ISBN: 978-1-7340132-4-5

DOI: 10.34257/HTPFT2026

Heat Transfer with Pulsatile Flow in a Tube

A Thesis Submitted in Partial Fulfillment of the Requirements for the Degree of Doctor of
Philosophy

Terry Moschandreou

Published by Global Journals & Attested by Open Association of Research Society, USA

© 2026 Edition



Heat Transter with Pulsatile Flow
in a Tube

A Thesis Submitted in Partial Fulfillment of the Requirements for the

Degree of Doctor of Philosophy

in the Department of Applied Mathematics

at the University of Western Ontario

By

Terry Moschandreou

Attested by Open Association of Research Society, USA

Global Journals - February 28, 2026



Author’s Statement of Originality

2

I, Terry Moschandreou, declare that this thesis titled, "Heat Transfer with Pulsatile Flow in a Tube
and the work presented in it are my own. I confirm that:

> This work was done wholly or mainly while in candidature for a research degree at University of
Western Ontario.

> Where any part of this thesis has previously been submitted for a degree or any other qualification
at this University or any other institution, this has been clearly stated.

> Where I have consulted the published work of others, this is always clearly attributed.

> Where I have quoted from the work of others, the source is always given. With the exception of
such quotations, this thesis is entirely my own work.

> Thave acknowledged all main sources of help.

This published edition relies on the original attestation formally submitted to the university.



EVA

GLOBAL JOURNALS

Publisher’s Attestation

CERTIFICATE OF PEER-REVIEW & PUBLICATION

This document officially certifies that the research work titled:

Heat Transfer with Pulsatile Flow in a Tube

authored by Terry Moschandreou, has been successfully evaluated, defended, and accepted
by the Department of Applied Mathematics at University of Western Ontario to satisfy
the requirements for the degree of Doctor of Philosophy.

Following the academic defense, this manuscript has been rigorously peer-reviewed, formatted,
and officially attested for global publication by the Open Association of Research Society
(OARS), USA, ensuring it meets the highest standards of scholastic integrity and formatting.

Digitally Authorized & Sealed

Global Journals Publication Board
Date: February 28, 2026

- N
CERTIFIED PUBLICATION RECORD
Status: Peer-Reviewed & Approved
Attestation: Open Association of Research Society, USA
Publisher: Global Journals
Document ID: GJ-12EC8BA1
Date: February 28, 2026
g J




© Terry Moschandreou

All rights reserved. No part of this publication may be reproduced, distributed, or transmitted in any form or by any
means, including photocopying, recording, or other electronic or mechanical methods, without the prior written
permission of the publisher, except in the case of brief quotations embodied in critical reviews and certain other
noncommercial uses permitted by copyright law.

Publication Attestation: Attested by Open Association of Research Society, USA
Publisher: Global Journals
ISBN: 978-X-XXXXXX-XX-X

Edition: First Edition

Printed and Bound globally by Global Journals.



Abstract

The partial differential equations governing heat transfer with pulsatile flow in a tube, which serves as a model of
a simple heat exchange device are solved in this thesis. The governing equations are the Navier Stokes equations
and the convection diffusion equation. Two boundary value problems are solved. In the first case a Neumann
boundary condition is specified which represents constant heat flux at the wall of the tube with fluid entering
a thermal region at a constant temperature. A regular perturbation expansion is used to obtain higher order
harmonics downstream for the temperature field. The main assumption is that the temperature field becomes fully
developed downstream as the velocity field becomes fully developed downstream. The perturbation parameter is
the ratio of pressure gradient amplitudes of unsteady flow to that of steady flow. Using a Green’s function the
first order solution is obtained. As a measure of heat transfer enhancement, a bulk temperature is formulated for
the convective process involved and a change in unsteady Nusselt number to that of steady Nusselt number is
evaluated analytically. In the second part of the thesis the more difficult problem of heat transfer in pulsatile flow
with constant wall temperature is considered. Although a complete solution is not possible as in the first part, it is
possible to use a combination of the Generalized Integral Transform Techniques and Laplace transforms to solve
this problem upstream and downstream in the thermal region of the tube. The approximate solution indicates that
a plane wave propogates down the tube and the phase of the wave defines critical values in frequency and time
along the tube. Use of Dirac’s distribution makes it possible to define a bulk temperature and a change in unsteady
bulk temperature from that of steady bulk temperature is presented. By means of classical analysis an inequality
involving the two quantities is presented. As a result a measure of heat transfer in pulsatile flow compared to that
of steady flow is presented.
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Introduction

1.1 Motivation

here are several practical situations where heat is being transfered
T under conditions of pulsatile flow. Examples occur in industrial ap-
plications and in blood flow. Also the problem may be important in the
design of control systems for heat exchanger equipment. One of the ob-
jectives in industrial applications has been to determine whether the
performance of a heat-exchange device could be improved with pulsatile
flow.

When pulsations are imposed on flow in a tube, it is believed that heat
transfer would be changed because the pulsations would alter the thick-
ness of the boundary laver and therefore the thermal resistance. This
view was put forward by Richardson [1] who had shown that the velocity
profile near the wall is steeper in pulsatile flow than in Poiseuille flow.
It then follows from a consideration of Revnold’s analogy that the heat
transfer should increase under such conditions.

It is the purpose of this thesis to determine whether pulsatile flow can
give rise to an increase in heat transfer in a tube, which is a basic element
in many heat exchange devices.

1.2 Previous Work

The mechanics of pulsatile flow in a tube has received considerable at-
tention starting with the classical work of Uchida [2], Womersley 3 and
Atabek and Chung [4] which has led to an exact solution and much infor-
mation about the flow problem. Studies of the corresponding heat transfer
problem, however, have been far less numerous and existing results do
not provide complete resolution of all the questions involved.

Siegel and Perlmutter [5] demonstrated the explicit dependence of overall
heat transfer on pulsatile frequency. They found that for a constant wall
temperature boundary condition, the resulting Nusselt number showed
periodic axial change which could enhance heat transfer.

Barnett and Vachon [6] analyzed fully developed pipe flow in the presence
of longitudinal periodic pulsations by assuming that the radial part of
the temperature profile is additively independent from the axial part.
Although they did not justify this assumption they were able to conclude
that heat transfer effects with constant flux at the wall are amplified by
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pulsations of fluids of Prandtl numbers well below unity for the limiting
case of low frequency.

More recently Creff and Andre [i] solved the Navier Stokes and energy
equations using a finite difference method and an asymptotic development
for the dynamic and thermal quantities. Their model shows the existence
of an annular effect in the entry region for the pulsatile part of velocity
and temperature which is known as Richardson’s effect. The work was
based on the full Navier Stokes and energy equations which made it
difficult to obtain an explicit expression for the Nusselt number over one
cycle.

Cho and Hyun 8 solved the time-dependent laminar boundary laver
equations numerically over a large range of frequencies and amplitudes
of pulsation. They found that for certain frequencies the Nusselt number
increased over the steady-flow value.

They also found that the Nusselt number trend is amplified as the am-
plitude of pulsation increases and the Prandtl number is much less than
unity.

Haneke, Laschefski, Grobe-Gorgemann and Mitra [9] solved the Navier-
Stokes and energy equations numerically for laminar pulsating flow in
a channel. At the entrance region of the channel a sinusoidal pulse was
applied. Their results indicated a positive and negative overshoot (Richard-
son’s effect) in the axial velocity profile and flow separation near the wall.
They concluded that appreciable heat transfer enhancement occurs in the
channel.

Kim, Kang and Hyun [10] conducted a study of the heat transfer character-
istics of fully-developed pulsatile flow in a channel and found numerically
that changes in the Nusselt number were pronounced in the entrance
region, and only minor far downstream. Also the effects of pulsatile fre-
quency on heat transfer was found to be noticeable when the frequency
is small or moderate but not when it is high. They concluded that oscilla-
tions may produce both heat transfer enhancement as well as reduction
at different axial locations in the channel.

Base, Campbell & Hobbs [1I] studied the heat transfer characteristics of
pulsatile flow in a pipe experimentally and found there to be an optimal
frequency at which there is an increase over the steady value in heat
transfer for fluids of Prandtl number near unity.

Some other experimental work in heat transfer with pulsatile flow has
been conducted by Fallen [12] showing that superposition of a pulsat-
ing flow in a pipe with zero mean velocity on steady flow increased
significantly the overall Nusselt number.

Experimental work has also been done by Genin, Koval, Manchkha and
Sviridov [13], Hapke [14], Andre, Creff and Crabol [15] and Peattie and
Budwig [16], all of whom have reported increases in heat transfer rates
with pulsatile flow.

1.3 Present Work

In this thesis the aim is to demonstrate the mechanics of heat transfer in
pulsatile flow in a tube analytically. That is, we must solve the energy
equation coupled with the Navier Stokes equations with a sinusoidal
pressure gradient driving the flow.
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In the first part of the thesis we use a regular perturbation expansion
[17] to solve the convection problem subject to a constant wall heat flux.
We obtain, using Laplace transforms and Green’s functions, qualitative
and quantitative insight into how the above phenomenon depends on the
nondimensional parameters involved such as pulsarion frequency and
amplitude, Prandtl and Reynolds numbers.

In the second part of the thesis we use an integral transform method
known as the generalized integral transform technique [23], [24]. [25] to
solve the problem of heat transfer with pulsatile flow in a tube as in the
first part but with constant wall temperature instead of constant heat flux.
An explicit formulae is obtained for temperature at any axial distance
along the thermal region of the tube both upstream and downstream
and the existence of a wave-like form in the solution is shown. The bulk
temperature for this unsteady solution is formulated and compared to
the corresponding steady one.



Governing Equations

2.1 Basic Assumptions

We consider fully developed laminar pulsating flow of an incompressible.
Newtonian fluid. It is convenient to take cylindrical coordinates with x
axis coinciding with the center line of the tube. The main assumptions
are that (1) the velocity field is in the x direction only and is assumed
fully developed: (2) the flow is axially symmetric: (3) there is uniform
pulsating flow and hence the pressure gradient becomes a function of
time only; (4) viscous dissipation effects are negligible compared to the
convective rate of heat transfer: (5) the fluid is entering a thermal region
with a constant uniform temperature.

2.2 Governing System of Equations

The Navier Stokes equations under the above assumptions and in cylin-
drical coordinates are

ou , 0u  ou_ 19p (@ Pu la_>
atuntvy = ottt ) (2.1)
o, v 19 (& P 1&_1)
ot +u8x +V¢9r T por dx + ar ror r¥) (22)
with the equation of continuity
du odv v
—+—=—+4+-=0..(23)
ox or r

where x, r are axial and radial coordinates and u v are velocity components
in x and r directions respectively, ¢ is time and p is density of the fluid.

If the flow direction is assumed to be parallel to the x axis, as stated in our
assumptions, velocity has x component only and v is zero. The equation
of continuity gives

u=u(r,t)

which indicates the velocity to be constant in the direction parallel to the
center line of the tube. The pressure gradient is assumed to be a harmonic
of some Fourier series in time.
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The temperature T* within the tube is governed by the simplified convec-
tion diffusion equation

aT* PN R 9*T* 1 9T"
o tu "t )ax* =G (ar*z + 5 ar*> ..(2.4)

where Cp, k are specific heat, and thermal conductivity of the fluid, and
the starred quantities indicate dimensional form of these variables. The
second derivative of T* with respect to x that appears in the laplacian is
neglected on the assumption that it is small compared with the derivatives
of T* with respect to r in the downstream

region of the flow being considered.

In the first part of the thesis the solution is sought for a region of the
tube downstream, where the flow field is fully developed and the heat
flux along the boundary of the tube is constant and fluid is entering the
region at a uniform temperature Ty .

Introducing the nondimensional temperature difference

o=~ T (2.5)
=

where g, is the constant heat flux at the wall. a is the radius of the tube.
and k is the thermal conductivity of the fluid. the problem can be put in
the nondimensional form

20 00 _ 9%0 |, 100
E + u(r.t)a = w + ;; (26)

with boundary conditions for 6(x, r.t)

20 _
E(X, 1, t) =1
0(0,rt) =0

In the second part of the thesis a constant wall temperature is prescribed
on the wall of the tube with fluid entering a thermal region at a different
constant temperature. The velocity field is assumed to be that of fully
developed pulsatile flow as in the first part of the thesis. The governing
equation is the same as in 2.6 but with

0=(T-T,)/(Ty—T,) ..(2.8)

and where T,,.T, are the wall temperature of the tube and the entry tem-
perature of the fluid respectively.

The boundary conditions in this case are

0(0,rt) =1

0(x,1,t) =0

a0

5()6, 0, t) =0
0(x,r,0) =1...(2.9)
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2.3 Preliminary Steady State problems

In what follows we present results of steady state problems which are
required for solution of the heat transfer problem with pulsatile flow.

2.3.1 Heat Transfer With Slug Flow in a Tube

In this section we consider the case of laminar flow in a circular tube
with heat transfer. Let the temperature of the fluid be T at the thermal
entrance of the tube and the wall temperature be T,,. Also we assume
in this section that at the thermal entrance to the tube the velocity is
uniform over the cross-section, that is

u =u, = const

The energy equation for a fluid element is:

pCp oL = kVPT* ..(2.10)

where p is the fluid density, C, is the specific heat at constant pressure, k is
the thermal conductivity of the fluid, & = k/pC}, is the thermal diffusivity
and

oro_or
or T a +u V(ZI].)

In terms of nondimensional temperature = (T* -T,,) / (T, — T,,) and
nondimensional quantities x = x*/aP.R, and r = r* /a the

equation becomes:

00 _ (%0 , 100
2 = o2 +12) . (212)

with boundary conditions:

0 = 0atr =1,Vx >0
f=1atx=0

2.3.2 Method of Solution
By separation of variables

0 = X(x)R(r) ....(2.13)
one obtains

_1 32y

X=¢ m X ..(214)
R + }R’ +32R=0..(2.15)

The second equation has a solution
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R(r) = 221 Ao (ﬁir) ....(2.16)
Jo (B) = 0Vi. ...(2.16)

The constants &/; are determined by the condition that

0= f(r)=1atx=0

Multiplying both sides of equation 2.16 by r J, (8,r) and integrating from
0 to 1 gives:

fo RV (Bar)dr = Jy Z{'i% AiJo (Br)rJo (Bur) dr ...(2.17)
=Yt Jo AirJo (Br) Jo (Bar) dr ...(2.17)
The following two results will be made use of in the solution.

If A and p are two different constants then.

M) T =) J ()
o rJn(/lr)Jn(ur)dr:[ s (uz_ﬁz) 2l - (2.18)

fo rJRr) =1 [],12(/1) + (1 - ;—2) ],%(/1)] (2.19)

Letting n = 0 and A = f3,, in equation 2.19 above and given the identity
r]n(r) =
nJ,(r) — r Joy1(r) which implies that.

Jo2(r) = J2(r)

we get

Jo r8 (Burydr = 172 (B) .(2.20)

Thus. if R = f(r) at x = 0 and because of equation 2.17. we get

fo rf@)Jo (Burydr = 22 J2 (B ..(2:21)

where

An = 2J2(B) fo rfP)Jo (Bur) dr ...(2.22)

The uniform temperature assumption f(r) = 1 gives:

[y rJo (Bur)dr = [% T (By) .(2.23)

_2 1
AT

.. (2.24)

and

— o 1 Jo(Bar)
R=2%0=1 3,5 —*%)
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The complete solution for slug flow becomes

— o L]O(ﬂnr) _a p2
0=2%n-1 350 exp( umﬂnx> (2.26)

2.3.3 The Graetz Problem

Heat transfer problems of forced convection in tubes have been studied
for many years beginning with Graetz [18] and later with Nusselt [19]
and Leveque [20].

In this section we assume poiseuille flow at the entrance of the thermal
region and to the left of this region we assume the fluid is isothermal. In
the thermal region a prescribed temperature or heat flux is specified at
the wall of the tube. This problem is referred to as the Graetz problem.

2.3.4 Asymptotic Method to solve Graetz problem

From equation 2.6 assuming a steady state form with u = 1 —r? , the
Graetz problem becomes

5= ()5 (%) e

with boundary conditions :

0 =1x<0
6, =0x>0

where 6 = (T* -T,,) / (Tp — T,,) , T,,,, Ty are wall and entrance temperatures
respectively.

Assume 0 is in the form :

0 = Yo CuRu(rexp (—A2x) ...(2.28)
where A, are eigenvalues that satisfy the following differential equation:
rRY + Ry + A2r (1-r?) R, = 0...(2.29)

satisfying the boundary equations:

R,(1) =0
R,(0) = 1

The Sturm-Liouville theory gives us orthogonality with respect to the
weight function r (1 - rz) , that is

foI r(1=7r*) Rp(r)R,(r)dr = 0 ....(2.30)

form=n

It can be shown easily that
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o fol R,(r)r(1—r%)dr

: (2.31)
Jo R&(r)r(1 —r?)dr

and the following identities are known to hold [18]

fo Ror (1=r¥)dr=—5 (52) | - (232)
J}} r(I- rZ) Rdr = (i) (a;;" Zf: )r:1 ....(2.33)

where the boundary conditions above have been used.

Using these two results we get at once that

2
Cn —_ _m ....(2.34)
”( A /r=1

Assume a solution to the above Sturm Liouville problem equation 2.29 in
the form:

R=¢0
Substitution of R into the ordinary differential equation gives:
R’ +h2%+(1/rh +22(1-1?) =0 ..(235)
An asymptotic solution is sought in the form:

h = /Iho + hl + (A)ilhz + (A)iZhg + ... (236)

where A is the eigenvalue of equation 2.35 .

After straightforward substitutions a solution involving just hq and h; is
obtained in the form

R= AeM [y J1-g2dE N Be—w& 1-g2d¢

= ...(2.37
-+ e 3D

with A, B complex numbers.

Sellars, Tribus and Klein [21] have shown that the eigenvalues are given
as

Ay = 4n + gn =0.12... ..(2.38)

and the eigenfunctions are as follows:

Near the center of the tube. r = 0

R,(r) = Jo (4,r) ...(2.39)

for intermediate r = 0.5
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[ cos[%‘r\/lfrbr/l?”arcsinrfﬁ]
Rn(r) = m (240)

REO

and near the wall, r = 1

_ _3/2
R(r) = \| A1y ), (”5%) (2.41)
3
These 3 approximations can be patched together to produce continuous
results. We used a Maple routine [Appendix A] in which eigenfunctions
and temperature profiles of the Graetz problem can be obtained. Refer to
figure 2.1-figure 2.7 for eigenfunctions and temperature profiles.

The constants C, are given by

(124 612/

/i

G, n=20,1,2...

table 2.1 lists several eigenvalues and important constants for the Graetz

problem.

The Nusselt number for constant wall temperature is

Nu= 2 = 437 SR (e H - (242)

Ak

table 2.1: Parameters associated with the Graetz problem.

Refer to figure 2.7 for the Nusselt number variation along the tube.

nil A, A2 c, —c,R,/2
0 2§ 7.1129 | +1.47989 0.7303

1 6§ 44.489 | -0.80345 0.53810
2 1o§ 113.785 | 0.58732 | 0.460074
3 14§ 215.121 | -0.474993 | 0.413743
4 18§ 348.457 | +0.404448 | 0.381785
5 22§ 513.793 | -0.355345 | 0.357853
6 26§ 711.129 | +0.318858 | 0.338988
7 3o§ 940.465 | -0.290488 | 0.323555
8 34§ 1201.8 | +0.267691 | 0.310596
9 38§ 1495.1 | -0.248895 | 0.29950

10
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Heat Transfer with Pulsatile
Flow and Constant Heat Flux

3.1 Overview

In this chapter an analysis of fully developed flow in a tube in the presence
of longitudinal periodic pulsations with heat transfer is presented.

Using a regular perturbation method [17] an analytical solution is sought
for the temperature field downstream. This expression is written as a
steady term with higher order harmonic terms superimposed on it. These
higher order terms are due to velocity fluctuations in pulsatile flow. It can
be shown that these velocity pulsations cause harmonic oscillations in
temperature to occur thereby splitting the temperature field into a steady
part plus an oscillatory part.

Our aim in this thesis is to determine if the flow field for pulsatile flow
enhances the overall heat transfer rate as measured by the Nusselt num-
ber.

The bulk temperature over one cycle and the change in unsteady Nus-
selt number to that of steady Nusselt number is shown to depend on
the dimensionless frequency w and a number which we obtain through
dimensional analysis which involves a ratio of unsteady pulsation ampli-
tude to that of steady amplitude, this number which we derive below is
denoted by ¢.

3.2 Governing Equations

The Temperature T within the tube is governed by the following coupled
partial differential equations

DI* _ k.
Dt pCp

V2T* ..(3.1)

where the material derivative operator is defined as

D _ 9 *
o= TV -(3.2)

The function u* satisfies the Navier Stokes equations for a sinusoidal
pressure gradient driving the flow with a no slip boundary condition
at the wall of the tube and a fully developed velocity profile along the
tube.
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The temperature of the fluid at the thermal entrance region is constant
with constant heat flux at the wall of the tube. See figure 3.1 on page 23

The following boundary value problem results.

AT* | g OT _ k(T lar*)
T (re.t )ax* = <ar*2 +2o5 ..(3.3)

T* =T0atx* =0

aT* *
-~ =4q/katr’ =a

Viscous dissipation effects as given by the dissipation function are as-
sumed negligible compared to the convective rate of heat transfer so that
no nonlinear effects are present in the energy equation.

We now introduce the following nondimensional quantities

_I'-Ty
qua/k

..(3.4)

where g,, is the constant heat flux at the boundary of the tube, a is the
radius of the tube and k is the thermal conductivity of the fluid.

x = r*k/pcpba2 = x"/aP,R,
t = t*k/,ocpa2 =t*a/a’
r =r"/a

u=u"/my (3.5)

The Prandtl number, Reynolds number and the thermal diffusivity are
defined by

c
P = Hp
phoa
R, =
u
- Kk
PCp

Substitution of equation 3.4, 3.5 and 3.6 into 3.3 the governing equation
finally becomes, in nondimensional form

90 20 _ 2%0 , 190
o + u(r, t)a =5z + o (37)
with boundary conditions for 6(x,r, )
90 _
;(X.l.t) =1
o(ort) =0

o _,
ar

16
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o _
%=0
figure 3.1

3.3 Regular Perturbation Method

The flow field within the thermal region of the tube is assumed to consist
of a steady part represented by fully developed Poiseuille flow plus an
oscillatory part represented by the classical solution for pulsatile flow 3,
[2]. Thus with one harmonic of some Fourier series expansion added to
steady flow we write

* * _A *2 2 lA
u* (r .t*)—4—ﬁ(r —a?) + wl

o

( | _ Wi/ /)

01" (3.9
Jo(\-ipard® /) )e 3.9

where A, is the pressure gradient driving the steady part of the flow
and A; is the amplitude of the oscillatory pressure gradient driving the
oscillatory part of the flow. The pressure gradient with respect to the
x variable is written as a steady amplitude plus one harmonic of some
Fourier series in time.

Zi)* = AO + Alei“'*t* (310)

Introducing a nondimensional frequency parameter,

_ pCpa2
k

3 w*...(3.11)

the velocity downstream can be put in the nondimensional form

u(r,t) = uo(r) + Euy(r,t) ....(3.12)

where

uy(r) = (1-r%) ...(3.13)
w(r,t) = 3 (1 - %—%) ot (3.14)

17



3 Heat Transfer with Pulsatile Flow and Constant Heat Flux

Variables have been nondimensionalized as before, with the normalizing
velocity ¢, now being taken as the maximum velocity in Poiseuille flow,
namely

Due to the nonlinearity of the product of the velocity and the gradient of
temperature difference in the convection equation and since the velocity
for pulsatile flow depends on the ratio of A;/A, , the following regular
perturbation expansion is used to solve for temperature downstream.

O(x.rt = &) = Oy(x,r) + E0,(x, r.t) + E20,(x,7.t) + O (53) ..(3.17)

where ¢ is the perturbation parameter defined previously and will be
assumed small (i.e. less than unity).

Substituting the velocity and temperature expressions in the governing
system yields infinitely many boundary value problems for 6,6, ,6, ,
etc.

The first three are

Lo, 1,

20 0'9x _a earz roor
a—ro(x, D=1 a—ro(x, 0)=0
00(0, r) =0

2
L w2 a2 =20 4 18

ot 2 g or? r or
D011y = 0 22(0,1) = 0
30, 3, _ %6, | 136,

96, _ 196,
ot + “1(“?05 +up(r) gé T oor? + r or
a—:(l,t) =0;=2(0,t)=0

> or

In view of the form assumed for the temperature, these boundary value
problems govern the steady 6y(x,r)) and oscillatory ( 6;(r,t), 6,(r, ) .etc.)
parts of the temperature field, respectively, and their solutions are con-
sidered separately in the next two sections.

A solution to (3.19) is sought downstream. where we assume that L

X
const. The boundary condition is physically reasonable since far down-
stream the effects of inlet temperature are negligible where primary
heating of fluid is due to the heat flux at the wall alone.

In the next section we claim that the derivative of 6, with respect to x
downstream becomes a constant. Since the series is expanded in ¢ which
is variable then the partial derivatives of 0;,6, , etc with respect to x,
approach 0 downstream.

3.4 Steady Temperature

The zeroth order problem, 6, , is solved with the use of Laplace transforms
and residue theory. We have described the solution in appendix C , where
we obtain the following result for the temperature

18
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N 1 e 1— e P 1
W= e S e ) 2 Y B R Y )

where some values of 2 and ¥’ (—B2) are given in the following table

m i V' (—p5)
1 25.639 | 8.854x 1073
2 84.624 2.062 x 1073
3 176.40 9.435 x 1074

table 3.1: Zeros of the function ¥ for zeroth order perturbation.

(o) ’ 1
¥(s) = — Yo CoRnsrz -(3:22)

We observe that for this zeroth order problem far downstream

a0
4 ..(3.23)
ox

We make use of this result in the solution of the first order problem.

3.5 Green’s Functions

The Green’s function method is one of the most important approaches
for solving boundary value problems with nonhomogeneous ordinary
differential equations. Sturm Liouville problems which involve self adjoint
differential operators are written as

Lh= L[5 %] + [q)Ih() = g(r) ..(3.24)
a1h(0) + ah (0) = 0 ....(3.25)
Bih(1) + Boh (1) = 0 ...(3.26)

The idea is to obtain a solution of the boundary value problem

Lh=g

in the form

h=Kg

where K turns out to be an integral operator. This kernel is called the
Green’s function for the boundary value problem.

Ordinarly g, g are real valued but the method can be extended to complex
values for g, g. The theory of global analytic functions allows one to study
the complex solution of ordinary differential equations.[22]

This extension is necessary in our problem for the solution for oscillatory
temperature. Constructively, a standard technique for solving Sturm-
Liouville problems is to use variation of parameters. Suppose UV are
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two linearly independent solutions of the corresponding homogeneous
equation Lh = 0.

A solution is sought in the form h = ¢U + ¢V upon which substitution
gives

o(r) = % (frl V(r)g(r)dr + A) ...(3.27)
¥(r) = % (f(: U(r)g(r)dr + B) ...(3.28)

IgW=p (UV/ — VU/) is not zero then h = U + ¢V is a solution for the
differential equation, more explicitly,

1
h(r) = J-o G(r.r)g(r)dr (3.29)

where

(WU o<r<r<
Glr.r) = { W WUEV(E) 0<r<r<1

is the Green’s function associated with the problem.

In the next section the type of Sturm-Liouville problem associated with
oscillatory temperature involves a differential equation with complex
valued arguments as coefficients with the nonhomogeneous part being
complex valued as well. As already mentioned a solution can be obtained
in the complex plane.

3.6 Oscillatory Temperature

The result of the previous section (equation 3.23 ) makes it possible to
seek a solution far downstream for 6; in the form

6,(r,t) = 4h(r)e™ ...(3.30)

Substituting this into boundary value problem Eq 3.19 leads to the follow-
ing boundary value problem

In addition we assume that at zero frequency, the solution for A is bounded
and finite.

h({orP)

g(r) = i [1 — m:l (332)

The differential equation is of regular complex valued Sturm-Liouville
type

20
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Kg(r) = [, G(r,)g(r)dr ...(3.33)

where G is the Green s function of the above Sturm-Liouville problem
and K is a special integral operator 1

The most general solution is

h(r,w) = ¢1 Jo <\/5i3/2r) + Yy (\/5 . i3/2r) +h,(r)
=qUr) +cV(r) + f()l G(r,7)g(r)dr
=cqU(r) +cV(r) +UW™! frl V(r)g(r)dr + VW1 fg U(r)g(r)dr
The Wronskian is defined as follows

W=det[] Yol
]0 YO

2
o/

Now the boundary conditions of symmetry and flux are

h’(O,w):O
h’(l,w)IO

The first condition gives

V' (0)=0

and since the derivative of the Neumann function is unbounded at the
centreline of the tube.

02:0

Differentiation of the function h(r) with respect to r gives

r

R () = U (D+eV (N+VW U@ g(r)+V (yw ! L [U(Dg(r)dr —UW =WV g(r)] h(r)dr.

- J V(r)g(t)dU (w1
1

The second boundary condition gives us at once that

1
qU @) +Vv @w! J U(r)g(r)dr = 0 ...(3.35)
0

from which ¢; is determined as

V@,

“TTUO)

1
J U(r)g(r)dr ....(3.36)
0

21
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Hence the solution for the function A becomes

v
h— ;|r:1

U | _
a—rlr—l

WU [, Ur)g(ndr + [, G(r, 7)g(r)dr(3.37)

G(r,7) = W IWWAHU@Hr — 1) + WUEV(D)H(r — 1)

The functions U, V are linearly independent solutions of the corresponding
homogeneous differential equation

Lh=0

The function ¢ is Heaviside’s function, defined on [0,1].

Substitution of the linearly independent solutions U, V, the function g
, the Wronskian W and the Green’s function G leads to the following
solution:

h(r) = hy(r) + hy(r) + hs(r) ....(3.38)

where.
d 3/2 _iw
——Yo(\/Z r)7 1 oz |=%
hy(r) = =i (g /9) Jai3/2 ], (i3 2r wid/2r)L (1 - | dr.(3.39
1) ST (/2N Jo (Vo ?r) fy Jo(Noi®/*r)= s 7.(3.39)
1 | s
ho(r) = (zr/2)i®/? Jo (Veoi®/?r) |, YO(\/BIS/ZT)Z 1- [ dr..(3.40)
Jo( —%)
, 1 Jo(r —;Tw)_
h3(r) = (/2o 2y (Vo ?r) f§ Jo(Jai/?r) L | 1 = — = | dr.(3.41)
Jo( —%)

3.7 Uniqueness of Solution

The solution obtained in the previous section involves Bessel functions
Y, of a complex argument z, and since these in turn depend on logz each
part of the solution is multivalued and thus not unique. In this section
we discuss the notion of a Riemann surface upon which each part of the
solution hy, hy, h3 becomes single-valued and thus well-defined.

3.8 Riemann Surfaces

We introduce the idea of a branch in order to study multi valued functions
properly. Two function elements ( f.Q; ) and ( f,,Q;) determine the
same branch at a point in the complex plane z, € (Q; N Q) whenever
fi = f, in a neighbourhood of the point z, , which holds if the functions
are analytic continuations of each other. The branch at the point ,, given

22
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by the function element (f, Q) is denoted as (f, zy) The set of branches
(f, z) is defined as the Riemann Surface.

A Riemann surface is simply a generalization of the complex plane where
a multiple valued function is defined on a surface of many sheets where
the function becomes single valued on this surface. To describe a surface
of many sheets we will consider the Riemann surface for the function
logz which is connected to our Green’s function solution obtained previ-
ously.

3.9 A Surface for log z

For z in polar form

z =re?

logz = Logr +i0

where Logr is the principal value of log z. .

The function logz is obviously many valued at each point in the complex
plane since the angle 6 is increased by multiples of 2 and —27 respectively.
To turn this function into a single valued function, the Z -plane is replaced
by its Riemann surface on which new points are represented whenever the
argument of the point z is either increased or decreased by 2x radians.

By considering the z— plane as a sheet R, , cut along the positive x axis,
let the angle 6 range from 0 to 27 A second sheet R, is cut identically and
placed in front of the sheet R, .The lower edge of slit in Ry is joined to
the upper edge of the slit in R; . On R; the angle 0 ranges from 2 to 4z
The same is done for sheets Ry, R; , etc. A sheet R_; placed behind R, .
on which 6 varies from 0 to —2z. is cut with the lower edge of it’s slit
connected to the upper edge of the slit in Ry , and this is continued for
R_z, .R_3 .etc.

Now the origin is common to all sheets. In the above construction as the
point completes a cycle around the origin on R, , the angle ranges from
0 to 27 As it moves across 0 = 27 the point passes to the sheet R; of the
surface. As the point completes a cycle in Ry , the angle 0 ranges from 27
to 47 and so on. Refer to Fig3.3 for the Riemann surface for logz .

All parts of the solution h that is hq, hy, hy are many valued functions in
the complex plane and therefore require a Riemann surface consisting
of infinitely many sheets for the logarithmic function involved. As men-
tioned previously the functions become single valued on the Riemann
surface and hence are well defined functions.

The solution obtained however for h via the Green’s function is unique.
Despite the multivaluedness of each function hy, hy, h3 , their sum h adds
up to be single valued. A quick calculation shows that the logarithmic
parts cancel out as they are summed up to obtain A .

To show this note that since logz = logr + if. the multi-valued part of h;
is

Jo(z _;L?:)

Ny
o | @

(%) ait i) [} I (aite) £
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the multi-valued part of h, is

I ) /22 [ - Joa /et 1 - Ay

Jo(J—iew/Pr)
(343
and the multi-valued part of hs is
0y (/%) (e /2y a2 [} gy (V) L 1= 200 N gy
0 0Jo o ]0( —ia)/Pr)

Adding the three parts together gives us zero identically and thus the
function h becomes single-valued in the complex plane. Hence we arrive
at a unique solution.
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3.10 Verification of Boundary Conditions

One of the properties of the solution for /& obtained previously is that in
addition to satisfying the complex differential equation, it satisfies both
flux and symmetry line boundary conditions.

Differentiation and use of the first version of the fundamental theorem of
calculus gives us the following

Since
) (\/51'3/ 2”)
-~ 7 =0
or
r=0
then it follows immediately that
Ml
or lr=0

T = o (o) (e /20 Y (Vo r) [1 . @]

. ]O(J—iw/Pr)
[ o (@) £ 1~ % w |21 (J2r) 21
2 2 T 3 3 Jolry—iw/Pr
%b:o ==b (\/Bl”> (5) JwizYy (\/Bl”> % [1 - W] l=0

2 = Yo/ 2r) /2 2 Jy (e )5 1 - Hel)

P )
r 3/2 N1y _ Jo(ry—iw/Pr),, 9 3/2 3/2
+ JO ]0(\@1 T)ia) [1 Jo(m) ]dTarYo(\@l r)(ﬂ'/Z)\/Bl

. . . —iw/P
T = 1R 2N o g - M)

Adding up the three terms above gives

oh _
(9r r=0

Next the flux boundary condition is checked. Differentiating and using
the first version of the fundamental theorem of calculus we get

ohy _ 2] 3/2 3/2 ! 3/2 1\ 1 Jo(zy/—iw/ Pr)
B == 20, o [ () 2] - A
ohy| ERYE: 2 372\ 1 Jo(z+/—iw/ Pr)

Tl = (V) (5) it o (v 2%[1_ e |
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Py = VYo P)lyer (/2@ Jo (i 2r) L [1 — LBy

]0(\@1'3/2&’)
. . : —iw/P . .
+ Jy W S it ) 11— A e - S ) e/ )
e

Adding the above parts gives.

o _
or lr=1

Hence both boundary conditions are satisfied by the Green’s function
solution.

3.11 Zero Frequency

At zero frequency the term. —V’(l)/U/(l) , in h{(3.39) is unbounded be-
cause its imaginary part is unbounded. The real part provides a valid
solution however and therefore only the real part of -V’ (1)/U’ (1) is taken
for calculation purposes.

3.12 Higer Order Perturbation terms -
Convergence Criteria

The perturbation expansion in section 3.3 led to infinitely many coupled
partial differential equations of which we have solved only the first two
downstream.

A natural question to ask is whether or not the perturbation series con-
verges downstream for small perturbation parameters ¢ .

In order to answer this we must first solve all of the remaining higher
order terms in the perturbation series starting with the second order and
proceeding to the k th order one and so on.

This of course means that infinitely many boundary value problems must
be solved from the second order system and so on.

Recall the second order problem

o, B P PO 100
ot + () ox + t(r) ox 57(52 r or
%11 =0

06,

—(0,t)=0

or 0.5
Downstream this simplifies to

0, _ 20, 10,
ot 69_ or? roor
—rz(l,t) =0 ... (3.46)

20,(0.0) =0
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In fact the general Kt

comes

order boundary value problem downstream be-

M _ 6 | 196
ot 69_ or? r or
—r"(l,t) =0 ..(347)

59]{(0, t) =0

The solution of this problem is readily obtained as

[ee]

O, = Y, = FuR(Bpor)e 0

m=1"m

where

Fp= _ﬁiranl (Bms1)

1
Ky = j R ))Pr
0

and prime denotes differentiation with respect to r .

The eigenfunctions R (f,,,r) are the solutions to the following eigenvalue
problem:

dR (B,
A1 RUmD | 1R (fr) = 0

dr dr

no<r<1

dR(Br) _ o

dR&?rm,r)
dr

atr =0
=0. atr=1

where the S, are the zeroes of J; .

Now one sees that the k’ th order solution is bounded over one cycle and
across the tube radially.

Since the k ’th order problem in the perturbation expansion is bounded
with £ < 1 then the series converges downstream.

Hence the perturbation expansion converges downstream.

3.13 Results and Discussion

To determine the effect of the oscillations on the rate of heat transfer we
define the local Nusselt number

qw2a/k
RT*(x,1) — Ty (x)

and the corresponding Nusselt number in steady flow
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— __dw2a/k
Nuo(®) = 75 ey ++(349)

where R denotes the real part of a complex valued function, the subscript
b refers to bulk properties of the fluid, and the overbar indicates time
average over one cycle, that is

2n
RT*(x.1) = 7 [p” RT*(x, 1,1)dt ...(3.50)

@

Jol Ru(r)RT*(x,r)rdr

Tp(x) = f()l Ru(r)rdr

..(3.51)

In terms of the nondimensional temperature difference 6 the expressions
for the Nusselt numbers become

_ 2
NG = S ~3:52)

2

Nuo®) = o D =t

.(3.53)
In these, we have that

fol Ru(r)rdr = fol uy(r)rdr = i : (3.54

and

0y(x) = Opp + %6 + O (£*) ....(3.55)

where

Oop = [, tofprdr ..(3.56)
by = 4 o RuyRO;rdr ...(3.57)

where only the first two terms are considered in the perturbation expan-
sion since the expression for velocity is exact. (equation 3.12)

As a measure of the effect of oscillations on the heat transfer rate we now
consider the relative difference quantity

— Nu_NuO — Nu _
= e = gt~ 1..(3.58)

AN,

Substituting for the Nusselt numbers from equation 3.52 and 3.53 and for
the unsteady bulk temperature from equation 3.57 this becomes finally

In figure 3.4-figure 3.11 we graphed our results for various frequencies
and Prandtl numbers as well as for different values of &.

In particular, frequencies in the range of 0-50 are considered with Prandtl
numbers P, at 0.5 .2 .5 and 5.0. The perturbation parameter ¢ is taken as
0.1.0.3.0.5and 1.0.
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3.14 Conclusions

Using a regular perturbation method, the convection equation coupled to
the classical pulsatile solution was solved using Green’s functions in the
complex plane and Laplace transforms upon which a bulk temperature
and relative Nusselt number were obtained. Since heat transfer from
the tube is constant because of the boundary condition, the effect of
oscillations can only occur in terms of change of bulk temperature within
the tube. From the definition of Nusselt number we see that the Nusselt
number and the relative Nusselt number depend on the change in bulk
temperature due to the pulsations.

It is believed that lower viscosity and hence smaller Prandtl numbers
are associated with thinner momentum and thermal boundary layers;
hence, by Reynolds analogy, an increase in heat transfer should occur. For
moderate Prandtl numbers near 0.5 < Pr < 1, lowering viscosity typically
increases the Reynolds number and turbulence or mixing, which tends to
increase convective heat transfer. In this range, momentum and thermal
diffusion occur on comparable scales, which is precisely the regime where
the Reynolds analogy tends to work reasonably well. If viscosity decreases
while keeping other scales roughly fixed, the Reynolds number,

Rezg,
v

increases. A higher Reynolds number generally corresponds to a thinner
momentum boundary layer, stronger inertial transport, more turbulence
or stronger mixing, larger wall gradients, and therefore larger convective
heat transfer coefficients.

The results obtained indicate that pulsatile flow contributes to an en-
hancement in the overall heat transfer rate. An important observation is
that there exists a critical value in frequency where a maximum occurs
in the relative Nusselt number. The Prandtl number dependency is such
that heat transfer increases by pulsations of fluids with Prandtl number
less than unity and decreases for Prandtl numbers greater than unity.

Since the Green’s function requires us to evaluate a number of tedious
integrals involving Bessel functions, it was appropriate to write a Maple
program to compute the bulk temperature and relative Nusselt number
[AppendixB].
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4.1 The Generalized Integral Transform
Technique

In the previous chapter a constant flux boundary condition was specified
and we were able to obtain an analytical solution. The corresponding
problem with constant temperature specified at the wall is more difficult
to solve and hence a complete analytical solution is not possible as in
the previous section. However because of the discontinuity due to the
boundary conditions at the entrance of the thermal region of the tube the
use of the Laplace transform seems appropriate for this problem as well
as the following integral transform method.

In the following the General Integral Transform technique [23], [24]. [25]
[30]-[37] is discussed which will be used to solve the convection equation
with pulsatile flow. This technique is a hybrid method [34], [37], [43],[44]
applied to the convection diffusion equation.

Consider the following general transient linear convection diffusion prob-
lem in the form

w(})%’f‘” +u(x,t) - VT(x,t) = V- KEVT(Xt) — dX)T(E, t) + P(X,t) ...(4.1)
XeV,t>0..(41)

where w, K, d, P have continuous partial derivatives in some closed bounded
volume 1, with the initial condition

T(x,0) = f(X),x €V
and boundary conditions
[@(®) + BEROKE) % | TG 1) = B(E D F €5t >0..(4.2)

The technique of the generalized integral transform method is to start by
choosing the following auxiliary problem.

V- KGOV (1, %) + [1Ew(X) — d(x)] ¢ (1, %) = 0,X € V ....(4.3)

with boundary conditions
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[@G®) + BEOKE@ =] ¢ (1, %) = 0,¥ €S ..(4.4)
and it is assumed that the solution of the above auxiliary problem is
known.

The appropriate integral transform pair obtained from this eigenvalue
problem is

Transform:

0 = [, Y5 )T, Ddv ...(4.5)

1/2
l

Inverse:
TED =351 —pv(Em) T . (46)

Operating on the general transient convection-diffusion equation with
the operator.

[ 494,
v N

we obtain

a0 | 2 Ui, 1) VTE, D)ldv = —g2T0 + H@),t > 0.0 = 12.3... ..(48)

where the function g;(¢) can be shown to be

&® = f, P, t)‘p(l’/?dv + <7 [sKG) [UHZ - TG 02D as ..(49)

The integral appearing in the transformed convection-diffusion equation
is calculated by making use of the inversion formula to give the following
system of coupled ordinary differential equations

TD 12T + T2 ALOTH) = 50,0 = 1,2+ ..(4.10)

where the matrix Al?; as a function of t is
1 N\ [/ o
A(t) = Nav Jy %) [4(X,1) - V(X)) dv ...(4.11)
i N
and the normalization integral, N;, is given by

Ni= | W (7)o
\%4

The initial condition equation is also transformed using the operator
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()
JV W(X)de

1

which gives us the following

T0) = J, w()_c’)%(jz F@dv-i=12... ..(4.12)

These equations, are an infinite system of coupled ordinary differential
equations for the transformed functions. ie the T; S.

Since the system is infinite it is not always possible to obtain an exact
solution. If this system can be solved however, the inversion formula
above can be used to give us the solution T(%, t) of the convection-diffusion
equation. In practice the system to be solved can be truncated at the N th
row and column, with y sufficiently large for the required accuracy, and

then the finite system can be solved by standard numerical techniques.

[38]

In matrix form. the truncated version of the system becomes

yt) + AR)y@) = g(t),t > 0 ...(4.13)

=

y(0) = f

¥ =IO T, .. TNO} ...(4.14)
A=A}, Ay = Gt + Aj(@),ij=12..... N ...(415)
g={z, B gW(t)}TT

f={hfor s I}

A special case occurs when the velocity u in equation 4.11 is independent
of t. In this case the matrix of coefficients, A, becomes constant, and the
solution of the system of differential equations above can be explicitly
written as the following

(1) = exp(ADf + fyexp[A(t )] gdt ...(4.16)

where the exponential matrix can be computed once the eigenvalues
and eigenvectors of A have been obtained through solving the algebraic
problem

(A= AD{ =0

Scientific subroutines are available to accurately accomplish this task.

In applications obtaining an approximate explicit solution can be very
important and of special interest in getting qualitative insight into a
problem. A lowest order

solution can be obtained provided the non-diagonal elements of the coef-
ficients matrix A are neglible as compared to those of the main diagonal
which would then approximately correspond to a decoupled system.

Therefore by keeping only the diagonal elements of the matrix an approx-
imate solution is obtained from the following initial value problem
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WO + Ay O = G0, 1> 0,i = 1,2... ..(417)
3,j(0) = fi

This type of problem arises for the case of heat transfer with pulsatile flow
and constant wall temperature which is considered in the next section.

4.2 Heat Transfer in Pulsatile Flow with
Constant Wall Temperature

In this section the convection equation with pulsatile flow and constant
temperature prescribed along the wall of the tube is solved using the inte-
gral transform technique discussed in the previous section. The governing
equation derived from equation 4.1 becomes

9%, 199
_8r2+rar

a0 a0
o + u(r, t)a (418)

* a 2. x *
o, 19 k(0 o)

o pox* B p\or=2 r*or*

with
0(0,rt) =1
0(x,1t) =0
‘;—f(x, 0,t) =0
0(x,r,0) =1

where 06 = (T-T,,)/ (T, - T,,) .T,, is the constant wall temperature of
the tube and T is the constant temperature of the fluid at the thermal
entrance region. Refer to figure 4.0 for a sketch of the model.

figure 4.0 As in chapter 2 the velocity u satisfies the Navier Stokes equa-
tions for fully

developed axial flow with the pressure gradient set equal to a harmonic
of some Fourier series in time. It follows as before that

=10

% —(

figure 4.0
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u=u(rt)
—(1-p2 o iky |4 JO(\"i‘”/Prr)] gt
- (1 )+ Zw:l © [1 fo(m)

Taking the Laplace transform of equation 4.18 with respect to x, that is
operating on this partial differential equation with fgo e 5*(-)dx where s
is complex and Rs > y for some y positive, we get

20" L1 _ 10 [ a0"
2 + u(r, t) [—1 + s6 ] =T [r;] (419)
6(r,0) = 1
L1 =0

2oL _
;(0, =0

where we have integrated by parts and used the boundary condition at
x=0.

Now using the Generalized Integral Transform technique [41],[42], we
introduce the

following auxiliary problem which is independent of the parameter s and
whose solution is the zero order Bessel function as a function of  where
the f’s are the zeros of J .

14 [r—d‘”;f“j + FAY(Br) =0

dy(pr)
dr lr=0
y(B1)=0

The following integral transform pair is defined as:
0Mr0) = T2y V(BB . (2.21)
0L = [, r(B, 1O (r, dr ...(4.22)

equation 4.19 is now operated on with the operator

I
L= J ry (B, r)dr ....(4.23)

0

to obtain the following:
% fol ry (B, r)OL (rt)dt + jol u(rry(f,rydr +s jol ruCr-y (B, POLr ...(B O (rt) = 0
= [ rp(B, r)V26Ldr ..., POL(r).

Now, using the auxiliary problem the Laplacian on the right hand side
can be written as
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V| S, v oF®

= i1 5 VA (B.nOE©)

= T Y.

= BT V(B
= —pPoL(r.t)

From this we obtain the following initial value problem with s complex.

ok () oL 0 LA
O 4 B26E() + s T2, MO Ay = [y ru(r )y - dr ...(4.25)

0L(0) = %

where the matrix A;; is calculated from the following

Ajj = %} fol ru(r- )y (Bi.r)y(p;, r)dr
N.= Jo ry(Borar

and the function N; is simply the norm so that system of eigenfunctions
becomes an orthonormal system.

Recall in the discussion of the generalized integral transform technique
that if the matrix A is diagonally dominant then a lower order solution is
possible. The main difficulty is that the matrix A is infinite and hence an
infinite system of coupled differential equations in s arises for which the
solution is impossible to obtain. In what follows, we assume that the off
diagonal terms of the matrix A ;; can be neglected. This is clearly an ap-
proximation to the solution of equation 4.18. Based on this approximation,
we arrive at the following system of ODE’s.

dok oL A 1 —

B0 o poLe) + sADBFD) = Jo rutr,ydry....(4.26)
0L(0) = %g& ........ (4.26)

where u is left general for now. An existence and uniqueness theorem for

this type of problem is found in Appendix D.

4.3 Distributions

The solution to equation 4.26. as will be shown later involves a generalized
solution known as Dirac’s distribution.

Physical quantities are usually thought of as functions. But in an experi-
mental setting it is quite difficult if not impossible to observe instanta-
neous values of the function at every instant of space or time. A measuring
instrument would record the effect that the function produces on it over
some interval of space or time with nonzero length. An alternate descrip-
tion for some physical quantity is to specify it as a functional, a rule
which assigns a number to each function in a set of testing functions.
Continuous linear functionals defined on the space of testing functions
are called distributions. [26] The distribution theory is a very powerful
tool for studying linear partial differential equations with smooth variable
coefficients. It turns out that using distributions allows for analyzing types
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of physical phenomena more naturally than using the function concept.
The Dirac delta function is an example of a distribution which arises
naturally in physical settings in particular in the following section.

The delta function (§) is defined by

60 = | s

where ¢(t) is a test function, an infinitely smooth function that vanishes
outside a finite interval.

The delta function §(t — 7) , selects the value of a test function at the point
t=r.

Refer to the Appendix E for some important identities involving the delta
function.

4.4 Method of Solution

From equation 4.26. the infinite system of complex ordinary differential
equations in s with initial condition in s is

doL(t,s)

LD 1 B20(1s) + 5+ Ay(OOF() = [o rulr, ydri = 1,2,3 .. ..(4.28)

0L0) = 1 ..(4.29)

N

The solution of this svstem is

_ . t 1
Gl-L(t.s) =e Jo Au(0)dr o=t [J esh Aii(t)dteﬁiZTAi,-(r)J ru/edrdr + 1] i=1,23... .. (4.30)
0 0 S

T t T
_ fé SUs Audt=f; Au(@)dr) 2 (z—1) A7) fol rupdrdr + é e Iy Au(Ddt j~BPt; _
1,2,3,... ..(431)

Let

5(t,7) = — [y Ay(t)dr + [] Ay(t)dt ....(4.32)
= — [} Ai(g)dg ...(4.32)

Refer to Appendix E for the inverse Laplace transform of the exponential
function in s. Hence we obtain

P HOEEs)} = [ e* 6L (s)ds ...(4.33)

y—ico

LHOME9)} = [y 8lx+ = (6, D] f(t — 7)dr ....(4.34)

where § is Dirac’s generalized function.

Also
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1
fit—1)= eﬁlz(f_t)A,-l-(T) J ru(r,t — o)ydr
0

As in the case of a Green’s function the interval is extended onto the real
axis by introducing the Heaviside function as a kernel.

1 t>1

H(t—r):% 0 t<r7t

From this we obtain

PO @ s)) = [T, 8[x + E@, )H(E — 0 f(t — T)dr ....(4.35)

=% m [=,8(r — 0) f(t - D)dr ...(4.36)

=Y {g(t;)‘) ..(437)

where a formula for the delta function as a function of a general argument
has been used from Appendix E and the phase g is

g(r) =x+=(t,7) ....(4.38)
g (@ = Ay)

If we let the phase equal a constant then a set of critical points is defined
in the

phase plane (x, ) Since the velocity also depends on frequency a set of
critical frequencies exist in the phase plane.

The sequence of terms 7;(x, t) are the zeros of the function g(r) ,assuming
they exist for a given function A;(r) .

Tables of zeros, E and velocity are included for different axial values as
well as for different values of time in a cycle. Various velocities in pulsatile
flow are considered. Phase plane surface plots for frequency variation are
included.

In the following section the results for pulsatile flow are discussed. Recall
from the integral transform pair

OL(r.t,5) = Z iw(ﬁi, MO, s)

The series in the solution for ¢ is uniformly convergent since 7; < t and
thus the inverse Laplace transform of 8%(r, ¢, s) exists.

From the generalized integral transform method, the solution for forced
convection heat transfer with a general velocity term u(t) becomes

0r) = 37 0hn 5, S a59)

g (5G]

After terms A;;(r) cancel out we are left with the following expression for
temperature difference which depends explicitly on the zeros of g .
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0(x,rt) = 1/,(/3”)2 He-0 o ”P‘Eﬁzl(rr)';(:tt))‘f & (440)
= Z] Zi ﬁl]() (ﬁir) e_ﬂi teﬁfrj% (441)

where we are summing up over | the zeros of g

4.5 Results and Discussion

In this section a bulk temperature is defined as

Opy = rﬂ/wJ J O(x,r.t)dxdrdt ...(4.42)

A solution for the corresponding steady problem was given in chapter 2 :
the bulk temperature in that case is given by

1l
Ops = L J-o 0(x,r)dxdr ....(4.43)

where

0Cer) = 2300, 3 A fix . (s40)

As in the constant flux solution, a measure of the effect of pulsations on
the overall heat transfer rate is required. The following ratio of steady
bulk temperature to unsteady bulk temperature will be considered.

_ Obs
(= 2= .(445)

bu

From the steady state solution of chapter 2 and the generalized integral
transform
technique of this chapter we have

2 Jo ry(B.r)dr

A0 N (440)

It can be shown that there exists a zero 7; = 7 of g(z) for each * for the
pulsatile flow u(¢) = 1 + acos(wt)) where g is specified in equation 4.38.

In fact we can generalize this to the case of an arbitrary Fourier series
in t. It can be shown that there always exists a zero of g(r) at any axial
distance along the tube and at any time ¢ in a complete cycle.

If there is only one zero then

¥ -
J

for some 7 positive and

KD 5 e Fitwhenr > 0
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Since the r; s are computable and positive then the following inequality
results

fo Jo 1579 % Iy rdr & Jo (Bir) e (5, #1560 drdxdr ..(4.47)
> Jo Jo 1o/ Ty ror e Jo (Bry e Ftdaedr .. (4.48)
= Iol fol 2 m]o (Br) e P xdxdr ...(4.49)

This proves that { is strictly less than unity and thus we have heat transfer
enhancement due to the pulsations in the flow field.

Numerical integration techniques can be used to calculate { for different
forms of u(t) .

It is also interesting to note that if we define the bulk temperature as in
equation 3.56, 3.57 of chapter 3 then we have heat transfer enhancement
as well.

table 4.1: Zeros 7, = of wave function and pulsatile velocity u = 1+ cost: t = n/4

t=n/4
x Zerost | = | Velocity u(r)
0.1 0.7275 1 1.0953
0.2 0.6709 2 1.1822
0.3 0.6153 3 1.26198
0.4 0.5607 4 1.3354
0.5 0.5069 S5 1.4033
0.6 0.4539 .6 1.46601
0.7 0.4016 7 1.5241
0.8 0.3498 3 1.5779
0.9 0.2984 9 1.6276
1.0 0.2475 1.0 1.6736
1.1 0.1969 1.1 1.71602
1.2 0.1465 1.2 1.75503
1.3 0.0963 1.3 1.7908
1.4 0.0463 1.4 1.8234
1.5 | -0.00375 | 1.5 1.8531
1.6 | -0.05376 | 1.6 1.8798
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table 4.2: Zeros 7, = of wave function and pulsatile velocity u = 1 + cost: t = 37/4

t=3m/2
x | Zerost | E | Velocity u(r)
0.1 4.6068 0.1 .89463
0.2 4.4871 0.2 776635
0.3 4.3460 0.3 .641776
0.4 4.1676 0.4 148181
0.5 3.9006 0.5 .27446
0.6 2.5791 0.6 .154097
0.7 2.2095 0.7 140381
0.8 2.0053 0.8 .57902
0.9 1.8515 0.9 722931
1.0 1.7241 1.0 776635
1.1 1.6133 1.1 .95752
1.2 1.5140 1.2 1.05676
1.3 1.4233 1.3 1.14701
1.4 1.3391 1.4 1.2296
1.5 1.2602 1.5 1.3056
1.6 1.1856 1.6 1.3757

table 4.3: Zeros 7, = of wave function and pulsatile velocity u = 1 + cost: t = 37/2

I =21

x | Zerost | E | Velocity u(r)
0.1 6.2332 0.1 1.9987
0.2 6.1831 0.2 1.9949
0.3 6.1329 0.3 1.9887
0.4 6.0825 0.4 1.9799
0.5 6.0319 0.5 1.9685
0.6 5.9809 0.6 1.9546
0.7 5.9295 0.7 1.93811
0.8 5.8777 0.8 1.91890
0.9 5.8253 0.9 1.89697
1.0 5.7722 1.0 1.87226
1.1 5.7184 1.1 1.84471
1.2 5.6638 1.2 1.814209
1.3 5.6081 1.3 1.780671
1.4 5.5514 1.4 1.743976
1.5 5.4934 1.5 1.703993
1.6 5.4339 1.6 1.660562
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table 4.4: Zeros 7, = of wave function and pulsatile velocity u = 1 + cost: t = 2

t=m/2
x | Zerost | E | Velocity u(r)
0.1 1.5214 0.1 1.0494
0.2 1.4731 0.2 1.0975
0.3 1.4258 0.3 1.1445
0.4 1.3794 0.4 1.1903
0.5 1.3337 0.5 1.2349
0.6 1.2887 0.6 1.2784
0.7 1.2443 0.7 1.3207
0.8 1.2443 0.8 1.3619
0.9 1.2004 0.9 1.4019
1.0 1.1142 1.0 1.4409
1.1 1.0716 1.1 1.4787
1.2 1.0292 1.2 1.5154
1.3 0.9873 1.3 1.5509
1.4 0.9454 1.4 1.5854
1.5 0.9037 1.5 1.6186
1.6 0.8622 1.6 1.6507
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table 4.5: Zeros 7, = of wave function and pulsatile velocity u = 1 + cost + sint:

t=m/2

t=om
x | Zerost | E | Velocity u(r)
0.1 2.7199 0.1 0.0876
0.2 2.5553 0.2 0.1669
0.3 2.4314 0.3 0.2418
0.4 2.3279 0.4 0.3131
0.5 2.2374 0.5 0.3817
0.6 2.1557 0.6 0.4479
0.7 2.0807 0.7 0.51190
0.8 2.0108 0.8 0.5739
0.9 1.9452 0.9 0.6343
1.0 1.8829 1.0 0.6929
1.1 1.8234 1.1 0.7501
1.2 1.7663 1.2 0.3057
1.3 1.7114 1.3 1.7114
1.4 1.6582 1.4 9127
1.5 1.6065 1.5 .9643
1.6 1.5562 1.6 1.0145
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table 4.6: Zeros 1, = of wave function and pulsatile velocity u = 1 + cost + sint:

t=nx
t=3m/2
x | Zerost | E | Velocity u(r)
0.1 2.2127 0.1 0.4013
0.2 2.1332 0.2 0.4668
0.3 2.0598 0.3 0.5302
0.4 1.9913 0.4 0.5918
0.5 1.9266 0.5 0.6516
0.6 1.8652 0.6 0.7098
0.7 1.8065 0.7 0.7664
0.8 1.7501 0.8 0.8217
0.9 1.6956 0.9 0.8754
1.0 1.6429 1.0 0.9279
1.1 1.5917 1.1 0.9791
1.2 1.5418 1.2 1.0289
1.3 1.4931 1.3 1.0776
1.4 1.4454 1.4 1.1251
1.5 1.3986 1.5 1.1714
1.6 1.3526 1.6 1.2165
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table 4.7 : zeros (r), = of wave function and pulsatile velocity u :=

14 cost+sint : t =371/2

Phase plane surfaces g(x, r; w) = const: Moderate frequencies

figure 4.1
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Phase pj :
plane surfaces g1, = ) = const:Higher rrequencies

Phase plane surfaces g(x, r; w) = const: Higher frequencies

figure 4.2
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Concluding Remarks

In the first part of the thesis, a method of analysis is presented for the
problem of heat transfer in pulsatile flow with constant heat transfer in a
tube. A regular perturbation expansion is used to solve for the tempera-
ture field downstream. A complex-valued Green’s function is utilized to
formulate a bulk temperature and a relative Nusselt number. Since heat
transfer from the tube is constant the effect of pulsation only occurs by
means of a change in the bulk temperature within the tube. The results
indicate that a pulsating flow field enhances the overall heat transfer rate.
In particular there exists a critical value in frequency where the relative
Nusselt number attains a maximum value. The trend in relative Nusselt
number with Prandtl number is that there is an increase with decreasing
values of Prandtl number less than unity and a decrease with increasing
values greater than unity. The perturbation parameter plays an important
role in the mechanism of heat transfer with pulsatile flow. The results
indicate that increases of pulsatile pressure gradient amplitude over that
of steady pressure gradient amplitude give rise to increases in relative
Nusselt number.

In the second part of the thesis, an approximate solution is presented for
the problem of heat transfer in pulsatile flow with constant wall tempera-
ture in a tube. Using the generalized integral transform method and the
Laplace transform a system of ordinary complex differential equations
arises whose solution is presented with the aid of Dirac’s distribution
theory. A bulk temperature of this solution is formulated and an increase
of unsteady bulk temperature over that of steady bulk temperature is
presented.

Courant and Hilbert [45] have defined a progressing plane wave as a
solution of the form u = f(f) where = x —ct is the phase of the solution
and f is any function. The form of equation 4.35 indicates that we have a
plane wave propagating down the tube.

For future work any possible connections that can be made between the
convection equation and the wave equation from this solution can be
studied. The existence of wave-like phenomena could prove to be useful
in describing physically the increase in Nusselt number of pulsatile flow
over that of steady flow. Also the frequency characteristics for the convec-
tion equation coupled to the full Navier-Stokes equations with a general
sinusoidal pressure gradient can be investigated. In addition solutions
using the generalized integral transform technique can be studied for
the Navier-Stokes equations without neglecting off diagonal terms in the
method.




Appendix A: Maple Code for
the Graetz Problem

Program to calculate Eigenfunctions for Graetz
Problem

and to calculate Temperature Distribution theta
R: = array(0..3.1..101);

Subroutine to calculate point of intersection of
graphs

of functions B(delta) and G(delta)

My:Newton : = proc(m.delto)

deltold: = delto:

foritomdo

deltnew: = deltold - evalf(H(deltold))/evalf(K(deltold));
deltold: = deltnew:

od:

end:

Subroutine to calculate the matching point eps of the
... solution

of the asymptotic formula and the similarity
transformation

solution of the Graetz problem.

MyNewton2: = proc(s.epslo)

epslold : = epslo:

foritosdo

epslnew : = epslold -evalf(f(epslold))/evalf(fp(epslold)
);

epslold: = evalf(epslnew);

od:

end:

Dimensionalize array for successive approximations
via Newton’s .... Method

deltt: = array(1..3);

delto: = 0.11:

Loop calculates the Eigenfunctions for the Graetz
problem

for n = 0. .3 using Lagrangian Interpolation.

for n from O to 3 do

delta: = 1 delta:

Digits: = 16 :

lamda: =4*n+8/3:

G1 := delta - > sqrt(2/( Pi* lamda* delta));

G2 := delta — > cos((lamda/2) * (delta*sqrt(1-
delta 2)

G:=Gl*G2:

E :=x - > exp(-lamda * * x);
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F1 := delta - > diff(G(delta),delta);

B := delta -> BesselJ(O.lamda*delta):
F2 : = delta — > diff(B(delta).delta);
H : = unapply((G-B)(delta).delta);

K := unapply((F1-F2)(delta).delta);

F4 := delta -> diff(F3(delta),delta);

L := unapply((G-F3)(delta),delta);

M : = unapply((F1-F4)(delta),delta):

S1 :=plot (B(delta).G(delta).F3(delta),delta = 0 ..1.title =
= R(0)x).

m:=10:

Boolean Block assigns array values deltt[n] in Newton’s
Method according to the value of n.

if n =0 then

intl: = 0.10 :
int2:=0.45:
int3 = 0.50 ;
int4: = 0.53 :
int5: = 0.65 ;
int6: = 0.935 :

elif n = 1 then
deltt[n]: = MyNewton(m.delto);
delto: = deltt[n];

int4: = 0.53 ;
int5: = 0.65 ;
int6: = 0.935 ;
else

hdel: = evalf(delto/:2):
deltt[n]: = MyNewton(m.hdel);
delto: = deltt[n];

int4: = 0.53 ;
int5 = 0.65 ;
int6: = 0.935 ;
fi:

Lagrangian Interpolating polynomials for interpolation
of

functions B(delta), G(delta), F3(delta) on [0.1].
Quadratic fit

L1: = delta ->((delta-int2)*(delta-int3))/((int1-int2)*(
int1-int3));

L2 := delta - > ((delta-int1) * (delta-int3))/((int2-int1)*(
int2-int3));

L3 : = delta->((delta-int1)*(delta-int2))/((int3-int1)*(
int3-int2));

L4:= delta ->((delta-int5)*(delta-int6))/((int4-int5)*(
int4-int6));

L5 : = delta - >((delta-int4)*(mathrm delta-int6))/((int5-
int4)**(int5-int6));

L6:= delta - >((delta-int4)*(delta-int5))/((int6-int4)
**(int6-int5));

writeto(’eig4.dat):

if n = 0 then

k :=.01;

for i from 1 to 101 do

delta :=T; — 1)  k ; 89 if delta >=0 and delta <= intl then 90 R[n-1] :=
B (delta) ; 91 print(delta,evalf(R[n.i])): 92 elif delta > intl and delta <= int3
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then R[n.i]:= B(int1) ; (delta) +G (int2) L2 (delta) + G(int3)*L3(delta);

print(delta.evalf(R[n.i])); elif delta > int3 and delta <= int4 then R[n.i]:=G(delta);

print(delta.evalf(R[n,i]));

elif delta > int4 and delta <= int6 then

R[n.i]: = G (int4) L4 (delta) +G (int5) «L5 (delta)+

F3(int6) *L6 (delta);

print(delta.evalf(R[n,i]));

elif delta > int6 and delta <= 1 then

R[n,i]:= F3(delta);

print(delta,evalf(R[n,i]));

fi:

od:

else

k :=.01;

for i from 1 to 101 do

delta: = (1-1)+k:

if delta >=0 and delta <= delto then

R[n,i] :=B(delta);

print(delta,evalf(R[n,i]));

elif delta > delto and delta <= int4 then

R[n,i] :=G(delta);

print(delta.evalf(R[n.i])):

elif delta > int4 and delta <= int6 then
R[n.i] := G (int4) x L4 (delta) + G (int5) = L5 (delta) + G (delta)

F3(int6)*L6(delta);

print(delta.evalf(R[n,i]));

elif delta > int6 and delta <= 1 then

R[n.i]:= F3(delta);

print(delta,evalf(R[n,i]));

fi:

od;

fi:

int4: =0.0;

int5 :=0.0;

int6: =0.0;

od:

Loop to print out 2 dim array R

for n from O to 5 do

for i from 1 to 100 do

print(evalf(R[n.i]));

od;

od;

Loop to print out temperature theta( x,r ) vaild for x

eps.
We can prove that eps is in the neighbourhood of 0.01
Define an array for theta( x,r)

p: = array(1..101);

q: = array(1..101);

theta: = array(1..100.1..101);

writeto(‘3D.dat’);

k: =.01;

1: =.2;

jro=1

for j from 1 to 50 do

axi: = f*j ;

for i from 1 to 101 do
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i: = 101
delta: = (i- 1)*k:
init: = 0.0;

for n from O to 3 do
theta [ j,i]: = init +
((2/Pi) (- Dn*6(2/3)x b GAMMA(2/3)
(4*n +8/3)(-2/3 ) xR[ n,i]*exp( —(4*n +8/3)( n,i])

“pwaxi - );
init: = theta [ j,i];
od;
print( axi, delta,evalf(thetalj, i]) );
od;
od:
pl i]: = delta;
q[ i] = = evalf( theta [ j,i]):
od:
od:
writeto(terminal);

writeto(’ outlg.dat’);

for j from 1 to 101 do

print(p[ jl.q[ j);

od:

writeto(terminal);

Routine to calculate local Nusselt modulus for
temperature distribution

given above

C:=n—(-1n * 2 *(2/3) » GAMMA (2/3) » (4+n+8/3)(=2/3)/3
Pi:

r:=array(1..3000);

1:=0.001;

init: =0.0;

for j from I by 10 to 3000 do

axi:= j*1;

for n from 0 to 100 do

Nus = init *

(-2*C(n)*(-1)(n +1)*2(2/3)*(4*n+8/3)(1/3)/(GAMMA(4/3)
3(5/6)) ) * exp(—(4*n+8/3)2+* axi);

init: = Nus;

od:

init: = 0.0 ;
r[jl:=(axi,evalf(Nus));
od;

writeto(‘Nus2.dat’);
for i from 1 by 10 to 3000 do
print(ri]);
od;
writeto(terminal);
Routine to calculate local Nusselt modulus for the
temperature
distribution theta for constant heat flux q.
y: = arrav(1..1000):
gml : = 25.639
gm2 : = 84.624
gm3: = 176-40:
H1: = 0.008854:
H2 : =0.002062;
H3 : =0.0009435 :
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1: =0.001:

for j from 1 by 10 to 1000 do

axi: = j™»1

Vu: = 1/((11/48) + (1/2)"*( exp( - gml *axi )/( - gml
2"H1 +

exp( - gm2”*axi)/( - gm2"2 *H2) +
exp( - gm3”"*axi)/( - gm3"2 * H

3);

y[ j]: = (axi.evalf( (Nu));

od:

print(’ Local Nusselt Values’):
writeto(’ Nuss.dat’);

for j from 1 by 10 to 1000 do
print(y j]);

od:

writeto(terminal);
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Appendix B: Maple Code for
Constant Heat Flux Problem

writeto(‘output’);

hsum : = proc(w,Pr,N):

lambda: = sqrt(w)* [

alpha := sqrt(w/Pr)*11/2:

ulc:= convert(series(BesselJ(o.lambda*r). r=0 ,N),polynom) :
u2c := convert(series(BesselY(o,lambda * * b, r=0 ,N), polynom):
ulprime: = diff(ulc.r):

u2prime: = diff(u2c.r):

a : = evalc(subs r=1 ,ulprime)):

b := evalc(subs(r=L.u2prime)):

ultc := convert(series(Bessel](0.alpha*t),t=0.N),polynom):
u3tc := convert(series(BesselJ(0,Jlambda*t),t=0,N),polynom):
u4tc:= convert(series(BesselJ(0,alpha*r),r=0.N ),polynom):
u2tc := convert(series(BesselY(0,Jlambda* t),t=0,N),polynom):
cl:= evalf(sum (((-1)n* (sqrt(w/Pr)/2)*=")/(factorial(2*n)?),n=0..25)): c2:=
evalf(sum (((-1) * * (sqrt(w/Pr)/24"*n+2)/(factorial (2" n+1)2),n=0..25)): c:=
cl +I* ¢2:

hll :=Re(evalc(-b/a)):

h12 := evalc( Pi*sqrt(w)*0.5* I I/2)*ulc):

h13 := evalc(int((u3tc/(I*w))*(l-ultc/c),t=0..1)):

hl := evalc(h11*h12*h13):

ha:= ulc* Pi*sqrt(w)*0.5" [ [/2:

hb:= int((u2tc/(I*w))*(1-ultc/c),t=r..1):

h2 := evalc(ha*hb):

hc := u2c¢** Pi*sqrt(w)*0.5* I [/2:

hd:= int((u3tc/(I*w))*(I-ultc/c),t=0..r):

h3 := evalc(hc

hl + h2 +h3:

h := evalc(*):

hal := Re(h):

hai2:= Im(h):

g:=(l/(I"w))*(1-u4tc/c):

u := evalc(g):

ul := Re(u):

u2:= Im(u):

part0:=ul*hal:

part2:=u2*ha2: partl := evalf(Int((part0) * (r),r=0..1.5. NCrule)):
part3 := evalf(Int((part2) * (r),r=0..1.5.NCrule)):

#print ('the bulk temperature is’):

8*(part1) + 8*(part3):

end;

for i from 1 to 10 do

P:=i%0.5:
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for j from 1 by 10 to 50 do

print(‘The frequency w’:The Prandtl No‘,The bulk temperature is ’);
print(j,P.hsum(j,P.25)):

od:

od:

quit:
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Appendix C: Axial Gradient of
Temperature Downstream

In this appendix we show that the partial derivative of the zero th order
solution 6, with respect to the x variable approaches a constant down-
stream. The result is used in section 3.6 and makes it possible to obtain a
solution of the first order problem.

To show this let the Laplace transform of t — #; be :

(o8]

(s, r) = L e Xt —ty)dx ...(C.1)

If the wall temperature is given by #,,(x) , using the principle of super-
position the temperature difference t — ¢, is expressed as the following
Stieltjes Integral

t—ty = [Ly [1 = 00 — £.1)]db, (€) .(C:2)

where 6 is a solution of the Graetz problem:

1-r)2=12 (rg—f) (C3)

B 1) 20 . (Ct)
000.r) = 1..(C.5)

Define the following transforms

0= Jw [1—6(x,r)]e*dx
0

¥ = —J 0.(x, e *dx
0

Applying the convolution theorem to Eq. C. 2! and using the boundary
conditions above we get the following

(o]

w(s,r) = L [1-0(x,r)]e"*dxst(s, 1) ...(C.6)

Let

4(0) = £ J7 0,6c = £ D) .C.T)
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Applying the convolution theorem and using the following identities

F{1} = s51(s.1) ..(C.9)
Z{0.(x,1)} =¥ ...(C.9)

we arrive at the following
P{ [i= O(x = £, it ()} = ¥sz(s, 1) ...(C.10)

1ff(s) = L{F(x)} and g(s) = L{G(x)} then f(s)g(s) = L{H(x)} where
H(x) = [§ FO)G(x - §)dé

Letting
AGs) = 2 [ e q(x)dx = 2 L{q(x)} ..(C.11)
then:
A(s) = ¥(s)st(s, 1) ...(C.12)
Since
LYo (1=00x = £1)dt, (&)} = O(s,r)s7(s, 1) ...(C.13)
then

(s,r)=% {L (1-0(x—¢, r))dtw(g)} ..(C.14)

Next we let,

_0(s,1)
®(s,r) = ¥ ..(C.15)
and
Z7Ho(s,r)} = ¢(x.1)
Also

k
L{q(x)} = A(s)r_ ...(C.16)
0
Using the convolution theorem it can be shown that

Z{J; a©px - Ende} = )k .C17)

Thus.

F LYy a0 - £,de} = 27 r)%} ..(C.18)

which implies directly that:
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{

oles of ® N

)

L [ §x = Eng(EME =t~ 1y ...(C.19)

Therefore. if we are given the heat flux g, then the temperature is given

by

t =ty = 2 [i_g $(x = £,1)q(E)dE ...(C.20)

To find ¢(x,r) we apply the following inversion formula and use residue
theory in order to perform the complex integration 2

2¢(x,1) = Z Res{e®™* @(s, r)}atthe poles of(s, r)

1 ctieo O(s.r)
Per) = o= i € Tk ..(C.21)

Complex Integration is taken along the Bromwich contour:

figure 3.2 Recall that,

L{1—0(x,r)} = O(s.r) ...(C.22)
0 = Yoo o CuRy(r)e % --(C.23)
where A, = 4n+8/3

Refer to section 2.3.4 and table 2.1 for the eigenfunctions R, eigenvalues
A, and constants G, .

This leads to:

1 6] Can
oG =1 -y, @k A;l’) ..(C24)

Since,

Z16,(x, 1)} = ¥(s) ...(C.25)

then this implies that:
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- CnR;l(l)ﬁ = ¥(s) ...(C.26)

Now ©(s) and ¥(s) have poles at s = 0 and s = —12 Therefore ©/¥ has
poles only at s = 0 and the zeros of ¥(s) Let 2 be such that ¥ (—%) = 0

Then the following holds:

(s, 1 o C,R,(r) o0 ’ 1 17!
v — 1oy SRy R

N

The zeros of ¥(s) can only be found numerically.
Now we compute the residues.

First we set.

G(s) = s Tl CnR;(l)ﬁ]_l (C.28)

Computing the residue Res[G, 0] we get:

Res[G, 0] = lim,_, —se° [ T GR M= (C29)

s+AZ ]

Thus the residue of G at zero is:

Res[G,0] = .(C.30)

‘I/(O)

We will make use of the result, If f, g are analytic at sy and if f(sy) # 0 and
g has a simple zero at s; , then Res[ﬁ, so] = f(s0)/g’(so) ,to compute
the residue of the entire expression associated with ¢ .

Since ¥ has a simple zero at —f2, then the residue of G at x = —f% is

, -1
Res[G,—f] = —e P [ B2 (-]
Consider the other part of the term

< O(sr)
P(s)

in Eq. C. 27 that is

00 Can o) ’
Yo, SO [znzo can(l)@] (C31)

The residue of this part is

X e hhx
_ZC Rn(r)z P ( )

Hence we obtain the following solution for ¢(x,r)
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Bl oo e~Phx
¢(x,r) = \P(O) Zm ﬂz;p( 52 Zn GuRy (1) Zm ;2 R \P,(lﬁz -(C.32)

where we can solve for 2 numerically for all values of m from the fol-
lowing

o CR(
Y=o _ﬁ%f/é =0..(C33)

where A, = 4n +8/3
It can be shown that ¥(0) = 1/4[46]

Now returning to the formula derived above for temperature ¢ — ; in Eq.
C.20.
for q = const .

t—ty = 2 [y $(x — £ r)dE ..(C.34)

Therefore,

0o e Prl-D i e 1
t—1p= q% J?:o 4_Zm ﬂez\p( [32 Zn C R Zm 8/12 ﬂz (= ﬂz d§ (C 35)

Since.

O =k[t—t]/qro

then

o Px 1—e—Phx

GO(rsx) Zm ﬁzny/( £2) +Zm e /32 ZnCR Zm ﬂZ(AZ £2) \P/( ﬂm) ...(C.36)
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Appendix D: Picard-Lindelof
Theorem

In this section an existence theorem for first order differential equations
of the form given in equation 4.26 is given.

Consider the Cauchy Problem

R 0)
9|t:T = §

where (7, £) € D is a nonempty open subset of #Z x €

Assume that f is continous on D and satisfies the Lipschitz condition

£t ) = f(£, y)| < crlx =yl

on each rectrangle R C D and cp is a constant depending on the size of
the rectangle. Then there exists a unique solution to the Cauchy problem
above on I = (r — @, 7 + ) , where a, b are chosen appropriately small so
that for the rectangle centered at (7, &),

Ry CcD

and

a = min{a,b/ M}
where
M = max|f(t, x)|

and the maximum is taken over (¢, x) € Ry

9.1 Proof

We show that it is possible to define
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t
Daa) = & + [ F(s,$e(5)ds ..(D2)

k=0.1.2..)fort €I = [t —ar+ a] and derive the estimates

i p(8) — )] < Max (gjjf'; .(D3)

for some ¢ > 0 This would prove that {¢} is a Cauchy sequence in the
normed linear space of continous complex valued functions C(I) , with
the uniform metric norm. Now since this space is known to be a complete
metric space (ie. Banach Space) then

¢ — ¢, for some , ¢ € C(I)

Taking limits of the functions ¢y it follows that

t
o) = & +j (s, d(s))ds

It is a simple matter to see that ¢ provides the required solution.
We prove the above rigorously.
Define ¢ on I using the initial condition already given.

The sequence of functions ¢, defined above continue to successively
define ¢y, ¢y, ¢3, ... on I. Trivially, we have that

|po(t) — &l < Mt — 7
for allt € I. Hence, because of the definition of @, the curve ( t, o(t)),t € I

remains in R, and, in particular, the integral to be used in defining @,
exists. Induction is used for all kK Thus assume that

() —él < Mt — |t € L.
Now ¢, 1 must be shown to satisfy the same inequality. But from the first

step of induction method, @, ; is defined on I, and using the definition
of the maximum M. leads to

t
|1 (8) — &1 < J (s, r(s))ds| < Mt — 7]

The next step is to establish the estimate

ck—1
k!

M
It — z|F

I6() = -1 ()] <

(k = 1,2,..),t € I, where c is the Lipschitz constant associated with
R=Ryy.

Now using the Lipschitz inequality, it follows that
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B2 (D) — GO < | [LLF (5, Bi()) = FC5, Pe1())]ds]
< I [H1de(s) — dr_1(s)lds|

kM t
< M) (s — o)

M ik
< ] [t — 7| (D
Hence the above inequality is proven by induction. Reapplication of this
inequality gives:

B = O] < Bt p O = e 1 O] + g1 = iy po2(0)
+ oo F D1 (1) — ()]

k+p—1 k+P ck+p=2
< G Mt =P+

e k+1
+..+ (k+1)!M|t—1'|

Ma(ca)
(k+1)!
Ma(ca)* cq

S (k+1)!

Mlt — T|k+p—1

[1+%+...+M]

<
p!

Hence the sequence of functions oy is a Cauchy sequence and the sequence
must converge to a solution ¢. .

The uniqueness of the solution follows readily using the Lipschitz condi-
tion for f .



Appendix E: Properties of the
Dirac Delta Function

b
J f@®)8(x — xp)dx = f(xp) ifa<xg<b

=0 ifxy<aorxy>b

o) = 6(-t)
t5(t) =0
S@at) = L5(t), a#0
|al
f®)5t —a) = f(a)d(t —a)

1
5 =Y ——=8(t-t
[g®)] e @) (t—t)

QS(k)(t —)=ske™7,  —0 < Rs< 0

(E.1)

(E.2)

(E.3)

(E.4)

(E.5)

(E.6)

(E.7)
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