the set of sums of squares.

Now on ℂ we consider the cone 𝐾 consisting of complex
numbers 𝛼 + 𝑖𝛽 such that

0 ⩽ 𝛼 and |𝛽| ⩽ 𝛼

so that 𝐾 is in the half-plane of complexes with positive real part
and limited by the lines of equations 𝑦 = 𝑥 and 𝑦 = −𝑥 (see
Figure 1).

Figure 1. The cone 𝐾 in the complex plane.

Also, it is obvious that 𝐾 is a closed pointed convex cone of the
real vector space ℂ. Moreover, we have the following.
Lemma 2.1 𝐾 is a lattice cone of the real vector space ℂ.
Preuve. By Theorem 1.16 of [2], it suffices to show that for any

𝑧, 𝑧′ ∈ ℂ there exists 𝑧𝑠 ∈ ℂ satisfying

(𝑧 + 𝐾) ∩ (𝑧′ + 𝐾) = 𝑧𝑠 + 𝐾

So consider first the case that the boundaries of 𝑧+𝐾 and 𝑧′+𝐾
are disjoint. From the parallelism of their boundaries, one of these
two parts is contained in the other. So, the desired complex 𝑧𝑠 is
the vertex of the smaller (for inclusion) of the two cones.
Next, consider the case where the boundaries of 𝑧+𝐾 and 𝑧′+𝐾

meet. By the analytical expression of 𝜕(𝑧+𝐾) and 𝜕(𝑧′+𝐾), it can
be verified that the intersection of these two boundaries is exactly
a point 𝑧𝑠 which satisfies

(𝑧 + 𝐾) ∩ (𝑧′ + 𝐾) = 𝑧𝑠 + 𝐾

This means that 𝑧𝑠 is the supremum of 𝑧 and 𝑧′ (𝑧𝑠 = 𝑧 ∨ 𝑧′).
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It is well-known that

𝑧 ∧ 𝑧′ = −[(−𝑧) ∨ (−𝑧′)]

Let 𝑧 ∈ ℂ, 𝑧+ = 𝑧 ∨ 0 and 𝑧− = (−𝑧) ∨ 0. The absolute value of
𝑧 related to the cone 𝐾 is denoted by

|𝑧|𝐾 ∶= 𝑧+ ∨ 𝑧−

2.1. Explicit determination of the infimum and supremum
Let 𝑧 = 𝑎 + 𝑖𝑏 ∈ ℂ. The cone 𝑧 + 𝐾 has two half-lines with
equations 𝐷𝑧 ∶ 𝑦 = 𝑥+ 𝑏−𝑎 and Δ𝑧 ∶ 𝑦 = −𝑥+𝑎+ 𝑏 as its edges.
To determine the supremum and infimum of 𝑧 and another point
𝑧′ in the complex plane, depending on the location of 𝑧′, there are
four possible cases:

(i) 𝑧′ ∈ 𝑧 + 𝐾, then 𝑧 ⩽ 𝑧′ and 𝑧 ∨ 𝑧′ = 𝑧′; 𝑧 ∧ 𝑧′ = 𝑧.

(ii) 𝑧′ ∈ 𝑧 − 𝐾, then 𝑧′ ⩽ 𝑧 and 𝑧 ∨ 𝑧′ = 𝑧; 𝑧 ∧ 𝑧′ = 𝑧′.

(iii) 𝑧′ = 𝑎′+𝑖𝑏′ with 𝑏′ < 𝑏 and−(𝑏−𝑏′)+𝑎 < 𝑎′ < (𝑏−𝑏′)+𝑎,
then

𝑧 ∨ 𝑧′ = 1
2(𝑎 + 𝑎′ + 𝑏 − 𝑏′) + 𝑖

2 (𝑎 − 𝑎′ + 𝑏′ + 𝑏)

and

𝑧 ∧ 𝑧′ = 1
2(𝑎 + 𝑎′ + 𝑏′ − 𝑏) + 𝑖

2 (𝑎
′ − 𝑎 + 𝑏 + 𝑏′)

(iv) 𝑧′ = 𝑎′+𝑖𝑏′ with 𝑏′ > 𝑏 and−(𝑏′−𝑏)+𝑎 < 𝑎′ < (𝑏′−𝑏)+𝑎,
then

𝑧 ∨ 𝑧′ = 1
2(𝑎 + 𝑎′ + 𝑏′ − 𝑏) + 𝑖

2 (𝑎
′ − 𝑎 + 𝑏′ + 𝑏)

and

𝑧 ∧ 𝑧′ = 1
2(𝑎 + 𝑎′ + 𝑏 − 𝑏′) + 𝑖

2 (𝑎 − 𝑎′ + 𝑏 + 𝑏′)

So, 𝑧+ = 𝑧 ∨ 0, 𝑧− = (−𝑧) ∨ 0 and |𝑧|𝐾 ∶= 𝑧+ ∨ 𝑧− = 𝑧+ + 𝑧−
are given by:

(i) 𝑧 ∈ 𝐾 implies 𝑧+ = 𝑧, 𝑧− = 0 and |𝑧|𝐾 = 𝑧.

(ii) 𝑧 ∈ −𝐾 implies 𝑧+ = 0, 𝑧− = −𝑧 and |𝑧|𝐾 = −𝑧.

(iii) If 𝑧 = 𝑎 + 𝑖𝑏 with 𝑏 < 0 and 𝑏 < 𝑎 < −𝑏, then 𝑧+ =
1
2
(𝑎 − 𝑏) + 𝑖

2
(𝑏 − 𝑎), 𝑧− = 1

2
(−𝑎 − 𝑏) + 𝑖

2
(−𝑎 − 𝑏) and

|𝑧|𝐾 = −𝑏 − 𝑖𝑎.

(iv) If 𝑧 = 𝑎 + 𝑖𝑏 with 𝑏 > 0 and −𝑏 < 𝑎 < 𝑏, then 𝑧+ =
1
2
(𝑎+𝑏)+ 𝑖

2
(𝑎+𝑏), 𝑧− = 1

2
(−𝑎+𝑏)+ 𝑖

2
(𝑎−𝑏) and |𝑧|𝐾 = 𝑏+𝑖𝑎.

Proposition 2.1 The modulus 𝑧 ↦ |𝑧| = √𝑧 ̄𝑧 is a lattice norm;
that is:

a) | ⋅ | is absolute, |𝑧| = |||𝑧|𝐾 || for all 𝑧; and

b) | ⋅ | is monotone on the positive cone, 0 ⩽ 𝑧 ⩽ 𝑧′ implies
|𝑧| ⩽ |𝑧′|.

Preuve. The assertion (a) follows immediately from the values
of 𝑧 according to the four cases that precede the proposition.
We must show that |𝑧|𝐾 ⩽ |𝑧′|𝐾 in ℂ implies |𝑧| ⩽ |𝑧′|. If

𝑧 = 𝑎 + 𝑖𝑏 and 𝑧′ = 𝑎′ + 𝑖𝑏′ then we have:

0 ⩽ 𝑧 ⩽ 𝑧′ ⇔ { 0 ⩽ 𝑎 ⩽ 𝑎′; |𝑏| ⩽ 𝑎
|𝑏′ − 𝑏| ⩽ 𝑎′ − 𝑎; |𝑏′| ⩽ 𝑎′

We must show that |𝑧|2 = 𝑎2 + 𝑏2 ⩽ |𝑧′|2 = 𝑎′2 + 𝑏′2. Starting
from inequality |𝑏′ − 𝑏| ⩽ 𝑎′ − 𝑎, which we will square, we get:

𝑏2 ⩽ 𝑎′2 − 2𝑎𝑎′ + 𝑎2 + 2𝑏𝑏′ − 𝑏′2

So,
𝑎2 + 𝑏2 ⩽ 𝑎′2 + 𝑏′2 + 2𝑎2 − 2𝑎𝑎′ + 2𝑏𝑏′ − 2𝑏′2

To achieve the desired inequality 𝑎2 + 𝑏2 ⩽ 𝑎′2 + 𝑏′2, it is enough
to show that:

2𝑎2 − 2𝑎𝑎′ + 2𝑏𝑏′ − 2𝑏′2 ⩽ 0

that is,
𝑎(𝑎 − 𝑎′) + 𝑏′(𝑏 − 𝑏′) ⩽ 0

For this, we distinguish four cases, according to the position of 𝑏′
in [−𝑎′, 𝑎′]:
First assume that 0 ⩽ 𝑏′ ⩽ 𝑎. Since 𝑏′(𝑏 − 𝑏′) ⩽ 𝑏′|𝑏′ −𝑏|, then:

𝑎(𝑎 − 𝑎′) + 𝑏′(𝑏 − 𝑏′) ⩽ 𝑎(𝑎 − 𝑎′) + 𝑏′|𝑏′ − 𝑏|
⩽ 𝑎(𝑎 − 𝑎′) + 𝑏′(𝑎′ − 𝑎)
⩽ 𝑎(𝑎 − 𝑎′) + 𝑎(𝑎′ − 𝑎)
⩽ 0

In the case where 𝑎 ⩽ 𝑏′ ⩽ 𝑎′, we have 𝑏 ⩽ 𝑏′ so that
𝑏′(𝑏 − 𝑏′) ⩽ 0, and on the other hand 𝑎(𝑎 − 𝑎′) ⩽ 0, so that:

𝑎(𝑎 − 𝑎′) + 𝑏′(𝑏 − 𝑏′) ⩽ 0

In the casewhere−𝑎 ⩽ 𝑏′ ⩽ 0, we obtain 𝑏′(𝑏−𝑏′) ⩽ |𝑏′(𝑏−𝑏′)|,
then:

𝑎(𝑎 − 𝑎′) + 𝑏′(𝑏 − 𝑏′) ⩽ 𝑎(𝑎 − 𝑎′) + |𝑏′||𝑏′ − 𝑏|
⩽ 𝑎(𝑎 − 𝑎′) − 𝑏′|𝑏′ − 𝑏|
⩽ 𝑎(𝑎 − 𝑎′) − 𝑏′(𝑎′ − 𝑎)
⩽ (−𝑎 − 𝑏′)(𝑎′ − 𝑎)
⩽ 0

In the last case, −𝑎′ ⩽ 𝑏′ ⩽ −𝑎. Keeping in mind −𝑎 ⩽ 𝑏, it
follows that:

𝑏′(𝑏 − 𝑏′) ⩽ −𝑎(𝑏 − 𝑏′)

Then,

𝑎(𝑎 − 𝑎′) + 𝑏′(𝑏 − 𝑏′) ⩽ 𝑎(𝑎 − 𝑎′) − 𝑎(𝑏 − 𝑏′) ⩽ 0

as the sum of two non-positive real numbers.
Thus we have shown:
Corollary 2.1 (ℂ; 𝐾; | ⋅ |) is a Banach lattice.
Remark 2.1

(1) 𝑧 = 𝑎 + 𝑖𝑏 ∈ 𝐾 implies 𝑧−1, ̄𝑧 ∈ 𝐾.

(2) Keeping in mind that 𝐶(𝑋) equipped with the pointwise
product is a ℂ-algebra, the cone 𝐾 exhibits a deficiency, since
𝐾 ⋅ 𝐾 ⊈ 𝐾 (for example, 𝑧 = 2 + 𝑖 ∈ 𝐾 and 𝑧′ = 4 + 3𝑖 ∈ 𝐾
but 𝑧𝑧′ = 5 + 10𝑖 ∉ 𝐾).
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We now establish:
Proposition 2.2 (ℂ; 𝐾; | ⋅ |) is Dedekind complete.
Preuve. Let {𝑧𝛼} be an increasing net bounded from above in

ℂ. We show that {𝑧𝛼} has a supremum. We put 𝑧𝛼 = 𝑎𝛼 + 𝑖𝑏𝛼.
By hypothesis there is 𝑧 = 𝑎 + 𝑖𝑏 such that 𝑎𝛼 + 𝑖𝑏𝛼 ⩽ 𝑎 + 𝑖𝑏 for
all 𝛼. Then 𝑎𝛼 ⩽ 𝑎 and |𝑏 − 𝑏𝛼| ⩽ 𝑎 − 𝑎𝛼 for all 𝛼. Moreover,
𝛼 ⩽ 𝛽 implies 𝑎𝛼 + 𝑖𝑏𝛼 ⩽ 𝑎𝛽 + 𝑖𝑏𝛽 which means 𝑎𝛼 ⩽ 𝑎𝛽 and
|𝑏𝛽 − 𝑏𝛼| ⩽ 𝑎𝛽 − 𝑎𝛼. The net {𝑎𝛼} is an increasing net bounded
from above in ℝ, then 𝑎𝛼 → 𝑢 in ℝ and 𝑢 = sup{𝑎𝛼}. It follows
from |𝑏𝛽 − 𝑏𝛼| ⩽ 𝑎𝛽 − 𝑎𝛼 for 𝛼 ⩽ 𝛽 that {𝑏𝛼} is a Cauchy net in ℝ,
so 𝑏𝛼 → 𝑣 in ℝ. It is enough to show that 𝑢 + 𝑖𝑣 is a supremum
of {𝑧𝛼}. We claim that⋁(𝑎𝛼 + 𝑖𝑏𝛼) = 𝑢 + 𝑖𝑣. Indeed, let 𝑐 + 𝑖𝑑
be an upper bound of {𝑧𝛼} in ℂ. Obviously, 0 ⩽ 𝑐 − 𝑢, and for an
arbitrary 𝜀 > 0, we have:

|𝑑 − 𝑣| ⩽ |𝑑 − 𝑏𝛼| + |𝑏𝛼 − 𝑏𝛽| + |𝑏𝛽 − 𝑣| for 𝛼 ⩽ 𝛽

⩽ 𝑐 − 𝑎𝛼 + 𝑎𝛽 − 𝑎𝛼 + |𝑏𝛽 − 𝑣|

⩽ 𝑐 − 𝑎𝛼 + 𝑎𝛽 − 𝑎𝛼 +
𝜀
2 for 𝛽 large enough

⩽ 𝑐 − 𝑎𝛼 +
𝜀
2 +

𝜀
2 for 𝛽 ⩾ 𝛼 large enough

⩽ 𝑐 − 𝑎𝛼 + 𝜀 for 𝛼 large enough

It follows that |𝑑 − 𝑣| ⩽ 𝑐 − 𝑢 + 𝜀 and by the arbitrariness of 𝜀, we
derive that |𝑑 − 𝑣| ⩽ 𝑐 − 𝑢, and also 𝑢 + 𝑖𝑣 ⩽ 𝑐 + 𝑖𝑑.
It is well-known that every order complete Riesz space is

Archimedean. Then:
Corollary 2.2 (ℂ; 𝐾; | ⋅ |) is Archimedean.
Proposition 2.3 The number 1 is an order unit in (ℂ; 𝐾; | ⋅ |).
Preuve. Let 𝑧 = 𝑎+𝑖𝑏 ∈ ℂ. Since |𝑧|𝐾 = |𝑧|, then 𝜆 = √𝑎2 + 𝑏2

satisfies |𝑧|𝐾 ⩽ 𝜆 ⋅ 1.
Proposition 2.4 (ℂ; 𝐾; | ⋅ |) is an AM-space with an order unit

and its norm ‖ ⋅ ‖∞ coincides with the canonical modulus.
Preuve. It follows from Proposition 2.3 that ℂ is an ideal

generated by 1. For every 𝑧 = 𝑎 + 𝑖𝑏 ∈ ℂ, ‖𝑎 + 𝑖𝑏‖∞ ∶= inf{𝜆 >
0 ∶ |𝑎+ 𝑖𝑏|𝐾 ⩽ 𝜆 ⋅ 1}. Since |𝑧|𝐾 = |𝑧|, then√𝑎2 + 𝑏2 = ‖𝑎+ 𝑖𝑏‖∞.
Thus |𝑧|𝐾 = |𝑧| = ‖𝑧‖∞.

3. Fréchet Lattice 𝐶(𝑋; ℂ)
Now we will focus on the space 𝐶(𝑋; ℂ) of all continuous complex
functions on a topological space 𝑋 .
Definition 3.1 A Hausdorff space is called a 𝑘-space if every

subset intersecting each compact subset in a closed set is itself
closed.
Examples of 𝑘-spaces are locally compact and first countable

spaces [4, p. 231].
Note that a complex-valued function 𝑓 on a 𝑘-space 𝑋 is

continuous iff it is continuous on each compact subset of 𝑋 .
Definition 3.2 A Hausdorff space 𝑋 is called hemicompact if

there is a countable compact exhaustion 𝐾1 ⊂ 𝐾2 ⊂ ⋯ ⊂ 𝐾𝑛 ⊂ …
of 𝑋 such that for each compact subset 𝐾 ⊂ 𝑋 there is 𝑛 ∈ ℕ so
that 𝐾 ⊂ 𝐾𝑛. We call such an exhaustion (𝐾𝑛) admissible.
Obviously, each hemicompact space is a Lindelöf space. We will

use the following theorem proven in [3, p. 69]:
Theorem 3.1 Let 𝑋 be a completely regular space. Then 𝐶(𝑋; ℂ)

is a Fréchet space iff 𝑋 is a hemicompact 𝑘-space. In this case, the
topology is generated by the seminorms of uniform convergence
on compacts 𝐾𝑛:

‖𝑓‖𝑛 = sup{|𝑓(𝑥)|∶ 𝑥 ∈ 𝐾𝑛}

In 𝐶(𝑋; ℂ), the algebraic operations (+,×, ⋅) are pointwise defined.
𝐶(𝑋; ℂ) becomes a unital commutative Fréchet algebra with a
natural involution 𝑓 ↦ 𝑓∗ such that 𝑓∗(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ 𝑋 .
Now, consider the positive cone 𝐿 consisting of the closure of

the set of sums of elements 𝑓𝑓∗ (used by Kelley and Vaught in
[5]).
Lemma 3.1 For each 𝑛, 𝐶(𝐾𝑛; ℂ) is a Banach lattice for the order

induced by 𝐿.
Preuve. Obviously, the norm satisfies ‖𝑓𝑓∗‖𝑛 = ‖𝑓‖2𝑛. Then

𝐶(𝐾𝑛; ℂ) is a commutative unital 𝐶∗-algebra. According to
Sherman’s theorem [9], 𝐶(𝐾𝑛; ℂ) is a Banach lattice.
Thus we obtain the following:
Theorem 3.2 𝐶(𝑋; ℂ) is a Fréchet lattice for the order defined

by 𝐿.
Now we come to the following automatic continuity theorem:
Theorem 3.3 The characters of 𝐶(𝑋; ℂ) are automatically con-

tinuous.
Preuve. Let 𝜃 be a character of 𝐶(𝑋; ℂ). It can easily be shown

that 𝜃(𝐿) ⊂ 𝐾. Now, it is enough to apply Theorem 9.6 [1, p.350]
to obtain the desired conclusion.

4. Fréchet Complex Commutative Unital Alge-
bras

Let 𝐴 be a complex commutative unital algebra and let 𝑓∶ 𝐴 → 𝐴
be the Gelfand map 𝑥 ↦ ̂𝑥. It is well-known that 𝐴 is semisimple
iff the Gelfand map Γ is injective. Let Ω be an open set in ℂ. Let
𝐻(Ω) denote the set of holomorphic functions onΩ. The topology
defined by the family of seminorms 𝑝𝑛(𝑓) = sup𝑧∈𝐾𝑛

{|𝑓(𝑧)|},
where (𝐾𝑛) is an exhaustive sequence of compact sets inΩ, makes
𝐻(Ω) a commutative unitary Fréchet algebra.
The Gelfand transform Γ here is the natural inclusion of 𝐻(Ω)

in 𝐶(Ω). Γ is injective (because if Γ(𝑓) = 0 then 𝑓(𝑧) = 0 for any
𝑧 ∈ Ω and 𝑓 = 0). Γ is not surjective (since not all continuous
functions on Ω are holomorphic).
The image Γ(𝐴) is a closed subalgebra of 𝐶(𝑋; ℂ) (endowedwith

the compact convergence topology). On 𝐴, we define the natural
involution 𝑥∗ = Γ−1(Γ(𝑥)). Since Γ is an isometry, it follows that
𝐴 is a commutative unitary 𝐶∗-algebra. According to Sherman’s
theorem, when ordered by the 𝐾-cone, the closure of the set of
sums of elements 𝑥𝑥∗ in 𝐴makes 𝐴 a Fréchet lattice.
Theorem 4.1 Let 𝐴 be a complex commutative unital Fréchet

algebra. Then the characters of 𝐴 are automatically continuous.
Preuve. Let 𝜃 be a character of 𝐴. Using the Gelfand transform

and the definition of the involution of 𝐴, we see that 𝜃 satisfies:

𝜃(𝑥𝑥∗) = 𝜃(𝑥)𝜃(𝑥∗) = 𝜃(𝑥)𝜃(𝑥) ∈ 𝐾

Therefore, 𝜃 will be positive from the Fréchet lattice 𝐴 to the
Banach lattice ℂ. Thanks to Theorem 9.6 [1, p.350], we deduce
that 𝜃 is automatically continuous.
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1. Introduction

I rreversible dynamics arise across multiple domains of math-
ematics and physics. Despite differences in formulation, a

recurring phenomenon is observed: systems lacking specific in-
ternal structure tend to collapse toward reduced sets of accessible
states. Several mathematically independent results exhibit this
behavior. The aim of this work is to verify whether these results
converge to a common structural constraint governing irreversible
systems.

2. Mathematical Framework
Let 𝑀 denote the effective state space of a system. Depending
on context, 𝑀 may be finite, countable, or a smooth manifold.
The system evolves under an irreversible dynamics defined either
by a continuous flow Φ𝑡 ∶ 𝑀 → 𝑀 or a discrete update rule
𝑥𝑛+1 = 𝐹(𝑥𝑛). Irreversibility implies that trajectories cannot be
globally inverted.
Let Γ(𝑡) ⊆ 𝑀 denote the set of states accessible at time 𝑡 from

admissible initial conditions. Define the accessibility measure
𝐴(𝑡) = |Γ(𝑡)|, interpreted as cardinality or measure depending on
𝑀.

3. Independent Mathematical Results
We summarize independent results derived in distinct mathemati-
cal settings that constrain irreversible systems.

3.1. Exclusion of Positive Average Growth
Let {𝑥𝑛} be a positive sequence and define Φ(𝑛) = log𝑥𝑛. If
the increments ΔΦ(𝑘) decompose into finitely many components
whose average drift is non-positive, then the global average drift
is non-positive. As a consequence, sustained positive growth is
excluded.

3.2. Finite-Orbit Constraint in Discrete Dynamics
For discrete update rules acting on finite state spaces, trajectories
must eventually become periodic. Therefore, the accessible set
Γ(𝑡) is bounded.

3.3. Boundary Stability in Formal Domains
If accessibility is defined only locally on subsets of 𝑀, then global
extension is structurally excluded when the accessible domain
is a proper subset of 𝑀. Local stability does not imply global
accessibility.

3.4. Dissipative Closure
In irreversible physical systems without compensatory mecha-
nisms, dissipation leads to convergence toward fixed points or
minimal complexity attractors.

3.5. Toy Model Illustrating Closure without Persistent
Operator
We present a minimal toy model demonstrating closure of the
effective state space in the absence of a persistent operator. The
purpose of this model is illustrative: it shows, using elementary
mathematics, how irreversible dynamics alone lead to bounded
accessibility.
Let the state space be a finite set 𝑀 = {0, 1,… ,𝑁}. Consider

a discrete-time irreversible dynamics defined by the update rule
𝑥𝑛+1 = 𝐹(𝑥𝑛) = max(0, 𝑥𝑛 − 1). This map is non-invertible and
strictly contractive toward the absorbing state 0.
For any initial condition 𝑥0 ∈ 𝑀, the trajectory satisfies 𝑥𝑛 =

max(0, 𝑥0−𝑛). Therefore, after atmost𝑥0 steps, the system reaches
the fixed point 𝑥 = 0 and remains there permanently.
Define the accessible set Γ(𝑛) as the set of states reachable at

time 𝑛 from all admissible initial conditions. Then Γ(0) = 𝑀,
while Γ(𝑛) = {0, 1,… ,𝑁 − 𝑛} for 𝑛 ≤ 𝑁 and Γ(𝑛) = {0} for
𝑛 > 𝑁. The accessibility measure 𝐴(𝑛) = |Γ(𝑛)| therefore satisfies
𝐴(𝑛 + 1) < 𝐴(𝑛) for 𝑛 < 𝑁 and stabilizes at 𝐴(𝑛) = 1 thereafter.
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This explicit construction exhibits monotonic closure of the
effective state space under irreversible dynamics. No mechanism
exists within the model to restore or expand accessibility once it is
lost.
Any modification capable of preventing this collapse would

require an additional internal process that selectively redirects
trajectories away from the absorbing state, thereby violating the
closure assumption. Such a modification corresponds precisely to
the introduction of a persistent operator as defined in Section 5.
This toy model, while deliberately simple, captures the essential

structural feature common to the independent results discussed
above: in the absence of a persistent operator, irreversible dynam-
ics necessarily produce closure of the accessible state space.

4. Structural Interrelation
Each of the results summarized above implies a common structural
property: the accessibility measure 𝐴(𝑡) does not exhibit sustained
growth. Formally, lim sup𝑡→∞ 𝐴(𝑡) ≤ 𝐴0 for some bound 𝐴0. This
constitutes closure of the effective state space.
Closure of accessibility is structurally equivalent to exclusion

of positive average drift for extensive quantities associated with
reachable configurations. Thus, closure represents the geometric
manifestation of zero mean drift.

5. Persistent Operator
Definition. A persistent operator𝑂∶ 𝑀 → 𝑀 is an internal process
that preserves memory of past states, selects among admissible
trajectories, and modifies future accessibility without reversing
the system’s irreversible dynamics.
Proposition. If there exists a sequence of times {𝑡𝑘} such that

𝐴(𝑡𝑘+1) > 𝐴(𝑡𝑘), then at least one component of the system
violates the closure condition. Therefore, persistent openness of
the state space requires the presence of a persistent operator.

6. Boundary Localization
The persistent operator does not act globally on 𝑀. Instead, it
operates at the boundary between accessible and inaccessible
domains, mapping boundary states back into the accessible region.
This localization explains how openness can be maintained
without violating irreversibility.

7. Refutation Criteria
This synthesis would be refuted by the demonstration of a non-
living autonomous system that persistently expands its effective
state space under irreversible dynamics without an internal
persistent operator.

8. Conclusion
Mathematically independent results concerning irreversible sys-
tems converge to a single structural constraint: in the absence of
a persistent internal operator, accessible state spaces necessarily
collapse. This work introduces no new physical laws and relies
solely on established mathematical reasoning.

Rodriguez
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